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IIPEOXCJIOBUE

Kak ¥ MHOTHE MAaTeMaTUKU, A ABAMILI TOJIb30BAJICH 3TON O4EHDb
oy APEON KHUTOH: mepBhild pas3, KOrAa MeHsd YYUJIH aHalIu3y, a
saTeM, KOrfa caM y4HJ eMy Apyrux. Paa moaroroske odepesHOro
napanud 3agadnuka B. I1. [lemunosuda u ¢ ocobbiM uyBCTBOM 6Jia-
roflapHOCTH OTKJIMKAIOCh Ha IpeaJioskenHe ero culHa, B. B. Jlemuno-
BHUYa, HAIMCATD II0 3TOMY [IOBOAY IpeAHCJIOBHE.

HMraK, HECKOJBKO CJOB 00 3TOM 3aMeUaTeJbHOM yHUBEPCHUTET-
CKOM 3afladHHKe [10 MaTeMaTUYeCKOMY aHaJH3y U 0 ero aBToOpe, Ipo-
deccope MOCKOBCKOT0O rocyiapcTBEHHOro yHHBepcuTeTa bopuce
TlaBnoBuue JleMunopude.

B. I1. emugosuu (1906-—1977) 66121 poxom us Benopyccun, rie
ero orelrt Ilasen IlerpoBuy IeMUAOBHY CAYMKUJI YUUTEJIEM U OJHO-
BPeMEHHO € yCIIeXOM 3aHMMaJics sTHorpadueil M MeCTHHIM (OJbK-
JIOpOM, 3a UTO 6511 Aarke u30paH uJIeHOM-COTPYyAHUKOM M MnepaTop-
cxoro Obumiecrsa Jlrobuteneit EcTecTBo3BaHNA, AHTPONOJIOrUY ¥ JT-
norpaduu npu MockoBckoMm yHuBepcutere. Cam Bopuc IlaBnoBuu,
3aKoHUYUB BesopyccKkUil rocysapcTBeHHBIM YHUBEPCUTET, TOXKe He-
CKOJIBKO JIET YUUTEJLCTBOBAJ, & 3a4TEéM IOCTYIUJ B acCIUpPaHTYPy
Hayuno-uccaeno0BaTeIbCKOro HHCTUTYTA MAaTeMaTUKU U MeXaHUKH
MockoBckoro rocygapcTBeHHOTO YHUBepcHTeTa. B acnupaHType OH
3aHUMAJICH 11OJ, 00LINM PYKOBOACTBOM BsiuecsiaBa Bacusbsesuua Cre-
[IaHOBa, UMes CBOMM HEMOCPeJCTBEHHBIM PyKoBoauTeneMm BuKTOpa
Branumuposuua Hembinikoro. UMeHHO OHYM B 3HQUUTEJILHOM CTETIeHU
Y onpenesusd OCHOBHYIO o0sacTs HayuyHoUl fesgrenbHoctu B. I1. e-
MHZOBUYA: KJACCUYECKUN MaTeMaTHYeCKUI aHaIN3 ¥ TeOPUs OObIK-
HOBeHHBIX nuddepeHIaIbHBIX YPaBHEHUANT,

ITo oxonuanuy acnupantypsl B. I1. leMmugoBuu 6b1J 3auuCieH
4CCHCTEHTOM MEXaHBHKO-MaTeMaTUYeCKoro akyasTeTa MOCKOBCKO-
IO rocyapCTBEHHOIO YHHUBEpPCHUTeTa Ha KadeApy MaTeMaTUYECKOro
anajgmaa. C Toro BpeMeBu, Ha NPOTAKEHUN O60lee COPOKA JIE€T OH AB-
JIAJICA COTPYAHUKOM 3TON Kadepnl, CTAB [TOCe 3alIAThHI KaHAUAAT-
CKOI AuccepTaniy ee JOIEHTOM, a IIocjie 3aulUThl INOKTOPCKOM jfucC-
Cepranuy — ee npodeccopom. Kpome Toro, OH IpenogaBai U B IPY-
THX Byszax MocKBbl. MHOrHe M3 eTr0 HeMOCPEeACTBEHHBLIX YUYEHHUKOB
CTamu kaHpmaaTaMu I JOKTOpPaMM HayK.

IIpodeccronanuam u 6oraTetnnii negaroruueckuit onsit B. I1. Je-
MHZOBHya HAIJIM OTPA’KEeHHe B ero HayUHBIX paborax (MX OKOJO
HlecTugecaTun), B TOM 4ucje B MoHOrpadhuax ¥ yueOHBIX NOCOOUAX,
NONyyyBIIMX NpM3HaAHHME KaK y Hac, Tak U 3a pybesxoMm.



Ocofoe MeCTO B 3TOM DALY 3aHUMAaeT IpejsaraeMslil UUTATENO
cbopuuK 3azau. [TepBoe ero usgasume, marepuan koroporo B. I1. Jle-
Mug0BUY cobupald Gosee NATHAAIATH JIeT, BLIJIO B cBeT B 1952 ropy.
Kuura cpasy npuobpesa U3BeCTHOCTh U CTaja OCHOBHBIM YHUBEPCH-
TEeTCKUM 3aJaYyHUKOM [0 MaTeMaTHUecKOMY aHaausy. B nanpueii-
1IeM B 3aJaUHHK BHOCUJHCH HEKOTOPhIE aBTOPCKKME KOPPEKTUBHI, HO
JIMIUIb B HE3HAUUTEJIHHOU Mepe, MOCKOJbKY NepBoHaYalbHad CTPYK-
Typa KHUTM oKasajach OueHb yaaunoil. K macrosulemMy BpeMeHH 3a-
JayHUK BBIZEPIKAT MHOXKECTBO IlePeu3JaHull Ha pyCCKOM A3bIKe, Ie-
peBe/ieH HA MHOTHe HHOCTPAHHEIe A3LIKY U HCIOJbL3YeTCH BO MEOTHX
CTpaHaxX MHpa.

PassuTue MaTeMaTUKU CO BpeMeHeM IIPUBOJUT K HOBBIM, OOBIUHO
00BeAUHAOIIAM OTAe bHbIe GAaKThl NOHATHAM, METOJAaM, KOHIIel-
IUAM, A3LIKY. DTO yacTo 3aTparuBaeT U, Ka3ajoch Obl, 3aKOHYEHHbIE
dyHzaMeHTasbHEIe pasfensl. B monBoit Mepe 3TO OTHOCUTCA TaKiKe
K auddepeHINaIbHOMY U MHTErpajJbHOMY HCYUCIEHHIO C €ro Hbl-
HelIHell HWHBApMAHTHOU TpakTOBKOU auddepeniidasa M 3aKOHOB
auddepeHIUPOBAHUA, ¢ A3BIKOM auddepeHIIUaNbHBIX GOPM M UH-
TerpupoBaHreM GopM, IIO3BOJUBIIEM HAIUCATh COBpEMeHBYI0 dop-
myny HeroTroHa—JleitbHuna. 9ToT A3uIK U obutaa dopmyna Crokca
M ceidac He BCerja IIPMCYTCTBYIOT He TOJILKO B 3a/JayHUKAaX, HO ¥ B 004-
3aTeNBHBIX Kypcax aHaJusa. Ha cTeIKe HeCKOJAbKHUX obJacTeil maTe-
MAaTHKJ HaXOJATCHA TaK)XXe aCUMIITOTUYECKHEe METOAbl — BaKHBIA
U, 6arogapsa cBoeil apPeKTUBHOCTH, BECbMa II0JIE3HbIN MaTeMaTU-
YyecKHM? aNlnapar, 3JIeMeHThl KOTOPOFro, I0J00HO TeOPUHX NpenesioB
¥ popmyae Teitnopa, »eaaTeJIbHO BUAETD B 33JaYHAKAX 10 aHATUBY.
Ho Brlciune pasgeinisl analn3a MpeAIoIaraoT y obpalnaroneroca K HuIM
HAJIHNYMA ONpe/efieHHbIX HaBBIKOB U TEXHUKHU. Beap ucnoiHeHue
CKOJIb-HUOY/Ib CePHe3HOro My3bIKAJIbHOI0 IPOU3BEAEHUA HEMBICAHU-
MO, €CJIM UCIIOJIHHUTENDb He BJaJeeT MHCTPYMEHTOM.

OuslT noKasaJ, 4yto 3agauysuk B. I1. [leMu10BMya IO3BONAET CTY-
JeHTy IPUOOPECTH HeoOXoAMble HABBIKY B UCIIOJIb30BAHUY allllapa-
Ta KJaccHdecKoro aHasusa. IIpeanaraeMpl#t 3alayHUK — OJHO U3
OCHOBHBIX VHUBEDCUTETCKUX YUEeOHBIX NOCOOUI AJA yIPasKHEHHT 10
MaTeMaTH4eCKOMY aHalu3y.

B. A. 3opuxu,

npodeccop Kadenpsl
MaTeMaTH4YeCKOro aHajau3a
MeXaHUKO-MaTeMaTUYeCKOoIo
daxynasreta MI'Y
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PABIEJ I

BBEJEHHE B AHAJIN3

§ 1. BemecreenHbie yncaa

1. Meroa maTeMaTH4eCKON MHAYKLMH. YTOGHI J0KA3aTh, UTO HEKOTOPAsR
TeopeMa BEpHa [JIA BCAKOI'0 HaTypPaJSbHOI'O YKCJIA N, JOCTAaTOUHO AOKa3aTh:
1) utro ara Teopema crpaBepJBa A n = 1 u 2) UTO €CJU 3TA TeOpeMa crpa-
BEAJINBA IAJf KAKOTO-HUOy b HaTypadbHOrO YucIa 71, TO OHA CIpaBeminuBa
TAKIKe U JJId CJeAYIOIIero HarypajabHoro yucaa n + 1.

2. Ceuenne. Pasbuenue paumoHalbHBIX YKCEJ Ha ABa Kiacca A 1 B Ha3wI-
BAaeTCA CeueHUeM, ecJI BBINOJHEHBI Cleayouide ycnoBusa: 1) oba knracca He
IycThI; 2} KaXKJ0€ PalMoOHAJIbHOe YKCIIO NONAKaeT B OJUH U TOJIBKO B OIUH
Knacce 1 3) moboe uucio, NpuHagiexalee Knaccy A (HUMCHUL KAACC), MEHb-
1e IPOU3BOJILHOIO YUCIa, NpUHaANexallero kiaccy B (8epxnuil kaacc). Ce-
yenue A/B onpepenser: a) palluOHAIBHOE YHCJIO0, eCIH WM HIKHUHA Kiacc A
uMmeeT HauboNplliee YUCI0 WY e Bepx U Kirace B UMeeT HauMenbliiee UKc-
10, 1 6) uppanuoHaJbHOE YUCJI0, ECNY KJacC A He UMeeT HauboAblIero yucia,
a Kjaacc B — HaMMeHblIero uucia. Yucia paqMoHa/ibHbie B HPPAOHANbHBIE
HOCAT Ha3BaHUE Bel,eCMEeHHbLX UK deilcmaumenbublx?).

3. AGcontorHasa BeanuuHa (MJIN MOAYNb). Eciiu X — BeljecTBe HHOe YUC-
710, TO a6corlomHOiL erununoll (modysem) |x| HasblBaeTCs HEOTPULATENBHOER
YUCJ0, OIpeAensaeMoe CAeYIOIUMU YCIOBUAMU:

1] = { -x, ecau x < 0;
x, ecaux = 0.
Jns niobbIx BellecTBEHHBIX YHCEN X U J UMEIOT MeCTO HepaBeHCTBA
ld = lyl < |x + yl < x| +lyl.
4. Bepxuas U HMkHAa rpasu. I[Iyers X = {x} — orpanuuennoe MuO«e-
CTBO BelleCTBEHHBIX yuces. ducio
m = inf {x}
HAa3bIBAETCS HUXNCHel zpanblo MHOXecTBa X, ecyu:
1) kaxxmoe x € X? ynosnersopsaeT HepaBeHCTBY
x 2z m;
2) kakoBo 6b1 Hu ObLTI0 € > 0, cyutecTByeT x° € X Takoe, 4To
x'<m+e.
Y B panbueiilueM 1op CJ10BOM HuCAO MBI GyeM IOHUMATh 8elyecmeeH-

HOe YUCJ0, eCTU HE OTOBOPEHO IPOTHBHOE.
3 Banuck x € X 03HAYAET, YTO YUCJIO X MPUHANIEKUT MHOKECTBY X.
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AHAJOTHYHO YHCJIO
M = sup {x}

HABBIBAETCH BCDXHel 2PAHbI0 MHOXECTBA X, ecnu:
1) Kaxkaoe X € X ynmoBJjieTBOpSAET HEPABEHCTBY

x< M,
2) nas aroboro £ > 0 cymwectyer x” € X Takoe, uTo
x> M -¢.

Ecsiu MHOKECTBO X He OrDaHUYEeHO CHU3Y, TO IPUHATO FOBOPUTE, 4TO
inf {x} = —o0;
ecJIM 2Ke MHOXKeCTBO X He OrPDaHUYEHO CBEPXY, TO IojlaratoT
sup {x} = +oo,
5. AGcoloTHAA M OTHOCHTeJbHasA norpemnoctd. Ecnu a (a # 0) ects

TOYHOE 3HaueHue N3MepseMOoi BeIUUMHBI, 8 X — NPUOGIMKEHHOE 3HaUYeHue
3TOHI BEJIHYUHBI, TO

A=lx-aq
HABBIBAETCH AOCONIOMHOL NOZPEULHOCINbIO, A

A
la]

— OMHOCUMENbHOI NOZPeutHocmebio U3MEPAeMOH BeJIMUNHBI,

T'oBopaT, YTO YUCIO X UMEET N GePHbLLX 3HAK06, ecnu abcoawTHad NO-
IPELIHOCTD 3TOTO YMCJA He NPEeBbIIIaeT NOJOBUHBI €JUHUILBI pa3psalia, Bbi-
paxaeMoro n-ii 3Havauei nqu@pon.

IIpumensia merog MaTeMaTudeCKOH HHAYKIIUA, 10KA3aTh, UTO A4
J1000r0 HATYpaJbHOTO YKCIa 11 CIpaBeAUBLI CJAEAYIOIINE PABEHCTBA:

1.1+2+...+n='—‘il2i-1-2.

2.12+22+...+n2=£&+—1-%@+—12.

3.1+ 2°+ .. +nft=(10+2+..+nd

4.1+2+2%2+ ... +2" 1=27-1,
5. Ilyers

I

aM=aa-h)...[a-(n—-1h]uad®=1.

Hokasats, uTO

n
(a + b)["] = Z C":l aln- m]b[In]’
m=90

Iie C) — 4MCI0 coYeTaHuit U3 N 3JIeMeHTOB 110 m. BrIBecTH oTCIONA
tbopmyny 6unoma Heomona.
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6. loxasaTs Hepagencmeo Bepuyniu:
A+a)l+txy)...+tx)21+x, +x,+ ...+ x,

re Xq, Xg, «nvy X, — UHUCJIA OAHOIO U TOTO Ke 3HaKa, 66apimme ~1,
7. okasaThk, UTO ecJH X > ~1, TO cIpaBeIJNBO HCPABEHCTBO

A+x)"21+nx (n>1),

NpyyYeM 3HAK PABEHCTBA UMEeT MECTO Jutib npu x = 0.
8. lokaszaTh, HepaBEHCTBO

nl < (";1) opu n > 1.

Ykasanue. McrnosbzoBaTh HEPABEHCTBO

n+2 n+1 1 )VI-PI
—_— =1+ — > 2 =1,2,..).
(n+1) ( n+1 (n )

9. HoxasaTs HepPaBEHCTBO:
a) 2l -4l ... @Cn)!>[(n+ D) npun > 1.
epL.2 21l L |
2 4 2n J2n+1
10. Joxasats HepaBeHCTBA:
1 1 1
aAl+ =4+ = +.+—=>.Jn(n>2);
J2 /8

Jn
6) n" "> (n + 1) (n > 3);

n n
B) Si“(z xk] < Z sinx,(0<x, <M k=12, .., n);
k=1 k=1
r) (2n)! < 224 (nh.
11. IIycTs ¢ — TOJOKUTEIBHOE UHCIO0, He ABJIAIOLIEECA TOUHBIM
KBa/Z[paToM I1eJIOro 4Yucia, ¥ A/B — cedeHue, onpegessoliiiee Bele-

CTBEHHOE YHCI0 J/C, THe B KiIace B BXOLAT BCE TOJOMKUTENbHBIE pa-
IUOHAIbHBIe yncsaa b Takde, uto b? > ¢, a B KI1acc A — Bce OCTATbHLIE
panMoHa bHbIe uncaa. [lokasaTs, UTO B Kjacce A Her HaubOAbIIEro
4yucia, a B Kjacce B HeT HaMeHbIIEero 4ymuca.

12. Ceuenue A/B, onpezensAmwmniee YHCIO 1/§ , CTPOUTCH CJIELYIO-
1M 06pasoM: KJacc A COLEPIKUT Bee pallnoHaJ bHble YHCIa A TaKUe,
uyrto a® < 2; Knace B cofepKUT BCe OCTaIbHbIE PAI[MOHATLHbIE UKCIa.
IToxasaTsw, UTO B Kjaacce A Het HauboJpIlIero yucia, a B Kjaacce B —
HaUMEHbLIEro.

13. ITocTpouB COOTBETCTBYIOLIUE CEUEHU A, JOKa3aTh PABEHCTBA!

a) /2 + /8 = J18; 6) /2.3 = /6.
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14. ITocTpoKTh CeUeHue, olpeaesAIee YUCI0 242,

15. Jloxasars, UTO BCAKOE HEMyCTOe YUCI0BOE MHOXKECTBO, Orpa-
HyueHHOe CHU3Y, HMEeT HIIKHIOW IPaHb, a BCAKOE HellyCTOe TUCIIO-
BOE MHOXKECTBO, OrPAaHUYeHHOE CBEPXy, UMeeT BePXHIOI0 IPaHb.

16. [Toxasarb, 4TO MHOXXECTBO BCEX MPABUJLHBLIX PaIMOHANb-

HpIX Apodeil m. rge m U n — HarypaJdbHble yuciaa ¥ 0 < m < n, ue
n

pMeeT HAHUMeHbpIero ¥ Haubomnbimero sieMenToB. HallTd HUIKHIOIO
{1 BepXHIOIO TPAHM 3TOrO MHOMKECTBA.
17. OnpefeauTs HUMHIO U BePXHIOI I'DAaHY MHOXKeCTBa panuo-
HAJBHBIX UHCET I, YOBJETBOPAIOLINX HEPABEHCTBY
rr<2.

18. IIycrs {—x} — MHOXKeCTBO YMCEJ, MPOTUBONOJOIKHBIX YIUIC-
mam x € {x}. HJokasars, urto:
a) inf {—x} = —sup {x}; 6) sup {—x} = —inf {x}.
19. IIyetds {x + y} ecTb MHOMECTBO BCe&X CyMM X + Yy, rme
xe{xpnyelyh
JokasaTs paBeHCTBA!:
a) inf {x + y} = inf {x} + inf {y};
6) sup {x + y} = sup {x} + sup {y}.
20. [Tycrs {xy} ecTs MHOMKECTBO BCeX NPOHU3BEAEHUN XY, Iie
xc{x}nye€{y), upuuem x > 0u y > 0.
Joka3aTs paBeHCTBA:
a) inf {xy} = inf {x} inf {y}; 6) sup {xy} = sup {x} sup {y}.
21. [ToxasaTh HepaBeHCTBA:
a) lx = y| > lx| - lyll; ‘
6) lx + x; + ... +x,| > x| - (lxll o [x,,[).

Pemuts HepaBencTna:

22 |x + 1| < 0,01. 23.]x - 2| > 10.

24, x| > |x + 1]. 25.2x - 1] < |x — 1)
26.|x + 2|+ |x - 2] < 12. 27, |x + 2] - |x| > 1.
28.fx+ 1] —-lx— 1] < 1. 29. |x(1 — x)| < 0,05.

30. ToxasaTs TOXKAECTBO

(x+ lxlj2 n (x— lx{)z = o2
2 2
31. IIpu uamepesuu ngiauusl B 10 cM abconoTHAs IOTPELIHOCTDL
cocrasnana 0,5 mm; npu uaMmepenuu paccroanusa B 500 kM abcoiror-
Haja morpeluHocTs Onlaa paBHa 200 m. Kakoe uamepenmne touHee?
32. OnpesennuTh, CKOJBKO BePHBIX 3HAKOB CONEPXKUT YHUCIO

x=2,3752,
€cay OTHOCUTEIbHAH MOTIPELIHOCTD HTOTO YKeaa cocraBader 1%.
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33. Yucro
x=12,125

COZEPIKUT 3 BepHBIX 3Haka, OnpesieNTh, KAKOBA OTHOCUTENIbHASA TI0-
IPEeLIHOCTD dTOTO YUCIa.
34. CTOpOHBI IPAMOYTOJIbHUKA PABHBL:

x=2,50cm + 0,01 cm,
y=4,00cm = 0,02 cm.

B kak¥x rpaHulax 3akJOUaeTcs IJIOManb S 3TOr0 NpAMOYTOIbHU-
ka? KakoBsI abcosoTHAR NOrpemHOCTS A U OTHOCHUTEIbHAA OTpeti-
HOCTB & IJIOUIaAH NPAMOYTOJBHUKA, eCJH 3a CTOPOHBI €ro IPUHATh
cpesHUe 3HaveHnA?

35. Macca rena m = 12,59r+ 0,01 r, a ero o6pem V = 3,2 cm® £
10,2 cm®. OnpesenuTs NIIOTHOCTD TEa ¥ OIEHUThH aOCOTIOTHYIO U OT-
HOCHTEJLHYIO IOrPeIHOCTH IIJIOTHOCTH, €CJU 3a MAcCCy TeJsJa U ero
00'beM TPUHATH CPeJHUE 3HAYEHU,

36. Paguyc kpyra

r=7,2m+0,1 M.

C Kxaxkoit MUHUMAJIBHOU OTHOCUTEIBHOUW IOT PEIIHOCTHI0 MOKET OBITh
ollpesiesieHa ILIOIAAL KPYra, eCJyd NPMHATL T = 3,147
37. V13BeCTHBI N3MEpEHNA NPAMOYTOJHHOTO Mapasjleenuesa:

x=24,Tm+0,2 M,
y=6,5m=*0,1 M,
z2=1,2m=+0,1 M.

B xakux rpaHuiax sakjaiouaercd o6vem V aToro napaJseienumne-
Ja? C xkaxuMu abCoJIOTHOU M OTHOCUTENbHON NOrPEeIIHOCTAMU MO-
JKeT ObITh olpeseeH o6beM 3TOTO Napajjeenunena, ecliy 3a ero
U3MepeHUd NPUHATL CpefHUe 3HAUeHUA?

38. C kaxoil abGCcoJIOTHON IIOrPELIHOCTHLIO CJIEAYeT H3MEePHUTh
CTOPOHY KBajpaTta X, rfie 2M < X < 3 M, yToOBI UMETh BO3MOM-
HOCTb OIPeJeNUTh MJOIIaAb 3TOr0 KBajJpaTa € TOYHOCTBIO [0
0,001 m??

39. C xakxumMu abCOJIOTHBIMK MOrPElIHOCTAMU A ZOCTATOUHO
M3MEPHUTHh CTOPOHBL X U § UPAMOYTOJAbHHKA, YTOOH IIOMIAAL €r0
MOJKHO 6BLI0 BBIUMCIUTS ¢ TouHOCTbI0 10 0,01 M?%, ectu opuenTH-
POBOYHO CTODOHBI NPAMOYTOJbHUKA He npesblmiainT 10 M Ka-
nasa?

40. ITycts 8 (x) 1 6 () — OTHOCHUTEIbHBIE IOrPEIIHOCTH YUCET X
7 Yy, O (xy) — oTHOCHTENbHAA NOIPEUTHOCTD YHUCIA XY.

IMokasats, uTo & (xy) < & (x) + 6 () + & (x)8 (y).



§ 2. Teopus nociaeAoBaTe LHOCTEN 11

§ 2. Teopus mocaesoBaTeabHOCTEH

1. [lousTHe npenena IocieRoBaTeabHocTn. I'oBOpAT, YTO IOCJEjOBA-
1eNBHOCTD X1, Xgy «ers Xy oo MIMEET CBOMM IIPEJEJIOM YHCJIO a (KOpoue, CX0-

dumca K a), T. €.
lim x,=a,

n— oo
ecnu s jgoboro € > O cymectsyer uucao N = N (€) Takoe, yTo
|x, —al<empu n>N.
B 4acTHOCTH, X, Ha3bIBAeTCA 6CCKOHEYHO MAOlL, eCNH

lim x,=0.

n— o

Ilocne0BATENBHOCTb, He MMEIIas TNpeaesia, Has3blBAETCHA pacXxods-

welics.
2. [Ipu3Haky cyumiecTBOBaHHA Ipenenaa.
1) Ecnu
Yo < X, < 2,
i
lim y,= lim 2z,=c¢,
n-+ 00 n— o
TO
lim x,=c.
n — oo

2) MoHOTOHHAA K OrPaHMYEHHAA I10CJIeJ0BATEJILHOCTH UMEET IIpeell.
3) Kpumepuii Kowu. [Insa cymecrsoBaua mnpejeia nocjesoBaTesHOC-
TH X, HEOOXOAMMO U JOCTATOYHO, yTOoObI ANs Jwboro € > 0 cyuiecTBoBalO
N = N (&) Takoe, uto
lxn —xn+p|< €,

ecau tonsko n > N up > 0.
3. OcHOoBHBIE TeOpeMbl O Npegenax mocjaexosareasHocTeit. Ilpeamona-
Tast, YTO CYUIECTRYIOT
lim x, »u lim y,,
n-— oo n oo 00
nmeem:
yecrn x, < y,, To lim x, < lim y,;
n— o0

no* o0

2) lim (x,+ty,)= lim x, %+ lim y,;
n— oo n — oo

n—

3) lim (x,y,) = lim x, lim y;

n—o n— n— o
oy, Jlimx, .

4) lim = = 2= ecau lim y,#0.
ey, g, S

n-~co
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4. Yucno e. TTocnenoBaTeJIbHOCTH

(1 + i)" (n=1,2..)

MMeeT KOHEeUHbIi mpeses

n o n

lim (1 " l) —e=2, 718 281 8284... .

5. Beckoneunblit ipenena. CuMBosnyecKas 3anuch

lim x, =00
n— oo
ofo3HauaeT, 4T0, KaKoBo O6u1 Hu Obw10 E > 0, cyiecrByer uucao N = N (E)
Takoe, uTo
|x,] > E npit n> N.

6. IIpeneanHasn Touka. Yucso & (MM CUMBOJI O0) HA3bIBAETCA HaACMUY-
HbiM npedenom (npedebHoll MOYKOIL) NAHHON I10CAENOBATENLHOCTH X, (1 =
=1, 2, ...), ecau cyuiecTsyer ee IMOJIOCIEA0RBATENbHOCTD

Xp s Xpys eoer Xp s ee (1<p <py<..)
TakKad, 4To
lim x,, =&.
n— oo

Bceakas orpanuyeHHasl IOCJHE[OBATENBHOCTh UMEET TI0 MeHbIIlel Mepe
OAMH KOHEeUHBIH wacTUUHBIA npefen (npunyun Boavyano— Beliepuimpac-
ca). Ecau aToT wacTUUHBIHN Ipejes eAMHCTBEHHBIN, TO OH e ABIAETCA KO-
HEYHBIM IIpeje/IOM JaHHOMH ITOCJIef0BATEIbHOCTH.

HaumeHpminit yacTHUHBIM npegesn (KOHeUHbIH uau 6eCKOHEUYHBIH) IO-
CJIelOBaTEJILHOCTH X,

r—

im x,

n—

Has3bIBAETCA HUNCHUM npedenom, a HAUGOJNBLINH YaCTUUHBIA TIPejes ee

lim x,

n-co

Ha3blBAETCA 8ePXHUM npede oM 3TOH MOCJeA0BATENbHOCTH.
Pagenctso

lim x,= lim x,
—~ 00

n- n— oo

SIBJIAETCA HEOOXOZMMBIM U JOCTATOYHBIM YCJOBMEM CYILIECTBOBAHUA IIPEJe-
J1a (KOHEeyHOro Uiy 6eCKOHEUHOro) NOCJe0BaATebHOCTH X,,.

41. IIycrs

x,=—2-(n=1,2,..).
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Jloxa3aTb, 4To
lim x,=1,
n-—

oTpeieTUB A KA I0T0 € > 0 1ucno N = N (€) rakoe, 4T0
lx, — 1| <, ectu n> N.

3anoJHUTh CJAeAVIOUYIO TabIuILy:

£ 0,1 0,01 0,001 0,0001

N

42, lorasars, uTo x, (n =1, 2, ...) ectb Geckoneuno manrad (T. e.
uMeeT npejes, papHblii 0), ykasas g Besakoro € > 0 unciao N = N (g)
rakoe, uTo |x,| < € mpu n > N, econ:

a)x, = S 6) x, = —20_;
n n3+1
B)x, = +; r) x, = (~1)" - 0,999,

JIas KaskgoTo U3 ATUX CJAydaeB 3al0JHUTD CAeAYIONYIO TabauIly:

£ 0,1 0,001 0,0001

N

43. JIokas3arTs, UTO IOCJE0BATEILHOCTH
a)x,=(-1)'n, 6)x,=2/, B)x,=lg(lgn) (n>2)
uMeT DeCKOHeUHLIHM Ipenes npu n — 00 (T. €. ABAAIOTCA 6eCKOHeUHO
Gonvluumu), onpefenus aas sesaxoro E > 0 uneno N = N (E) Takoe,
uTo |x,| > £ npu n > N.
Jns KadkIoro U3 sTUX CIyuaes 3anoAHUTL CleAYIOImy0 TabauIy:

E 10 100 1000 10 000

N

44, TlokasaTp, 4TO

x,=ntV (n=1,2..)

n
He orpaHuveHa, OfHAKO He aABxdAeTcA GeCKOHEYHO OOJBIION NpU
n— oo,
45. ChopMyIupoBaTh ¢ TIOMOIIbI0 HEPABeHCTB CJAeRYyIOLIue yT-
Bepknenus:
a) lim x,=o00; 6) lim x,=-00; B) lim x, = +00.

n— 0 n - 00 n -+ oo
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IIpeanonaras, wTo 1 IpoderaerT HaATypaJlbHBINM pAA UKUCe]l, OIpe-
JeJIUTh 3HAYEHHUs CAeYIOIUX BbIpaKeBHi:

46. lim 100007 47. lim (Jav1 - Jn ),
n— 0o n?+1 1 — o0
: 3n?sinn! . (=2)" + 3"
48. e 49. 1 .
8 Illl;lrllo n+1 9 ”%Elio (__2)"0 14 3n+1

0. lim g (el < L b=,

51. lim (L + 24 n—‘l).

n— oo ne né n2
52. lim 1L -2 43 - 4+ &1L n-lp
n— o n n n n
53. lim [E 2t gn—ly]
n— oo n3 n n3
54. lim [E +3 4+ §2n—122]'
n—oco Ln? n3 s
: 1.3 .5 2n -1
55. li1 (_+_.+_ 4 j
ntlgo 2 22 23 gn
56.1jm[_1_ D I | }
n-ootl 2 2.3 n(n+1)
57. lim (J24/2%/2... ™42 ).
n — oo

Iloxasarb cillefyioniie PaBeHCTBA:

58. lim & =0. 59. lim 2% = .
n—oo 20 "o n!
60. lim ™ =0(a > 1). 61. lim % =0
n~-oa @ n-+eo nt
62. lim n¢"=0,ecanlg <1. 63. lim %a =1 (a > 0).
64. lim L(lg;ﬂ —0(a> 1) 65. lim “/n = 1.
n -» oo n-soo
66. lim —— =0.
noo nfpl

67. Kakoe BbIpaskeHnne GOJbIIIE IPH JOCTATOUHO DOABLUINX 1!
a) 1001 + 200 mwru 0,01n2?;  6) 2° uan n'%007?;
B) 1000" nnu nl?

68. [lokasarp, 4To

. 1 .3 2n-1
1i (— S ) = 0.
n—l:lgo 2 4 2n 0

Yxagszanue. Cm. npumep 9 6).
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69. [loxasarh, 4TO IOCJAEN0BATENbHOCTD

x, = (1 + l)" (n=1,2 ..

n

MOHOTOHHO BO3PACTaeT ¥ OrPAaHUYEHA CBEPXY, & IOCTe[0BATEILHOCTD
]. na
y,,=(1+;) (n=1,2,..)

MOHOTOHHO yObIBAET U OrpaHuteHa cHusy. Orcofa BBIBECTH, UTO 3TH
ocJeqOBaTeILHOCTY MMEIOT 0b1uil pejest
R 1 n . 1 n+ 1
lim (1 + —) = lim (1 + —) = e,
n n

n —oa n-— oo

x
Vrkasauue. CocrasuTs OTHOINeHUS —t1 | Yn U BOCIIOJIL30BATHCH
xn yn -1
HepaBEeHCTBOM npumepa 7.

70. Tokasars, 4TO

0<e—(1+l)" <% (n=1,2,..).

n

1

n
IIpu Kaxk¥ux 3HaUYeHUAX IIOKasarend Il BbhIpajkeHue (1 + —) Gyaer
n

oTJIMYAThCH OT uMcia ¢ MeHbine yeMm Ha 0,0017

71. IIyers p, (n= 1, 2, ...) — Ipou3BONbHAA NOCJHeOBATE]b-
HOCTB UHCeJ, CTpeMAaaca K +00, u q, (n =1, 2, ...) — npousBojibHad
ocJefoBaTeNbHOCTD UMCEJ, crpeMAniasicd K —o0 (p,, ¢, € [-1, O]).
Hoxasars, uro
lim (1 + )" = Tim (1 + ql)” —e.

n =X prl n - 00 n

72. 3uasn, uro

AoKasars, 4TO

lim (1+1+l+l+...+l)=e.
n -0 2! 3! n!

Brisectn orcrona dopmyny

e:2+—1-+l-+...+l-+&-,
2! 3! n! n'n

(*)

Tae 0 <9, < 1, u BLIYUCAUTD YUCIO e ¢ TOUHOCThIo A0 1075,
73. Jlokasarh, uTO YUCIO ¢ UPPAILLMOHAABHO.
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74. lokasaTh HeEpaBeHCTBA

(2)" <nl<e ('—l)n.
e 2

75. loxa3aTh HEPaBEeHCTBA:

a) R S In ( 1+ l) <1 , Tne n — mob0e HaTypajabHOe YUCJIO;
n+1 n n

6)1 + o < e”, Tie o — BellleCTBEHHOE YHCJIO, OTINYHOE OT HY .
76. loka3aTsb, 4TO

lim n(a%—l) =1lna (a>0),

n— oo
rze ln a ectb sorapudm uuciaa a Ipu ocHOBauuu € = 2, 718... .

IToap3ysachk TeopeMoit 0 CylleCTBOBAHMHM TIpejesla MOHOTOHHOII 1
OrpaHMYeHHOM N0CAeL0BATEIbHOCTH, AOKABATH CXOAMMOCTD CIIEYIO-
WMX IOCJefoBaTeabHOCTe: ’

7. %, =po+ 2+ 4+ L2 (n=1,2,..), raep, (i=0,1,2,...) —

10 10"
HeTble HeOTPHIlaTeIbHbIe YHCia, He IpeRbiaoine 9, HaunHad ¢ p;.

10 | 11 n+9

78. x, = 7 R ek
79.x"=(1~%) (1—%) (1—%)

80. x, = (1 + é) (1 + i) (1 + 51—)

81.x;= .2, x,= 42+ .2, ..., x,= A/2+A/2+...+A/§,

n Kopueu
Ilonnsysacs kpurepumem Komy, JoKasaTb CXOAUMOCTb CJIEAYIO-
KX TI0CJeS0BATEIbHOCTEH:
82.x,=a,+ayq+ ... +a,q" rae
la) <M (k=0,1,2,..) u |¢| <1.

sinl sin 2 sinn
X, S —— ==+ .+
83 n 2 22 on
! 2! cosn!
84.x,= Sosli 4 cos2i -, _cosni
1.2 2-3 n(n+1)

- 1 1 1
85.x,‘—1+§—2+3—2—+...+ﬁ.
Yxasanue. Bocnons3oBaTsCs HEPAaBEHCTBOM

—1—<-—-1—-—-l (n=2,3,..).



§ 2. Teopirsi nocaeAobaTenbiocTell 17

86. l'oBopsAT, uTO MOCIenoBaTeNbHOCTh X, (n= 1, 2, ...) umeer
OzpaAHUYLEHIL0e U3MeHeHUe, eCclU cylecTByer ducao C Takoe, 4To

ey — 2y + ey = x| + oo +x, —x, |<C (n=2,38,...).

Jokasarb, UTO IOCAEJOBATENILHOCTE ¢ OTPAHMYEHHBLIM U3MEHEeH-
eM CXONHUTCA.

ITocTpouTs IpuMep CXonAuIeHcA T0CJef0BATeAbHOCTH, He UMEIO-
el OTPAaHUYEHHOr0 U3MeHeHud.

87. ChopMyrupoBaTh, YTO 3HAYUT, UTO AJA JaHHOM IIOCje0oBa-
TeIbHOCTY He BbIIIOJHEeH Kpurepuii Kowmn.

88. ITonwaysacs kpurepuem Komrn, goxasaTh pacxoAuMMOCTh I10-

CJIeIOBATEJILHOCTH
1 1 1
x,=1+=+ =+ 4=,
" 2 3 n

89. IlokasaTb, UTO eclIM IoOCAeRoBaTenbHOCTH X, (n =1, 2, ...)
CXORUTCH, TO Ji00as ee NOAIOCTEAOBATENILHOCTb X, TaKIKe CXOLUTCA
n
U “MeeT TOT Ke caMbiil IIpeje:

lim x, = lim x,.
"o oe n n— oo
90. JlokasaTh, 4YTO MOHOTOHHASA TOCAEAOBATEIbHOCTH OyZeT CXOo-
gAamedcs, ecad CXOQUTCA HEKOTOpAas ee MOAIO0CIe0BATEILHOCT.
91. [lokasaTb, 4TO ecau

llm‘ x,

n X

a,

TO

lim |x,|=lal.
n s

«

. X
92. Ecnut x, — @, TO UTO MOMKHO cKas3aTh o npegene lim =217
n-— 0o X

n

93. lokasaTh, UTO CXOAANIAACA YHCI0BAA NOCJAEJ0BATENbHOCTD
orpaHuveHa.

94. JloxaszaTh, UTO CXOAANAACA YHUCIOBAd [10CIAeA0BATENLHOCTD
Jocturaer aubo cBoeil BepXHe# rpaHu, aubo cBoell HMXKHeH rpaHu,
aubo Toi u Apyroii.

ITocTpouTh IpuMepH! TOCHeA0BATETIbHOCTEN BCeX TPEX THUIIOB.

95. IlokasaTsb, UTo YMCI0Bas MOCHeJOBATeNbHOCTb X, (n =1, 2, ...),

cTpeMAmAasca K +00, 0643aTeIbHO JOCTUTaeT CBOeH HUKHEeH rpaHu.

HaiiTu Hanbonsiumil uaeH nociaegosareiabsocru x, (n =1, 2, ...),
ecuIu:

96. x, = '2‘_? 97. x, = %‘;. 98. x, = 10’?'0".
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Haiitn HauMeHbIIN YieH MocjaegosaTensbHocT X, (n =1, 2, ...),
ecnau:

99. x, = n? - 9n — 100. 100.xn=n+£-n°.

Jlna nocaefoBarenbHoct X, (n =1, 2, ...) mairy inf x,, sup x,,

lim x,un lim x,, ecan:

n— n— oo

101.a)x, =1 - 1; 6)x,,=(—1)"“(2+ §)
n n

102, x, = £ | LeC1
2

n

103. x,= 1 + —— cos 2%,
n

Ir

+1 2
nn=-1)
104. x,=1+2(-1)"*1 +3-(-1) *
105. x, = n=l s 20T 106. x, = (—-1)"n.
n+1 3
107. x, = —-n[2 + (-1)"]. 108. x, = nCV",
_ .nn _ 1

109. x,=1 + n sin 5 110. x,, —T0 03

Haitru lim x, m lim x,, ecam:

/IA’OU n -0

n? 2nm 1\ Ny i BT
111. x,= oo cos =5 - 112. X”:(H;Z) -(*1)’+s1n14—.
113. x, = —2— sin? LU 114.x, = %31+ 20"
n+1 4
115. x,, = cos” 2'3”T
Haﬁfm YacTUUHbIE TIPeesibl CAeAyIONINX II0CAef0BaTeIbHOCT ]!
1 3 1 7 1 2"-1
116 D 1 7Y o o 3y Ty T Ty sl .
2 2 4’4’8’8 PEAPY
1 1 1 1 1 1 1 1 1 1 1 1
117.1, =, 1 + =, =, 1+ =2, 24+, =,1+=, =+, =+ =,
7 2’ 2 3 3 2 3 4 4 2 4 3 4
1 1 1 1 1 1 1 1
= s T 1 + = s 5 + = ’ > + = 3 ’
5 n n 2 n n-1 n n+1
118'1719—2‘71’—2‘95,17—2‘,-3-’24-’
23 3 44 4 5 5 5 5
119. x, = 3 (1 - lj + 2 (-1)
n
120. x, = é[(a +b) + (1) (a - b)].
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121. IlocTpouTs, mpHMep YMCIOBOH IlOCTeN0BaTeJNbHOCTH, MMe-
1le# B KauecTBe CBOMX YACTUUHBLIX IIPENeaoB NaHHble YUcia

Ay gy --vs Ay

122. ITocTpouTh IpHUMeEpP UYMCHAOBOH MoOCHeAOBATENbLHOCTH, MJIs
KOTOPOH BCe WieHbl JAHHOW YMCJIOBOR I10CJIe[0BATEIbHOCTH

Ayy Agy eeey Qpys one

ABIAIOTCS ee YACTHUHLIMHU NpefenamMu. Kaxkue elle yacTUYHLIE TIpe-
Jesbl 00A43aTe/IbHO MMeeT NMOCTPOEHHAS I0CJe 0BaTeIbHOCTD?
123. ITocTpouTs npuMep nocjaeqoBaTeJbHOCTH:
a) He UMeoIlell KOHEUHBIX YACTHYHBIX I PeJesios;
0) uMeronel eJMHCTBEHHbIIT KOHEUHBIH YaCTUYHBINA npesed,
HO He ABJAOLIeNHCA cXOAdIeics;
B) uMelonie HecKoOHeUHOe MHOKeCTBO YACTUUHBIX NIPEAEJIOB;
r') UMeOllell B KauecTBe CBOEr0 YACTHUHOIO Ipeaelia Kamaoc
BeIeCTBEHHOe THUCJIO.

124. JokasaTb, UTO NOCJEAOBATENbHOCTH X, H Y,= X, 'Nn
(n=1, 2, ...) UMeOT OJJHK U Te Ke YaCTUUHbIe IIpeLebl.

125. Hokasars, 4TO M3 OrpaHUYEHHOH IIOCIeJ0BaTeNbHOCTH X,
(n=1, 2, ...) Bcernga M0oXHO BBIJ€IUTH CXOAAUIYIOCS DOANIOCHE0BA-
TeIBLHOCTh X, n=1,2,...).

126. JJoxasaTb, YTO eciH MOCHeNoOBaTedbHOCTL X, (n =1, 2, ...)

He orpaHuueHna, To cyumiecTByeT IIoanocjieioBaTe/IbHOCTh .X'p TaKad,
n

UTO

lim x, =oo.
n - o0 n
127. IlycTs nocienoBaTeNbHOCTL X, {(n =1, 2, ...) cxoauTtcd, a
nocjaegoBaTesbHOCTL ¥, (n =1, 2, ...) pacxonurcda. YTo MOXHO yT-
BepIKJaTh 0 CXOAMMOCTH IOCJe[OBATEJILHOCTeH:
a) xn+ Yns 6) xnyn?
IIpuBecTH COOTBETCTBYIOlIE TIPUMEDLIL.
128. [Iycrs mocaeROBATEIBHOCTH X, 1 Y, (n =1, 2, ...) pacxoiar-
cs. MOXKHO AU yTBep:KAaTh, YTO IOCJIeJ0BATEIbHOCTH:
a) x, + Y, 6) X,y
TaK)Xe pacxogarcAa?
129. IIyers lim x, =0, uny, (m=1, 2, ...) — Npou3BOJbHAA

no— o

HocaenoBaTelbHOCTh, MOXKHO M yTBep)KJaars, uro lim x,y, = 07

n—>0a

IIpuBeCTH COOTBETCTBYIOIINE IIPUMEDHI.
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130. ITycts

lim x,y,=0

n-=~x

Creapyer nu orcioga, uro aubo lim x, = 0, nubo lim y, = 0?
n-— o0

n— oo

PaccMmoTpeTs IIpuMmep: X, A——I—E 0= uziln (n=1, 2

).

131. fokasaTs, 4TO!:

a) lim x,+ lim y,< lim (x,+y,)< lim x,+ lim y,;
n— oo n — oo -+ 00 n—> oo n-—
6) lim x,+ hm y, < im (x,+y,) < lim x,+ lim y,.
>0 n -+ 0o n = n—x
[TocTpouTs IpYMeEPSHI, KOTAA B 3TUX COOTHOUIEHMAX UMeIOT MeCTO
CTpOTHe HepaBeHCTBA.
132. Ilyctb x, 2 0ny,>0(n=1, 2

, ...). Jokasarh, 4TO:
a) im x,* lim y,
n (e}

< lim (xy,) < lim x,- lim y,;
n — oo n— oo n —»> oo n - 0a

0) lim x, - lim y, < lim (x,y,) < lim x,‘ lim y,.
n--»oe n -~ co n—» oo n— oo n — oa

ITocTpouTs NpUMEpHl, KOTAA B 3TUX COOTHOUICHUAX UMEIOT MEeCTO
CTpOTYie HePABEHCTRA.

n— o

133. Nokasars, 4To ecau lim X, cyiuiecTByer, TO KakoBa 6bl HI
OblIa mocjiefoBaTENMbHOCTS Y, (n = ...), HMeeM:

11m x, + 11m Yus

T &

a) lim (x, +y,) =

6) hm (x,y,) = lim x,- lim y, (x, >0).
n - n— oo n o 0o
134. [JokasaTs, 4To ecau AJ1d HEKOTOPOH IT0CIeI0BaATeIbHOCTH X
in=1, 2 ), KakoBa OBl HU ObLIa ITOCTeAOBATENBHOCTD Y, (1 = 1,
), IMeeT MeCTO II0 MeHbllleid Mepe OQHO U3 PAaBeHCTB
a) lim (x,+y,) = lim x,+ lim y,
n-— oo n— oo n-rox
nin
6) lim (x,y,) = lim x,- lim y, (x, > 0),
n — oo n— n—
TO IIOCJIEAOBATENbHOCTD X, — CXOAAINAACH.
135. Ifokasarts, uroecaun x, > 0(n=1,2, ..)u
im x,  Om + =1,
n-— o n—oe X

TO MOCJIEIOBATENBHOCTD X, — CXOAAIAACH.
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136. Jokazark, 4TO €CJIH NOCIAELOBATENBHOCTE X, (n =1, 2, ...)
orpaHWyYeHa n
lim (x,,,~-x,)=0,

n~+ o0
TO YacTH4YHbIe IIpeJesibl aTOU IIOCJIeJOBATEJIbHOCTU PACIIOJIOMEeHbl
BCIOAY ILIOTHO MEXY €€ HIKHHUM U BEPXHHNM IIpeJesaMu:

I=1lim x, u L= lim x,,

n — o n -0

-r. e. J10boe uncyo u3 orpeska [[, L] ApidercA YaCTUYHBIM IpPEe/IoM
JaHHOM IIOCJIeI0OBATEIHHOCTH.
137. IlycTes unc/oBasA IOCHEROBATENBHOCTD Xy, Xy ..ey X,

YAOBJIETBOPAET YCIOBHIO
0<x,.,<x, +tx, (mn=1,2,..).

. x
HokasaTh, uTo lim =2 cyliecTByer.
n

n-—»o0
138. [loxasaTs, UTO e€CNN MOCIEAOBATENILHOCTE X, (n =1, 2, ...)
CXONHUTCHA, TO IOCAe0BATENBHOCTE CPEHNX apHDMeTHIECKIX

g = % ey + 2, + .o+ x,) (n=1,2,..)

TAKMXEe CXO0ZUTCA N

Xyt Xyt X .
lim 22— "7 = lim x,.
n— X1 n n — oo

O6parHoe yTBep)AEHNE HEBEPHO: IIOCTPOHUTH IPUMEP.
139. JokasaTs, UTO ecan

lim x, = +oo,

n -——-> oo

TO
lim Xt Xet oot Xe oo
n— o0 n

140. [Joxasars, 4TO €ciN MocjenoBaTeNbHOCTL X, (=1, 2, ..))
ecxopuTed U x, > 0, 10

im #/x,x,..x, = lim x,.
n— oo n -0
141. oxkasars, uro ecnin x, > 0 (=1, 2, ...), 1O

. — 3 xn+l
lim #/x, = lim =821,

n— oo n—oo X,

npejIoJaras, 4To mpeaes, CTOAUINHA B IPaBoil yacTy OCJaeLHEro pa-
BEHCTBa, CYIL€CTBYET.
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142. lokasars, uro lim 2= =e.
n-—o f}\/,?!
143. [lokazars reopemy llronsua, ecan
A Yni1> Y (n=1,2,..) 6) lim y, =+ o,
n—
B) cymecrpyer lim nel” %
n—0 Yy~ Yy
TO
lim %2 = lim Zeei”%a
n-—= Y, n—oco Yy, 1~ Yp
144. Hasru:
2
a) lim @ =>1) 6) lim lgn
n— +oo an n— 400 N
145. HoxasaTh, UTO eCJId p — HaTypaJbHOEe YHCJIO0, TO:
r 14 14
a) lim 1"+2"+ ... +n" _ 1 :
n—co nftl p+1
14 P P .
6) lim (1 +2°+...+n" _ n ) _ l;
n— oo np P+ 1 2
14 14 P 14
8) lim 17+3"+..+(2n-1)y _ 2 )
n-— np+l p+ 1
146. IlokazaThb, UTO MOCJELOBATENHLHOCTD
1 1 1
x,=1+=+=+..+=-Inn(n=1,2,...
n 2 3 n ( )
CXOOUTCS.
Taxum obpazom, umeer Mecto hopmyJia
1+ 4+ 41 =C+Inn+e,
2 3 n
rge C = 0,577216... — Tak Ha3pIBaemass nocmosHmnas Jirepa N

€, > Ompun — o,
147. Hasitu lim ( 1 + 1 v i) .
n—oo \nn+1 n+2 2n
148. TlocnegoBaTenbHOCTD UHCeN x, (11 = 1, 2, ...) onpegenderca
CIenyIUMIIMHI (POPMYTaMM:

— Xn_1+t X, o

x,=a, XxX,=b, x, 3

(n=3,4,...).

Haiirn lim x,.

n — oo
149. Ilyctb x, (n = 1, 2, ...) — NOCJI€A0BATENLHOCTD YHCEJ, OI-
penensaemas cliegyioniei hbopmMyaon:

X >0, x,, = %(x,,-k J—Cl—) (n=0,1,2,...).
n

Hoxkasarb, uro lim x, = 1.

n - oQ
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150. Joxasars, uro nocyefoBarTenpHocT X, n y, (n =1, 2, ...),
omnpeAensieMble CAeAYIOINMHU (POpMYyJIaMu:

_ _ _ _X.ty
xy=a, y=>b,x,, = NXnYn»s ynal_—i"z'_n’

HMeloT o0Iui npenfes

u(a, b= lim x,= lim y,

n -0 7= oo

(apugpmemuro-zeomempuueckoe cpedree ducen a u b).

§ 3. Illonarue pyuruun

1. ITouarune ¢ynkuun. Ilepemennas y HaspiBaeTcs OJHO3HAYHOU (YHK-
el f oT mepeMeHHOH X B AaHHOM 061acTH naMeneHust X = {x}, eciu Kax oMy
3HAYEHUIO X € X CTABUTCSH B COOTBETCTBHUE OJJHO OIIPEAie/ieHHOE AeHCTBUTEIbHOE
sHaueHue y = f(x), npuHAZIEKALLIee HEKOTOPOMY MHOKecTBY Y = {y}.

Muoxkectso X HocUT Ha3BaHWe ofaracmu onpefeleHus wiu obracmu cy-
weemaoganua PyHKuun f(x); Y Ha3sIBACTCA MHONCCCMGOM 3IHAYENILL ITOH
(yaxnuu. B npocreiiinnx caydasax Maokectso X IIpejcTaBIseT coboi uiau om-
Kkpbvimbtil npomexcymox (unmepgan) la, bl = (a, b): a < x < b, unu noayomrpbt-
mute npomexcymru la, b]l=(a, bl:a<x <bula, b =[a, b): a < x < b, unu
samrHymotit npomexcymox (cezmenm)|a, b]: a < x < b, rge @ u b — HekoTOpbIE
BELeCTBeHHbIE YHCAA UM CHMBOJIBI —00 U +00 (B 3TOM Ciydae PABEHCTBA UCK-
JIIOYAIOTCSH).

Ecau xaxxaomy 3HadeHUO X U3 X COOTBETCTBYET OJHO UJIM HECKOJIBKO
sHAYeHUH y = f(x), T0 y HA3BIBAGTCHA MHOZ03HAYHOI GYHKYUEL OT X.

2. ObpatHas dyukuusa. Eciau nox x noHuMars jwoboe 3HadYeHue, yAOB-
JIeTBOPAOIIEe YPABHCHUIO

fx) =y,

rjae y — GUKCUPOBAHHOE YUCJIO, IPUHAAJEKAILlee MHOKECTBY 3HAYEHUIT Y
(yuxuuu f(x), To 3TO COOTBETCTBUE ONPEAEJISET HA MHOMeCTBe Y HEKOTO-
pyo, BOOOIE TOROPS, MHOTO3HAUHYI0 DYHKIUIO
— -1
x=1"(y),
HA3bIBAEMYI0 00pamioit o oTHOweHNo K GpyHKrUuM f(x). Ecim Qpynxnusa
y = f(x) MOHOTOHHA B CTPOrOM CMBICHE, T. €. f(x,) > f(x,) (Miu, cooTBEeTCTBEH-
Ho, f(x,) < f(x,)) Ipu x, > x,, To ofpaTHasi QyHKIUA x = f (y) siBAseTcs

O,Z[HOSH&‘IHOﬁ U MOHOTOHHOH B TOM K€ CMBLICJIE.

Onpepenuts o6JacTH CyILIECTBOBAHUA cleyiOmnxX GYHKIUNA:

151, y = X2, 152. y = /3x — x8.

1+x

153,y = (x ~ 2) [LrX,

1-x
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154. a) y = log (x* — 4); 6)y =log (x + 2) + log (x — 2).
155.y = A/sin(A/a—c). 156. y = Jcosx?.

- in X o _dx
157.y=lg (sm xj . 158. y e
159. y = arcsin 1—25; 160. y = arccos (2 sin x).
161. y = lg [cos (lg x)]. 162. y = (x + |x]) Jxsinnx.
163. y = ctg mx + arccos (27).
164. y = arcsin (1 — x) + 1g (Ig x).

165.

a) y=(2x)} 6) y = log, log; log, x5 B)y = Ylgtgx.
r) y= Jsin2x + J/sin3x (0 < x < 2m).

Onpepenurs 0bJlacTH CYLIECTBOBAHHA M MHOXECTBO 3HAYEHUH
CHeRYIOMUX PyHKIIH:

166.y = J2+x - x2. 167.y =1g (1 — 2 cos x).

_ 2x _ . x
168. y = arccos T 169. y = arcsin (lg 10) .
170.y = (-1)".

171. B rpeyroasHuxk ABC (puc. 1), ocHoBaHUEe KoToporo AC = b
u Beicora BD = ), Bnucaun npamoyroabHuk K LM N, BbIcoTa KOTOPOTO
NM = x. Borpasurb nepumerp P npamoyronsanka KLMN u ero nio-

manb S

KaKk QYHKIIUYU OT X.

ITocrpours rpadurn GyHKuUME P =P (x) u S = S (x).

172.

B Tpeyronsuuke ABC cropora AB = 6 cm, cropoHa AC = 8 cm

u yroa BAC = x. Beipazurs BC = a u orouiags S Tpeyroabanka ABC
KakK QyHKIuH nepeMenHoi x. [TocTpouTts rpaduku GyHKIME a = a (x)

usS=.=S (x).
B
Bl ——t——lc
L | M ¢ \XN

// ﬁl/ﬁ/js// :[r \\§\ll\ S\

i QNN

T o aANHINN\ v -
AL K D b N J ![ X a J

Puc. 1 Puc. 2
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173. B paBHOGegpenHoi rpanenun ABCD (puc. 2), OCHOBaHHA
xoropot AD= a u BC= b (a > b), a Buicora HB = h, npoBejena
npamMaa MN || HB u orcroamas oT BepPUIHHBI A Ha PACCTOAHMH
AM = x. Beipasurth minomansb S purypsl ABNMA Kak QyHKOHIO 1ie-
pemenHol x. ITocrpours rpadur dyrkuuu: S =S (x).

174. Ha cermeHTe 0 < x < 1 ocut Ox paBHOMEpHO paclipeiesieHa
macca, paBHad 21, 4 B TOUKAax aTol ocu x = 2 M X = 3 HaxogATcd
cocpenoToueHHBIe MacchHl o 1 r B kaxaoi. CocraBuTh aHaJIHTHYE-
cKoe BblpaxkeHne QYHKIUK m = m (x) (—o0 < x + 00), UNCJEHHO paB-
HoIl Macce, HaxoAdAmeica B HHTepBaJie (—¢, x), ¥ MOCTPOUTDL TpadpuK
3TOl PYHKILHH.

175. dyurmig y = sgn x oupenendercA ciepylonrm obpasom:

0, ecan x = 0;

{
-1, ecnu x < 0;
sgn x =
1, ecau x > 0.

ITocrpouts rpaduk sroii GpyHxmuu. [lokasaTs, 4To
x| = x sgn «x.

176. @yaxuna y = [x] (yesasgs wacme uuciaa x) onpepesdercs
CAEeAYIOINM 00 PasoM: ecu X =11+ r, rae n — ueaoeuncaon 0 <r<1,
o [x] = n. [ocrpouts rpaduk s1od HYHKIINH.

177. lyecrs

y=mn(x) (x=0)
obo3HaUdeT YUCJIO0 NPOCTHIX Uiices, He IPeBhIINamux uncaa x. Ilo-

cTpouTh rpad)uK 9TOM QYHKINK 414 3HaueHni aprymenra 0 < x < 20.

Ha rakoe mHOxecTBO E, orobparkaeT MHOMeCTBO &, GyHKUA

= f(x), ecnu:
178.y = x2, E,={-1<x<2}.
179.y =1gx, E,={10< x < 1000}.

180.y = Tl—tarcctg x, E,={-00 <x < oo}

181.y=ctg’%, E,={0<
182.y = x|, L={1< | < 2).

Ilepemennaa x npoberaer maTepBas 0 < x < 1. Onpepenurs,
KaxKoe MHOXeCTBO IpoferaeT mepeMeHHas If, €CJIH:

183.y=a + (b~ a)x. 184.y=1—i—x.
185.y = 2xx_1. 186.y = Jx - x2.

187.y = ctg nx. 188.y = x +[2x].
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189. Haitru /(0), f(1), £(2), f(3), /(4), ecnn
f(x) = x* - 6x% + 11x% - 6x.
190. Haitru f(-1), f(-0,001), f(100), ecau

f(x) = 1g «%.
191. Haittu f (0,9), f (0,99), f (0,999), f (1), ecnn
fx)y=1+[x].

192. Haitru f(-2), f(-1), f(0), f(1), /(2), ecn

_ J1+x npu —© < x <0,
fx) { 2% mpu 0 < x < +00,

193. Haittu f(0), f(—x), f(x + 1), f(x) + 1, f(;lc-), }‘(l_x)’ ecau
_1-x
fx) = 1+x°

194. Haiitu 3sHaueHMs X, 4ad Koropblx: 1) f(x) = 0; 2) f(x) > 0;
3) f(x) < 0, ecan:

a) f(x) = x — x% 6) f(x)=sin g ; B) f(x) = (x + [x)(1 = x).
195. Hasitu ¢(x) = Xt hh_f X) | ecau:

a) f(x) = ax + b; 6) f(x) = x% B)f(x)=a".
196. Ilycrs

f(x) = ax® + bx + c.
ITokazars, 4TO
f(x +3)—3f(x+2)+ 3f(x+ 1) f(x) = 0.
197. Haiitu 1enyio JUHEHAHYIO0 QYHKIINIO
f(x)=ax + b,
ecau f(0) = -2 u f(3) = 5.
Yewmy paBubl f(1) u f(2) (nunelinas unmepnonrsyus)?
198. HafiTn uenyo panmdoHaJbHYIO0 QYHKIHIO BTOPOI CTEeNeHH:
f(x)=ax®+ bx + ¢,

ecnn f(-2)=0, f(0)=1, f(1)=>5.
Yemy pausl f(—1) u f(0,5) (ksadpamuunas unmepnonayus)?
199. Havitu 1e1yo paudoHaIbHy10 (DYHKINIO TpeThe! CTEeIeHN:

f(x) = ax® + bx* + cx + d,
ecim f(-1)=0, f(0)=2, f(1)=-3, f(2)=5.



§ 3. IMonatue Qpyuxnnn 27

200. Hafita pyHKIUIO BIga
[(x) =a + bc*,
ecan f(0)= 15, [(2)= 30, f(4)=90.
201. Ooxasarh, IT0 €CJaN AJIA JUHeHHOH QYHKI KT
fx)=ax +b
3HaueHUd apryMmeHra x = x, (n = 1, 2, ...) obpasywor apudmeriye-
CKYIO IIPOTPECCHIO, TO COOTBETCTBYIOIHE 3HaUeHNA GYHKIUA Y, = f(x,)

(n=1, 2, ...) obpasyror Takxe apuGMeTHIECKYIO IIPOTrPECCHIO.
202. Jokasars, 4TO €CJu A IMOKa3aTeNbHONH (PYHKIIHI

f(x)y=a* (a>0)

3HAUeHHUA apryMenTta x = x, (n= 1, 2, ...) obpagyor apudpmerude-
CKYI0 IIPOTPECCHIO, TO COOTBETCTBYIOIIIE 3HaYeHua QYyHKIUH Y, = f(x,)
(n=1, 2, ...) obpasyior reoMeTpHUIYeCKYI0 IPOTPecCcuio.

203. Ilycry ¢pyurnua f(u) oupemenena npu 0 < u < 1. Hadirn
obJiacTH onpeaesieHi A QYHKIMIA:

a) f(sin x); 6) f(In x); ) f([—f) :
204. Tlyctb

f(x)= 3@ +a™) (a>0).

IlokasaTthb, UTO
f(x +y) + f(x = y) = 2(()f(y).
205. Ilyctb
fx) + f(y) = f(2).

OnpegennuTsb 2, €CJH:

a) f(x) = ax; 6) f(x) = i;

B) f(x) = arctg x () <1; 1) f(x)=log iii-

Hairru @[@(x)], wlw(x)], olw(x)] 1 yle(x)], ecan:
206. o(x)= x? u y(x) = 2*.

207. p(x) = sgn x 1 y(x) = ;lc- .
_ JOmpnx <0, _ Oupux <0
208. ¢(x) {x mpr x>0 O wix) {——xz npu x > 0.
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1

209. Hastrn f{f(0)], A/}, econ f(x) = 7=
210. ITycrs
[u(x) = F(f(...f(x))).
N
n pas
Haiirn f,(x), ecnu f(x) = lt = -

211. Hafitn f(x), ecan f(x + 1) = x% — 3x + 2.
212. Haitru f(x), ecnn f (x +i) = x? + (]xl ) )

213. 1. Haitru f(x), ecom f(}c) —x+ JT+x (x> 0).

o x _ .2
2. Hatitn f(x), ecan f (x_+ 1) x°.

IoxasaTs, uTo caefyionie GYHKIUH ABIAOTCA MOHOTOHHO BO3-
pacTaONIUMHI B YKa3aHHBIX MPOMEXYTKAaX:
214. f(x) = x? (0 < x < +0).

215. f(x) = sin x (—g <x< g)

= _I bl
216. f(x)=tg x ( 3 <x<2).
217. f(x) = 2x + sin x (—90 < x < +00),

IoxasaTs, uTo caefyioue GYHKIIA ABIAI0OTCE MOHOTOHHO YObI-
BAIOIMIMH B YKA3aHHBIX IPOMEMKYTKAX!

218. f(x) = x? (-0 < x < 0). 219. f(x) =cos x (0< x< 7).

220. f(x)=ctg x (0 < x < m).

221. HccrenoBaTh Ha MOHOTOHHOCTD CIEAYIOIINe QYHKIHH:

a) f(x) = ax + b; 6) f(x) = ax® + bx + c;
B) f(x) = x*; r) fx) = 2E25;
cx+d’

n) f(x) = a* (a > 0).
222. MoXHO Jii TIOYJIEHHO JorapuMupoBaTh HEPABEHCTBO?
223. Ilyerb @(x), W(x) u f(x) — MOHOTOHHO Bospacraloniie GyHK-
nuu. Jlokasarb, 4TO ecian

P(x) < f(x) < w(x),
70

olo(x)] < fIf(x)] < yly(x)].
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Onpenennuts o6paTuyo GYHKIUIO X = Q(y) 1 ee 006JacCTb cyIIecT-
BOBaHUSA, €CJIU:

224.y=2x + 3 (-0 < x < +00).

225.y=x% a)-0 < x<0; 6)0< x < +00,

226. y = i;; (x = —1).

227.y= J1-x?; a)-1<x<0; 6)0< x< 1.
228.y=shx, rreshx= (e —e ) (-0 < x < 400).

XNH

229.y=thx, rnethx= GJ:—(H (—00 < x < +00),
e.l e‘x

x, ecan —~0 < x < 1;
230.y = < x% ecim 1 < x < 4;
2%, ecaun 4 < x < 400,

231. ®yukuua f(x), onpeseeHHaa B CHMMETPUYHOM HHTEpBaJe
(-1, 1), nasblBaercs uemiolil, €ciu

f(=x) = f(x);
f(=x) = —f(x).

OnpenenuTh, Kakne U3 NaHHBIX GYHKUHNN f(x) ABNAAIOTCA YETHBI-
MIH, a8 KaKie HeYeTHbIMMI:

a) f(x) = 3x - x* 6) fix)= M1 - 0)? + (T +x);
B) f(x)=a"+a™* (a>0); r)f(x)=In —+§;
) f(x)=1In(x + J1 + x2).

232. JlokasaTp, 4T0 BCAKYI (QYHKIUO f(x), OIpemeNeHHVIO B
CHUMMeTpHYHOM HHTepBaJe (—/, [), MOXKHO IIPeICTABHTH B BHAE CYyM-
MbI YeTHOH 1 HedeTHOH QYHKIHI.

233. ®yuknusa f(x), oupeneseHHasg Ha MHoMecTBe K, Ha3bIBaeT-
cs1 nepuoduuecioil, ecau cymecrByer umeao T >0 (nepuopn
byHKMH — B IIHPOKOM cMbICe caoBal) Takoe, 4To

flx+T)=f(x) upn x € E.

BoisicHMTb, KAKHE U3 NAHHLIX DYHKUINN ABIAIOTCA Mepuoaude-
CKHUMM, U ONpEAeNHTb HANMEHLIINH epHof UX, €CJIN:
a) f(x) = A cos Ax + B sin Ax;

6) f(x) = sin x + -;- sin 2x + é sin 3x;

U Heyemwolil, ecan

MKm=2m§—3m§; r) f(x) = sin® x;

n) f(x) = sin x%; e) f(x) = Jtgx;
x) f(x) = tg Jx; 3) f(x) = sin x + sin (x4/2).
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234. Jlorasars, uro gada GyHKuun dupuxie

¥ (x) = 1, ecnu X paiiMOHAJIbHO,
0, ecsixt x UpPpaMOHANBHO,

IepHosoM ABjdeTrcd Jio6oe panyoHaJIbHOe UHUCIIO.

235.1. JoxasaTh, UTO CyMMa W IIPOH3BEAEHMNE ABYX Iepuojnye-
CKUX (PYHKUMU, KOTOpPBIE ONpefeNeHbl Ha obilleM MHOXKecTBe U Ile-
PHOABI KOTOPBIX COM3MEPHMBI, ecTh (PYHKIHNN TaKkyKe IepHoAHUe-
cKue,

2. ®yuxuuda f(x) HasbIBaeTCA AHMUNEPUOOULECKOIL, €CIN

fx + T) = ~f(x) (T > 0).

Hoxasars, uTo f(x) — nepuogudeckasa ¢pyHruud ¢ nepuogom 27.

236. [Toxkasarb, uTo ecau aas QyHKouH f(x) (—00 < x < +00) BpI-
nosHeHo paBeHcTBO f(x + T) = kf(x), rae £ u1 T — HOJ0XKUTEJLHBIE
TTOCTOAHHBIE, TO f(Xx) = a*((x), rpe a — moctosHHadA, a ((X) — IepHo-
anveckad QyHKUMUA ¢ nmepuojgom T

§ 4. 'pacdmueckoe usodpaskenne MyHKIMU

1. [Insa nocTpoeHus rpaduka QyHKIUKUY y = f(X) IOCTYTAIOT CAeYOIIUM
oBpazom:

1) onpepensioT o6nacts cyiuecTBoBaHuA Gpynxuuu X = {x};

2) BBIOUPAIOT IOCTATOUHO I'YCTYIO CETh 3HAUEHUIT apryMeHTa Xy, Xy, .., X,
13 X 1 cocTaBjAT TAOJIMILY COOTBETCTBYIOUMX 3HAUCHUN (yHKIHN

vi=fx) (i=1,2, ..., n);

3) HaHocAT cucreMy touek M (x;, y;) (i=1, 2, ..., n) HAa KOOPDAUHATHYIO
IJICCKOCTh OXY U COEAUHAIOT UX JIMHU e, XapaKTep KOTOPOH yUUTHIBAET 110~
JIOKEHUE MPOMEXKYTOYHBIX TOUEK.

2. YTo6kI II0CTPOUTE TPAaMOTHO FPaUK (PYHKILIUY, CJIEeAYeT U3YYUTH 00-
fi{ue cBOMCTBA 3TOMH PYHKIUU.

B nepsyio ovepeab HyKHO: 1) peliuB ypaBHeHue f(x) = 0, onpegesintb
TOUKU NepeceueHUs rpaduxa GyHKnuud ¢ oceio Ox (Hyau Qyuukyuu);
2) ycTaHoOBUTH 00J1IACTH U3MEHeHUs apryMeHTa, e (BYHKIINSA NOoJ0XKUTEeNb-
Ha WJIM OTPHULATENBbHA; 3) €CJIU BO3MOXHO, BBISICHUTDE NPOMENYMKU MOHO-
moHocmu (Bo3apacTaHUA WM yObIBAHUA) QYHKIMH; 4) U3yYUTh HOBEeJeHUE
(QYHKUMH ITPH HEOrPAHWMYCHHOM NPHUOJMXKEHUU apryMeHTa K TPaHUYHBIM
ToukaM 06J1aCTH CYIUecTBOBAHUN QYHKIIUH.

B atom naparpadie npegnonaraercs, YTo CBOiCcTBA IPOCTEHIIUX 3eMeH-
TapHBIX (PYHKUUN — CTEeNCcHHON, MOKA3aTeJbHOH, TPUIOHOMETPUUECKHUX U
T. ., U3BECTHBLI YUTATENIO.

ITonb3ysick 3TUMU CBOICTBAMU, MOXKHO, He NpojesibiBas 00abLION Bbi-
UHMCJAUTENbHON paboThl, Cpady PUCOBATH ICKU3bI rPa)UKOB MHOTUX (DYHK-
uuit. Ipyrue rpaduku yHOrJa yaaeTcs CBeCcTU K KOMOUHAUKU (CyMME UJIU
1IPOU3BEJIEHUIO U T, I1.) 3TUX MPOCTEHINUX I'PADUKOB.
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237. IloctpouTts rpaduk JUHEHHON OAHOPOAHON QYHKIUU
y=ax
npua=0, % 1,2, -1.

238. Iloctpouts rpaduk JUHEHHON QYHKIIUH

y=x-+tb
npu b=0, 1, 2, -1.
239. IlocTpouTs rpauKyu JUHERHLIX QYHKITUNA:
a)y=2x+3; 6)y=2-0,lx; B)y=—§ - 1.

240. TemnepaTypHBIH KOI(DDHUIIHEHT JHHEHHOTO DACIIHpEeHUA
sxemezaa =1,2-10"° K1, IlocTpouts B noaxoaAIeM MacHiTabe rpa-
PuK GyHKIUU

l=fT) (40K <T<100K),

roe T — TeMilepaTypa ¥ [ — JJIHHA JKEJIe3HOTO CTEPXKHA IIPU TeMIile-
parype T, eciu l= 100 cm npu T'= 0 K.

241. ITo yucia0BOM OCH ABMIXKYTCA JBe MarepHaJIbHbIe TOYKH.
ITepBas B HAUAJbHBIE MOMEHT BpeMeHH ¢ = 0 Haxoguaach Ha 20 M
BJIEBO OT Ha4Yasa KOODJHMHAT ¥ UMeJa CKopocTs vy = 10 m/c; BTopasa
npu t= 0 vHaxomuimach Ha 30 M BmpaBo U or Touku O U HMesa
cKopocThb v, = —20 Mm/c. IlocTpouTts rpadMKu ypaBHEHHH ABHIKeHUHT
3THX TOYEK U HaWTH BpeMA U MeCTO UX BCTpPEUH.

242. IloctpouTtsh rpaduKU HEJBIX PAIlUOHAIBHBIX (DYHKIIUNA 2-#
crenesu (napaboabt):

a)y=ax® npua=1, =, 2, -1;

D=

6) y = (x — x5)* mpu x, =0, 1, 2, -1;
B)y=x*+c mpuc=0,1, 2, -1.
243. IlocTpouTs rpaduk Ke8adpammozo mpexuiena
y=ax®+bc+c,
IpuBeAs ero K BUAY
Y= yo + alx — x,)°.
PaccmoTpeTs IpuMephI:
a) y = 8x — 2x% B)y=—x*+2x - 1
6)y=x?—3x + 2; r‘)y=-é-x2+x+1.
244. MarepuajbHada TOUKa OpoleHa Hoj yrioM o = 45° k 1mwioc-
KOCTH FOPHU30HTA ¢ HAYAJILHOHN CKOpoCcThIo Uy = 600 m/c. IlocTpours
rpauK TPAeKTOPUM [BMYKEHHUA MU HAWTH HAuOOJBIIYI0 BBICOTY

HoabeMa U JAJTBHOCTH moseTa (cuutarh g =~ 10 M/c?, conpoTusmeHu-
eM BOo3ayxa npeHeOpeub).
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IlocTpouth rpadMKy LEJbIX PAIMOHAJIBHBIX (QYHKIIUK CTEIleHHU

BBIIIE BTOPOM:

245.y = x% + 1. 246. y = (1 - x%)(2 + x).

247.y = x? - x*. 248. y = x(a < x)*(a + x)* (a > 0).
Ioctpouts rpaduku (pobHO-IHHeHHbIX (GyHKIUH (2unepbonst):
249.y o 250. y T e

251. ITocTpouTts rpadux ApobHO-THHEHHON QYHKIIUN

y= a_x+(l; (ad —bc# 0, c#0),

cX +

IIpUBEAA ee K BULY Y = Yy + .
x - X,
3x+ 2

PaccmoTpers npumep y = 5r_3"

252. T'as npu gaBienuu p, = 1 I1a sanumaer o6vem V= 12 M.
ITocTpouts rpaduk usMeHeHuA 00 bema V rasa B 3aBUCHMOCTH OT J]aB-
JIEHHus p, €eCJH TeMmIllepaTypa rasa oCTaeTcA IOCTOSHHOHU (3aAKOH

Boitna—Mapuomma).

IHocTpouTs rpadyuKy APOOHBIX PAIIMOHAJIBHBIX (DYHKIIHUIT:

el
253.y=x + o
254.y=x*+ ch (Tpesy6er; HproTona).
= 1 -
255.y=x + e 256. y Tt (kpusasa Aubesu).
257.y = % (cepnnanTuH HrpI0TOHA).
1 x
Y= . 259.y = .
258. y T 59.y T
-1 2z, 1 -1 _ 2 1
260. y 1+x x+1—x' 261.y 1+x x2+1—x'
’ (x—1)(x+2)"

263. ITocTpouTs acKu3 rpaduKa GyHKIUN

ax®?+bx+c
= (al = O),
a,;x+b,

npuBenda ee K BUAY

n
X - X

y=kx+m+
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PaccmoTpers npumep

264.

_ x2-4x+3

y x+1

ITocTpouts rpaduk N3MeHeHUA CUJIbI IPUTAKeHuss F mare-

pHAJIBHOH TOUKH, HAXONAIEHCA HA PACCTOAHHUK X OT IPUTATUBAIO-
1ero 1eHTpa, ecau F = 10 H npu x = 1 m (3axkon Hoewmona).

265.

Corytacuo saxony Ban-0ep-Baaavca ob6veM V peanbHOro ra-

3a U ero JgaBJjieHue p IIpU HOCTOAHHON TeMIlepaType CBsA3aHBI COOT-
HOLIEeHHWeM

(p+vlz) V-b)=c.

HocTpours rpaduk GyHruu p = p(V),eciuna =2,b=0,1uc = 10.

IloctpouTts rpaduKy UppPaALUOHATIBHBIX MYHKITUH:

266.
267.

268.

269.
270.

272.

273.
274.

275.

276.

271.

278.

npua=

y=t.J-x-2 (napaboa).

y = tx./x (napa6ona Heitnsa).

y= i%AHOO — x2 (9JIHIC).

y = t.Jx2-1 (runepboia).
y=t i;x 271. y = +x./100 - x2.
X

=+ x .
y=*x 0> (uccounpa)
y==1.J(x2-1)9-x2).
IlocTpouTs rpaduk cTeneHHOM PyHKUMU y = X" 11pu:
ayn=1, 3, 5; 6)n=2,4,6.
IToctpouts rpaduk creneHHON GyHKIKUYU Yy = x" npu:
ayn=-1, -3; 6) n=-2, ~4.
IloctpouTs rpadhuk paguxaia y = "/x npu:
aym =2, 4; 6)m=3, 5.
IHoctponts rpaduk pagukama y = "Jxk, ecau:
aym=2,k=1; 6)m=2,k=3; Bym=3,k=1;
rym=3, k= 2; gym=3, k=4; eym=4, k= 2;

KYym=4, k= 3.
ITocTpouTh rpaduK CI0XKHOM NOKABATENLHON QYHKIUH [ = a*

%,1,2,@, 10.
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279. IloctpouTts rpaduK CJHOXKHOU nokaszarejbHOU (PYHKIIUU
y = e"1, ecan:

a) y; = x%; 6) yy = —x%; B) Yy = }C;
1 1 . 2
I‘)y1=§; ll)ylz";é; e)y1=1—_icx—2.

280. ITocTpouts rpaduk JorapudpMmudecKoit hyukiuu y = log, x
npu a = %, 2, e, 10.

281. IlocTpouTrs rpaMKu GYHKIIMI:
a)y = In (~x), 6) y = —In (x).
282, IToctpouts rpadUK CHOKHOM JOrapuPMHUIECKON HyHKIUYN
y = Iny,, ecan:

a)y, =1+ 2% 6) yy = (x — I)(x — 2)* (x - 3)";
_1-x, _ 1, _ x
B)yl"‘1+x; I‘)yl—;g, Ny, =1+e¢€"

283. Iloctpouts rpaduk dyuruuu y = log, 2.
284. IToctpours rpaduk byuruun y = A sin x npud =1, 10, -2,
285. IToctpouts rpaduk hyHKMY Y = sin (x — x,), ecau x, = 0,

T T 37
1’23’ ™
286. ITocrpouts rpaduk PyHKIUHA i = sin nx, ecaiu n = 1, 2, 3,
1 1
2’3

287. ITocTpouts rpaduk GyHKIIHU Y = a cos X + b sin x, npusena
ee K BUIY Y = A sin (x — x,).
Paccmorpers npumep: y = 6 cos x + 8 sin «x.

IlocTpouts rpad)MKy TPUrOHOMETPUUECKUX (DYHKIIUH:

288. y = cos x. 289.y = tg «x.
290. y = ctg x. 291. y = sec x.
292. y = csc x. 293. y = sin? x.
294. y = sin® x. 295. y = ctg? x.
296. y = sin x - sin 3x. 297. y = +.Jcosx .

ITocTtpouts rpadhuru QyHKILUI:

298. y = sin x%. 299. y = sin X

X

300. a)y=cos§; 6)y=sinx'sin}c.
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— tgl. = secl
301.a) y tgx, 6)y secx.
302.y=x(2+sin i) 303.y =+.1-x2 sinZ.
x
304.y = % . 305. y = e® cos x.
306.y = +2°* Jsinmx. 307.y = lc_os_xz_
+x
308. y = In (cos x). 309. y = cos (In x).
1
310' y= esinx .
IocTpouts TpapuKK 06PATHBIX KPYTOBBIX MDYHKIIMM:
311. y = arcsin x. 312. y = arccos x.
313. y = arctg x. 314. y = arcctg x.
315. y = arcsin 1, 316. y = arccos i
X
317. y = arcctg % 318. y = arcsin (sin x).
319. y = arcsin (cos x). 320. y = arccos (cos x).
321. y = arctg (tg x). 322. y = arcsin (2 sin x).
323. IloctpouTth rpadux GyHKUHHU y = arcsin y,, ecjn:
1-x
a =1- 1C; B = ;
) Y 9 \R7H 1tz
6)!/1:__2_?_6_; r) y, = €.
1+ x2
324.1. ITocTpouts rpaduk GyHKINY y = arctg y,, eciau:
1 1
a)y,=x% By == By=lnxg Dy=——.
x sinx

2. ocrpouts rpaduru GyHKIIA:

3
= x% - 3x + 2; 6) y = ——r———;
Ay = e WS T

By = r)y= Jx(l-x%);

TR

i (X L WY, - nx_,
g)y—3s1n(§+4), e)y ctg1+x2,
) y = —— 3)y = lg (x* - 3x + 2);

X

1-2'"7
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n)y=arcsin(g—sinx);K)y=arctg(x11+ LS 1);

x—-2 x-3
1) y = log,. , sin x; M) y = (sin x)“'€ %,
325. 3uas rpaduk GyHKINUHN I = f(X), TOCTPOUTL rpaduKy (HhyHK-
48734
a)y = —f(x); 6) y = f(—x); B) Yy = —f(=x);
r)y = f(x — xg); R) Y = Yo + f(x — x4); &) y = f(2x);
®) y = f(kx + b) (k # 0).
326. IIycts

1 —|x| mpu || < 1;
) =10 npu |x} > 1.

IToctpouts rpadpuxu HYHKIUI:
y=lf(x =)+ flx + 0]

nmput=0,t=1ut=2.
327. IlocTpoutrs rpaduku QyHKIIHHA:

A y=2+ J1-x; By=1-e%
By =In(1+ x); r) y = —arcsin (1 + x);

my=3+ 2 cos 3x.
328. 3uaa rpadbuk QYHKUUH Yy = f(X), NOCTPOuThL Tpaduru
byHK I Mii:

)y =l By= 3@+ )i y=1(Ifx]-x0);

ry=rfYx); n)y= Jf(x); e) y = In f(x);
xK) Yy = f(f(x)); 38) y = sgn f(x); n) y = [f(x)].
329.1. Ilycth

f(x)=(x—-a)b~-x) (a<b).

Hoctrpours rpadpuku QyHKIIHHA:

a) y = f(x); Oy=r;  my=——;
f(x)
r)y = Jf(x); ny=e'"; e)y = lg f(x);
K) y = arcctg f(x).
2. ITocTpouTs rpaduku GyHKIUI:
a) y = arcsin [sin f(x)]; 6) y = arcsin [cos f(x)];
B) y = arccos [sin f(x)]; r) y = arccos [cos f(x)];

n) y = arctg [tg f(x)],
ecan: 1) f(x) = x%;  2) f(x) = 5.
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330. 3uas rpaduKky PYHKIUH Y = f(x) u iy = g(x), TOCTPOUTH I'Pa-
duxn GYHKLIMHA:
a)y = f(x) + g(x); 6)y= f(x)g(x); B)y= f(gx)).

I[IpuMeHAA NPABUIO CJOMEHUA rpaduKoB, MOCTPOUTDH rpaduKu
caeayomux QYHKILUNA:

331l.y=1+x +¢€". 332.y=(x+ )2+ (x~-1)2

333.y = x + sin x. 334.y = x + arctg x.

335.y=cos x + -;-cos 2x + -1?; cos 3x.

336.y =sin x — %sin 3x + ésin 5x.
337.y = sin* x + cos* x. 338.y=|1- x|+ 1+ x.

339.y=|1-x -1+ x|
340. IToctpouth rpaduKku runepbotuyecKux QYHKIINN:

a)y=chx, rome chx= é e* + e ™);
6)y=shx, rme shx= % (e —e ™)

B)y=thx, rge thx===.

IIpuMeHAA NPABUIO YMHOXKEHUA rpadpuKOB, IOCTPOUTH rpaduKU
byHKIIMH:

341.y = x sin x. 342,y = x cos x.
343. y = x? sin? x. 344. y = _s_m_._?c_ .
1+ x2
345. y = e’ cos 2x. 346. y = x sgn (sin x).
347. y = [x] |sin mxl. 348. y = cos x * sgn (sin x).
349. IIycts
1 -x|, ecm ] < 15
flx) = J]O, ecau x| > 1.
ITocrpours rpaduk GyEruun y = f(x)f(a — x), ecan:
a)a=0; 6)a=1; B)a= 2.
350. IToctpouTh rpaduk GyHKUUU y = x + Jx sgn (sin X).
HocTpours rpadur PyHKIUHA Y = 1 , ecJIn:
f(x)
351. f(x) = x*(1 — x?). 352. f(x) = x(1 — x)*.
353. f(x) = sin? x. 354. f(x) = 1n x.

355. f(x) = e* sin x.
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356. ITocTpouts rpaduk CJA0KHON QYHKIITUU

y = f(u),

roe u = 2 sin x, ecau

-1 npu —o© < u < —1;
fwy=< umpu-1<u<i;
lopn 1 <u < +00,

357. Ilycts

. x, ecau x < 0;
o) =[x +lx) m ‘“‘x)‘"‘{xz,ecmx>0-'

ITocTtpouts rpadyuKK QHYHKILUMA:

a) y = olo(x)]; 6) ¥ = e[w(x)};

B) ¥ = y[o(x)]; r) y = ylw(x)].
358. Ilyctb

. [1,ecan x| < 1; ]2 —x% ecan [x| < 2;

0(x) = {0, ecau x| > 1 wex) = )12, ecu |x| > 2.
ITocTpouts rpapuku GyHKUMA:

a) ¥ = olo(x)); 6) y = olw(x)];

B) y = y[p(x)]; )y = yly(x)].

359. dyuHKUHML f(X), OUpeeeHHYIO B IOJOXKUTEIbHON obacTu
x > 0, IPOLOJIKUTH B OTPUILATENbHYIO 00s1acTh X < 0 Takum o6pasom,
yTOOBI nIOoNyYeHHAad QyHKuua Op1a: 1) ueTHOM; 2) HEYETHOH, eciIu:

a)f(x)=1-x 6)f(x)=2x~-x% B)f(x)= Jx;

r) f(x) =sin x; 1) f(x) = % e) f(x) = In x.
ITocTpouTs cOOTBETCTBYIOMME IPAPUKY QYHKIUH.
360. OnpenenuTh, OTHOCUTEJIBHO KAKUX BEPTHUKAJBHBIX OCeH

CUMMETPUYHBI TpadUKHU QYHKIHNA:
2 1 1
a)y =ax*+bx +c; O)y=— + ——;
)y VY= 1-x)
B)y=Ja+x + Jb-x (0<a<b); ryy=a-+ bcos x.
361. OnpenesnTb, OTHOCUTENBHO KAKHAX I[EHTPOB CHMMETDUUHEI
rpachuku QYHKITHANA:

=ax + b; 6 :ax+b;
Y )y cx+d
= 43 2 . _ 1 1 1
B)y = ax’ + bx® + cx + d; ny= + + ;
x-1 x-2 «x-3

Ny=1+%Yx-2.
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362. Iloctpours rpaduKu NeprUOgUIYECKUX (PYHKIIUA:
a) y = [sin xl; 6) y = sgn cos x;

B) y = f(x), rme f(x) = A§(2 - ’l—c) ,

ecsi 0 < x < 2l u f(x + 20) = f(x);
_ _ X,
ny=lx-2[5];

) y = (x), roe (x) — paccTosaHHUe OT UYHCIa X 10 BiuoKaiimero
K HEeMY I[eJIOT0 YKCJIa.

363. Tokasars, 4To ecnu rpaduk GyHKIHHT y = f(x) (—9° < x < +00)
CHMMETpHYeH OTHOCUTEJNBHO IBYX BEPTUKAJBHBIX OcCei Xx =aux =b
(b > a), To pyHKIIHUA f(x) — nepuoguUecKasd.

364. [Toxkazats, 4To ecau rpaduk GyHKIUHN i = f(x) (—00 < x < +00)
CHMMeTpHYeH OTHOCHTEJBHO ABYX Touek A(a, y,) u B(b, y,) (b > a),
To PYHKEUA f(x) ecTh cyMMa JHHEHHON QYHKIMK ¥ IePUOSUUECK O
dbysxnuu. B wacrroctu, ecnu y, = y,, T0 GyHKUHA f(x) — nepuonu-
yecKad.

365. Joxkaszars, uto ecinu rpaduk GyHKIUHU I = f(x) (—00 < x < +00)
CUMMeTpPHYEeH OTHOCHUTEJbHO TOUKH A(a, Y,) ¥ npamMoi x = b (b # a),
To QyHKIUA f(x) — nDepuoguueckad.

366. IToctpouts rpaduk QyHKIHU i = f(x) (—0 < x < +00), ecau
flx+ D) =2f(x)unfx)=x2x(1 -x)apu 0 < x < 1.

367. I[Toctpouth rpaduk GyHKIHIH

y=1f(x) (-0 < x < +00),
eCcJIn:

flx+m) =f(x) +sinx u f(x)=0, npuO< x <.

368. ITocrpours rpaduk Gpyuriuu y = y(x), ecau:

a)x=y-y4 6) x = =L,
) 1+y?
B)x=y—Ilny; r) x% = sin y.

369. TToctpours rpaduk GyHruu y = y(x), 3aJaHHbIX IapaMer-
PUYECKY, eCJn:
ayx=1-t, y=1-1t%
1 1.
7 Y= t+ e
B) x =10 cos ¢t; y = sin t (sanumnc);
r)x=cht, y=sht (runepborna);
mx=5cos’t; y=3sin?t
e)x=2(¢t —sin t); y= 2(1 — cos t) (LuKIOUZA);

w)x=tWt, y=4t+1 (¢t >0).

B)x=1t+
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370. 1. ITocTpouTs rpapMKU HeABHBIX (DYHKIIMH:
a) x* — xy + y? = 1 (somunc);
6) x* + y? — 8xy = 0 (mexapToOB JMUCT);

B) ﬁ + ﬁ = 1 (napabosa);
2 2

) * + y3 = 4 (acTpouna);

n) sin x = sin y;

e) cos (nx?) = cos (ny);

x) x¥ = y* (x>0, y > 0);

3y x - x| =y - |yl
2. IToctpouth rpaduKu HeABHBIX (DyHKIIMH:

a) min (x, y)=1; 0) max (x, y) = 1;

B) max (|x], [yh) = 1; r) min (x%, y) = 1.
371. 1. IlocTpouts rpaduku GyHruui r = r(¢) B NoJIAPHOR cuc-

TeMe KOOPAUHAT (r, (), ecau:
a) r = ¢ (cnupans Apxumena);

6) r= g (runepbonnyecKas CIupasb);

=2 (0« .
B) r o+ 1 (0 < ¢ < +00);

r)yr= 2£ (morapudmMuyeckasa ciupaib);

n) r=2(1 + cos ¢) (xaparouna);

e) r= 10 sin 3¢ (TpexyenecTKoBada po3a);
) r? = 36 cos 2¢ (1emHHcKaTa Bepryinn);

8)¢= 7 (r>1)

u) ¢ = 2n sin r.
2. ITocTpouTh B MONAPHBIX KOOPAUHATAX I U (P rpahuKu ClIeAyio-
muxX QYHKIUM:
- 2. _ 12r , 2
a)(p—4r rz, 6)(])—T:'2', B)r2+(p—100
3. I[TocTpOUTHL B IOJAPHBIX KOOpPAMHATAX I' U ¢ rpaduku QPyHK-
K, 3aJaHHbBIX NapaMeTpuuecky (¢ 2 0 — napamerp):

- 2
a){(p— : c.os2 tt, 6
r=tsin®t, p=1- 9 nt
372. [IpubamikeHHO PEelIUTh YpaBHEHHE
»¥-3x+1=0,

nocrpous rpaduk GpyHKIun y = x° — 3x + 1.
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I'paduuecKkn pelIuTs CIeAyOUMe YDAaBHEHUA:

373.x* —4x - 1=0. 374. x* - 4x +1=0.
375.x =27, 376.1g x = 0,1x.
377.10% = x2, 378.tg x = x (0 < x < 2m).

I'padMueCKH PelIUThL CUCTeMbI YPABHEHHI:
379. x +y* =1, 16x*+y=4.
380. x% + y? =100, y=10(x?-x — 2).

§ 5. Ilpenen pyHxiuu

1. Orpaunvennocts ¢pyrkuun. Pyuxuus f(x) HasbIBaeTcs OrpaHUYeH-
HOM Ha JJAaHHOM IpOMeXxyTKe (a, b), ecliK CyIECTBYIOT HEKOTOPbIE Yucia m
u M raxue, uTO

m<fix) s M

npu x € (a, b).
Yucuo my = vEir(lafh) {f(x)} = max m Ha3bIBAETCA HUMHEIL ZPAHbIO PYHK-

unu f(x), a uncyao My = sup {f(x)} = min M uassiBaerca gepxHeil zpaHbIO
x€ (a,b)

(pyHrLIuH f(x) Ha fanHOM npoMexyTke (a, b). Pasnocrs M, — m, Ha3bIBaeTCH
KonebaHuem (PYHKUUL Ha mpoMexyTtke (a, b).
2. Ilpenen pynxunn B rouke. ITycrs GyuKus f(x) onpeneseHa Ha MHO-
sxecTBe X = {x}, UMeIOIEM TOYKY CrYICHUSA a. 3anuch
lim f(x)=A4 (1)
X—u
oboaHavaer, uTo AJA Kakaoro uucha £ > 0 cymecrsyer yucyao & = §(g) > 0
TAKOE, UTO JJIA BCEX X, NJI KOTOPBIX f(X) MUMEeT CMBICJ ¥ KOTOpBIE YOBJIET-
BoparoT yeaosuio 0 < |x — a| < §, cipaBeJIMBO HEpaBEHCTBO
If(x) - 4] <.
ITns cymectBoBaHUS npefeia GyHriuy (1) Heo6XoAMMO U NOCTATOUHO,
4TOOBI JIs1 KAXKNOli 1ocJjeqoBaTe)bHOCTU X, — @, X, Za(x, € X;n=1, 2,
...), OBLJIO BBITIOJIHEHO DPABEHCTRO

lim f(x,) = A.

HmeroT MeCTO gBa 3ameyamenbHblx npedena:
1

SINX _ 4 9)lim (1+ x)° —e.
x—0

1) lim
xr—0

Kpumepuit Kowu. Ilpenen Gyaxuuu f(x) B TOUKe @ cymiecTByeT TOrja
U TOJBKO TOTJA, ecJu AJg Kaxaoro € > 0 naimercs 8 = 8(¢) > 0 Taxoe, uro

[f(x’y = fx")| <&,
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Kak TonbKo 0 < [x' —al <8 u 0 < [x” - a| < §, rge ¥’ u x”" — moGble TOUKY
U3 obaactu onpegeneHuss Pyurkpuu f(x).
3. OpuocropoHHue upeaensi. Yucao A HasbiBaeTCs npedesom caesa

QOynrnuu f(x) B TOuke a:

A = lim , f(x) = f(a - 0), .

x—a-

ecnu
A"~ f(x)) <enpu 0 <a - x <3 (g).

Ananoruuso, unciao A” HassiBaeTca npedesom cnpasa GpyHKuuM f(x) B
TOUKE a:

A" = lim f(x) = f(a +0),

ecyau
JA” = f(x)] < e nmpu 0 < x — a < §(¢).
Hns cymecTBoBaHUA npegesa QYHKUUY f(X) B TOUKe a HeoOXOmumMo u

JTOCTATOUYHO, UTOOBI

f(a — 0) = f(a + 0).
4. Beckonevnblii npexen. YCIOBHAS 3aTUCh

lim f(x) = o0
X —a
obo3Hauaet, uro aas Jgwoboro £ >  cipaBenJuBo HepaBeHCTBO:

[f(x) > E, ecau ToasKo 0 < |x — a] < 8(E).

5. HacTuuHplid npeges. Ecau nJs HEKOTOPOU IOCHENOBATENbHOCTU
x, = a (x, # a) UMeeT MeCTO PAaBEHCTBO

lim f(x,) = B,

TO YUCJIO (MJIU CUMBOJ ) B HA3BIBAETCHA YacmuiHbvim npedesom (COOTBET-
CTBEHHO KOHEYHBIM WJIY BeCKOHEUHBIM) (pyHixyuu f(x) B Touke a.
HauMeHbinil 1 HAUGOABIINIT U3 BTUX YACTUUHBLIX NIpefesioB obo3Haua-
0TCA Yepes
lim f(x) u lm f(x)
Y ~a X—ua
U HA3bIBAIOTCS COOTBETCTBEHHO HUMNCHUM U GepXHUM npedenamu QPYHKUKU
f(x) B Touxe a.
PagencTso
lim f(x)= lim f(x)
x—a xoa
HeoOX0AMMO M JIOCTATOUHO AJS CYIECTBOBAHMS Ipesesa (COOTBETCTBEHHO
KOHEYHOro uiau 6eCKoHeYHOro) GyHKLIUHU f(X) B TOUKe a.
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381. Iloxkasarp, uTo HyHKLIUA, OHpeAcadeMasa YCIOBUAMMU:

flx)=n, ecan x= %,

rme M ¥ 1 — B3aMMHO NpocThle yucaa u n> 0, u

f(x) = 0, eciu x UPPAIMOHANLHO,

KOHeUHa, HO He OrpaHNyeHa B KarKJ0H TOUKE x (T. e. He OpaHMUYEHA
B J11000H OKPECTHOCTH 3TOU TOUKH).

382. Ecnu pyurunu f(x) onpedesieHa ¥ JOKAJbHO OrpaHUUEHA B
KaKIOH TOuKe: a) MHTepBajia, 0) cermMeHTa, TO ABAAETCA JH ITa
(pyHRIINA OTPAHKYEHHON Ha JAHHOM HHTEPBaJie MM COOTBETCTBEHHO
cermenre?

IIpnBecTn cooTBeTcTBYyIOINE IPUMEDHL.

383. Iloxaszars, YTO PYHKIKUA

14 x2
x:.__..__
f(x) 1+ x4

orpaHMueHa B HHTepBaje —00 < x < +00,
384. Tlokasars, 4T0o QYHKIHA

flx) = 1 cos 1
X

R

He OrpaHyyeHa B Jit000I OKPECTHOCTH TOuKM X = 0, OgHAKO He ABJA-
ercsa GeckoHeuyHo Gonbirol npu x — 0.
385. UccnenoBarh Ha OrPAHHUYEHHOCTH PYHKIIHIO

f(x)=1n x - sin® &
X

B uHTepBaJe 0 < x < €.
386. Iloxasars, yTO PYHKIIMA

flx) = =

1+x

B obsactu 0 < x < +00 MMeeT HHIKHIOIO I'DaHp m = 0 U BepXHIOIO
rpaus M = 1.

387. ®yuxuusa f(x) onpeneneHa ¥ MOHOTOHHO BO3PACTALT Ha Cer-
MeHTe [a, b). UeMy paBHBI ee HM)KHAA ¥ BepXHAA I'DAHHU Ha 3TOM
cerMeHnTe?

OnpenennuTh BePXHIOI ¥ HUMKHIOW I'PaHy PYHKIMI:
388. f(x) = x* na [-2, 5).

389. f(x) =

1
Ha (—00, +00),
1+x2 (=00 )
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2x
1+ x2

391. f(x) = x + i na (0, +00).

390. f(x) = Ha (0, +00),

392. f(x) = sin x Ha (0, +00).

393. f(x) = sin x + cos x ua [0, 2m].

394. f(x) = 2" ma (-1, 2).

395. f(x) = [x]: a) na (0, 2) u 6) ma [0, 2].
396. f(x) = x — [x] ma [0, 1].

397. Onpenenuts Konebauue GpyuKmuu f(x) = x* Ha MHTepBaNAX:
a) (1; 3); 6)(1,9; 2,1); B)(1,99; 2,01); r)(1,999; 2,001).

398. Onpenennrs Konebaune pyuxuun f(x) = arctg é HA MHTEep-

Bajax:
a)(-1; 1); 6) (~0,1; 0,1); B) (-0,01;0,01); r) (—0,001; 0,001).
399. Ilycte m[f] n M[f] — COOTBETCTBEHHO HM)KHAA ¥ BePXHAA
rpaHu PYHKIUHK f(x) Ha npomMexkyTKe (a, b).
Hoxasars, uto ecau fi(x) u fo(x) — GyHKUMH, ONIpe/ie/IeHHbIe Ha
(a, b), To

m{f, + f,1 2 m[f,] + m{/,],
Mif, + f2] < M[f(] + M[f].

IToctpours npumeps! GyHKIu f(x) 1 f,(x), 114 KOTOPLIX B MOC-
JIeJHUX COOTHOLUEHMAX BNMeeT MECTo:
a) cayuali paBeHcTBa U 0) cayuaii HepaBeHCTBA.
400. Ilycrs hyuxnua f(x) onpemeneHa B obxactu [a, +) u or-

paHuueHa Ha KasKaoM cermeHre [a, b]. Ilonoskum: m(x) = inf f(€),
asf<x
M(x) = sup f().
ast<zx

ITocTpours rpadukn GyHKUMHA y = m(x) u y = M(x), ecnu:
a) f(x) = sin x; 6) f(x) = cos x.
401. C noMomp10 «& — &»-paccyskIeHU# J0Ka3aTh, UTO

lim x? = 4.

x— 2

SanoJHUTD CAEAYIOIIYIO TabaNILy:

€ 0,1 0,01 0,001 | 0,0001
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402. Ha assvike «E — 8» gokasars, uTo
lim —1 -4
x—1 (1-x)2

3aloJHUTH CAEAYIOUIYIO TabauIy:

E 10 100 1000 10 000
d

403. ChopMynupoBaTh ¢ TOMOUILI0 HePABEHCTB CIAEAYIOIIHE YT-
BePIKAEHUA:
a) lim f(x) = b; 6) lim . f(x)="5b; B) lim f(x)=0b.
x x—a+0

X —a

—a -

IIpuBecTn cOOTBETCTBYIOIIME IIPHMEDHI.

CdopMynaMpoOBaTh ¢ NOMOUIbIO HEPABEHCTB CJEAyIOLIHe YTBepK-
JeHUs U IPUBECTH COOTBETCTBYIOU[HE IPUMeEpPLI:

404. a) liqm f(x)=1b; 6) lil{l f(x)=b; B) 13m f(x) = b.
405. a) lim f(x) = oo;

x—a

6) lim f(x) = —o0;

B) lim f(x) = +o0; r) lim f(x)= oo;
x—a x—a-0

m) lim f(x) = —o0; e) lim f(x)= +0c0;
x—~a-0 x—a-0

#) lim . f(x) = o0 3) lim . f(x) = —00;

u) lim f(x)= 400,

x—a+0

406. 2) lim f(x) = oo,
B) lim f(x) = +0;
m) lim f(x) = —co;

x) lim f(x) = 005

x— +oo

6) lim f(x) = —o0;
r) lim f(x) = oo;
e) lim f(x)= +o0;

x — ~00

8) lim f(x)= —o0;

u) ljm f(x) = 400,

407. Ilycrs y = f(x). ChopmMynanupoBaTs ¢ HIOMOIIIbI0 HEPABEHCTB,
YTO 3HAYUT:

a)y — b—0 nopn x — a; 6)y >b—-0 npux —a—0;
Bl)y—b-0mpux—a+0; r)y—b+0 npux — a;
NDy—b+0npux >a-0; egy—b+0 npux—a+0;
K)y — b — 0 npu x — 00 3)y — b—0 npux — —0c0;
ny—b-0mopux — +0; K)y— b+ 0 npux — oo
my—b+0npux—-0; wMyy—b+0 npux— +0o,

IlpusecTn cooTBETCTBYIOIIME IPUMEDEL.
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408. Ilycrs
P(x)=apx" +a;x" '+ ... +a,,

rnea, (i=0,1,...,n;n21, ay # 0) — BelllecCTBeHHbIE YHUCIA.

HoxasaTp, 4TO
lim |P(x)] = +co.
x — o

409. Ilycts

apx"+a;x"" 1+ . +a,
box™+bxm-14+ . +b,

R(x)=

roe a, # 0 u by # 0.
Hoxasars, 4TO

O, ecann n > m;,

. a, o
lim  |[R(x)| =< 3 »ecmmn=m;
x -0 0

0, ecniun <m.
410. ITycrs

R P(x)
=56

rae P(x) u Q(x) — MHOTOUJIEHBI OT X U
P(a) = Q(a) =

Kaxue Bo3MOXKHbIE 3HAUEHUA UMeeT BurIpakeHue

P(x)
o

Haiit 3HaueHKMs CaeqyOUIUX BbIPAsKeHHIT:

411. a) lim —%=1 . Cxzo1 o1
) xl_lf}) 2x?-x-1  0) 11?11 2xr-x -1 B) :}m}»o 2x2-x-1"
412, lim L)1+ 2x)(A+3x) - 1
x—0 x
413. lim L+x)°-(1+52)
x—0 x24 xb

414. lim dxma)r -+ n)n o 0y HaTypajbHble YUCIa).

x—0 x2
415. lim &1 -2)(x-3)(x ~4)(x~ 5)
x = (bx-1)5

416. Tim (2E=3)(Bx2)
.x—'oo (2x+1)5° ’




§ 5. lIpepen pynxkuun

47

417, lim D@2+ 1)  (2r4 1)

n+1

X [(nx)"+ IIT
. 2-H5x+6 . x3-3x+2
418. lim X =2X*2 419. lim X —cX+e
x—3 x2-8x+ 15 x—1 x*—4x+3
420. lim X' =38x+2 421, lim X' =2x*-4x+8
i1 x°—4x+3 Txl2  xt-8x2+16
3 _ _ —_ —
422, lim *-2x-1 423. lim (-2 -2)%
x—-1 x°-2x-1 x—2 (x3-12x+16)10
: X — . 100_2x+1
424, a) lim X*rXx+..x"-n. 6) lim *o—-2x+1
4a)x11n1 x-1 )xlinl x50 -2x+1
425. lim *= _11 (m 1 n — HaTypanbHble Yyucaa).
x -1 Xt~
no_.gny - n-1 —
426, lim (X' -¢1)-na , (x-a) (n — HaTypasibHOE UKUCJIO).
x - a (x —a)?
427. lim £ L (n+ 1‘)x+ " (n — marypanbHOE UHCIO).
Yol (x—- 1)
428. lim1 (1 mxm 1 ”r") (m 1 n — HaTypaJbHBIe UKCIA).
x — - - A
429. lim l[( x+ E) + (x + 2—‘1) + ...+ (x + M)}
n—o0 N n n n
2 2 _ 2
430. lim 1[(x+ %) + (x+ %nﬁ) bt (x+ ﬁﬁ%“) ]
n—oo I

Yrxaszanue. Cm. npumep 2.

. 124324+ ... +(2n~-1)2
431. 1 .
,11_1.1}” 224424+ .. +(2n)?

432. lim (1_f_+_2_*+_+_”f . E)_

n? 4

Vrasaunue. CuM. npumep 3.

n-— oo

; 134434734+ . +(3n-2)3
433. lim .
n—oo [14+4+7+. . +(3n-2)]2
434. OnpegenuTs NJIOIA/lbL KPUBOJIHA- y

HeitHOTO Tpeyronbuuka OAM (puc. 3),
2
OTpaHYeHHOr0 Tapabosioit y = b(f) , OCBIO
a

Ox unpaMoil x = a, paccMaTpUBasd ee KaK
Iipeges CyMMBI ILIOIANE BIMCAHHBIX

IIPpAMOYIOJIBHUKOB C OCHOBAHUAMM 2,
n

rge n — 00,

/

j

Puc. 3

ES
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HaiiTu npegensl:

435. lim AxEox+x 436. lim Lriardx
% — o0 Jr+1 x — +00 Sox+1
437. lim d1+2x-3 438. lim ¥2=*-3
x—~4 L [x-2 x—=-8 9.3/
439, lim Lx-a+Jz-a 440, lim Yx+183-2J/x+1
x—a /x _aZ x—3 x2—9
441. lim "__—V’;;fgz 442. lim "—fﬁ—‘z-
x - x— 16 x—-4
443, lim ¥9+2x-5
x— 8 W_
444. lim "———-"I“LxH (n — 1enoe YKuCIO).
x—0
445, lim Yi=2x-x?-(1+x) 446. lim Y8+3x-x2-2
x—0 x ’ R x+x2
447. lim Y27+ x-V27-x 448, lim dlix-Jl-x
£=0 x4 oafm s0 3T 4=
ey Rz *J“%C”Jl i
449, lim dX*+2-Yx+ 450. 11n1 )
=7 4fx+9-2 /1_§
2
451. lim x2

x—0 5«/1+5x—(1+x).
452. lim "1+ oax -1+ Bx
x

(m B n — pensle uucaa).

x—0
453. lin}) Wl+ox Vxl +Px-1 (m 1 n — pensle ynucna).
Jone

454. Tlycts P(x) = a;x + apx? + ... + a,x" 1 m — nesnoe yucJo.

Ioxasats, uro lim AP -1 _

x—0 X

38

Hatiti npenensl:

455. 1. lim w1 (m u n — mensle yncaa).
x 1 ”«/-7—6" 1

2. lim 3 -3 .
=1 \1-Ax  1-3x
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456.

457.

458.

459.

460.

461.

462.

463.

464.

465.

466.

467.
468.

lim &= S =3x).. (1 - nA/;)‘

x=1 (1-x)n-1
lim [J(x+a)(x+b)—~ x].
ljm («/x+~/x+[ —ﬁ)

lim x(ﬁ2+ 2x— 2.Jx2+ x + x).

x— 40

lim (’i/x3+x2+1 _.1/x3_x2+1j_

x —

lim (‘i/x3 +8x2— Jx2 - Zx) .

x — 100

1 2 2
lim «3 |:(x +1)3 - (x - 1)3] .

lim x3/2(Jx+2 ~2Jx+1 + ﬁ)

x— 400

lim [a/(x+ a))..(x+a,)- x]

x

lim (owxf-1) ;"(x + /%2~ 1) (1 _ warypansHoe unco).

x =+

2 71_ 2_ n
Iim0 (L+ 27+ 2x) x(“‘l £X2=%) (1 — HATypambHOE YHCIO).
X — .

Wayuurs noBejeHNe KOPHEH X; U X, KBAAPATHOIO ypaBHe-

HuA ax® +bx +¢=0,y KOTOPOro KoahGHUIMEHT a CTPpEeMUTCA K HYJIIO0,
a KoahpDuIMEeHTSI b ¥ ¢ TOCTOAHHSBI, NpuiueM b # 0.

469.

470.

Haiity nocTosiHubIE @ B b U3 YCIOBHA:

lim (’5::11 —-ax — b) = 0.

x — oo

Haiiru nocroaunsle a; u b; (i = 1, 2) ns ycnosnit:

lim (A/xz-x+1 —alx—bl) =0,

x =00

lim (A/xz—x+1 —azx—bz) = 0.

x - 400
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Haj#irtu npepensl:

471.

473.

474.

475.

4717.

479.

481.

lim Sin8x 472, lim SBX
x—0 X x — 00 X
lim Smx (m 1 n — mesnble Uucaa).

x—n sinnx

a) lim ll,()sf; 6) lim t_g_x; B)lim x ctg 3x.

x— x? x—0 X x—0
lim tgx - smx 476. lim sinbx - sin3x
x-0  sindx X0 sinx )
lim S08% = cosSx 478. lim 1+ sinx — cosx
x-r0 x? .x'O 1+ sinpx—cospx
lim tg 2x tg(g - x). 480. 11m (1 -x)tg nx_

n
3
HoxazaTb paBeHCTBA:

a) lim sin x = sin a; 6) lim cos x = cos a;
x-*a X -—a

2n-1
2

B) lip1 tgx=1tga (a?ﬁ m;, n=20, il,i2,...).

Haiiru npenensl:

482.

484.

486.

488.

489.

490.

491.

492.

493.

494.

. inx — sina —
lim Sin sina 483. 1im S0sx—cosa
x—a X—a x ~a X—-a
. tgx ~ tga . — a
lim tgx-tga 485. lim Stgx-—ctga,
x-—da xX—a x—a XxX—a
. X - a - a
lim S€¢ seca 487. llm cosecx — coseca
x ra xX-a X a xX—-a
. in(a+2x)-2sin(a+ x) + sina
lim 2 (a+2x) - 2sin( )+s .
x—0 x2
. a x)— + X
lim cos(a+2x)— 2cos(a+ x)+ cosa
x—0 x2
. x
lim tgla+2x)-2tg(a+x)+tga
x—0 x?
lim ctg(a+ 2x) - 2ctg(a+ x) +ctga
x->0 x2 ’
. sin(a + x)sin(a + 2x) ~ sin?
lim ( )sin( ) — sir a.
x =0 X
. 2sin®x+ sinx -1
lim : - .
.1 2sin?x ~ 8sinx +1
6
lim 1—cosxcostcosBx.

x—0 1-cosx
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495.

497.

498.

500.

502.

504.

505.

506.

507.

509.

511.

513.

515.

517.

519.

520.

lim —— 7
lmz 1-2cosx
3

x

lim

x

lim ——e—Cte’x
n 2 - ctgx ~ctgix
4

x

lim

si _I
::m(x 3)

tg(a+ x)tg(a~ x)—tg*a

-0

x2

1 -ctgdx

x?

x=0 /1 + xsinx - Jco

lim

x

1

x

x -

il

um

1-

1-cosx

— 0

lim

oo

x2

(sin Jx+1 —=sin “/;J

a) lim (1+x)

x—0

lim

X

— o0

lim

20

im (
—0

lim

X

—» 20

(5

sin

Xa2x-1
2x2 —

2+ x

x+2)x2
-1

n 2nn

; 6) lim (1+x)71‘_",3) 111 ( )

n+

1)'

3x -~

(x+
x_.

x
a)
a

lim (1 + x?)ste2*,

X

a) lim (1

x=—0

lim

x "y

-0

(S

sinx
sina

+1lgx

1+ sinx

1
)V @

sinx .
’

1
)

x—1

496. lim Ex-3tEx

n
TR COS(x+ T.Ej
6

499. lim Jl+tgx - /1 sm;
x—0 x%

501. lim Mﬁzﬁ

x-0 sin?x

503. lim __1__@_
x=0 1 - cos(/x)

cosx.Jcos 2x3/cos3x

1 Jx

;...
‘lﬂ

2+ x

3

508. lim (M)—

x-oe \2x24+ x4 1

tglx
510. lim {tg(ﬁ +x)}g .
\8

+-T0
i

i 2+ 1)
512. lim (x + 1V
x—oo \x2-2)

514. lim %/1-2x.

x =0
516. lim ("_"‘;”_1) (@,>0,a,>0).
x—tro\ayX+by
518. 1'11111 (1 4 sin mx)o ™,
Y-
6) lim (}*_tgj_)ml .
xr—0\1+sinx

1
521. lim (ﬂ)x“ .

x =0 \CoS2x
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522. lim (tg x)t 2~ 523. lim (sin x)'%~*.
. N
X T clgx . X 1 1 x
524. illno [tg(Z x)} . 525. xhjn“ (sm - +cos ;) .
526. lim %/cos./x . 527. lim (;”' ch)n .
x—0 x -+ @ —
528. lim cos" X . 529. lim L0+3)
n - o ,\/;l x—0 X
530. lim x[ln (x + 1) — In x]. 531. lim ‘“—;C‘—(‘;E (a>0).
x -~ 400 roa _
532. lim [sinIn (x + 1) - sin In x]. 533. lim dn(x®-x+1)
x— 400 x—+oo In(x0+x+1)
534. lim (1g M) . 535. lim n(2*rc™)
x -0 1+100x2 x— oo (3 +e2¥)

536. lim RO +Jx+¥x)
Tt (1 + 3x + 4/x)
537. lim log(x+h)+log(x—1)-2logx (x > 0).

h—0 h?
In tg&t + ax)
538. lim ———~, 539. lim M.
x~—0 sinbx x—0 Incosbx

540. a) lim []n nx+yl-noxs M], 6) lim In(nx +J1-n%x2) )

x>0 X4+ J1 - x2 20 In(x+ J1-x2)
541. lim =1 (@ > 0). 542. lim =% (g > 0).
x—0 X x—~a X—a
X a ..1.
543. lim £2% (g > 0). 544. lim (-x re
x—=a X—a x—0
1
545. 2) lim (——1 X szﬁ; 6) lim (—————“Si,““os“x)"““’;
x0{14x-3% x—0\1+sinxcosfx
8) lim sin(nx®) r) lim sin?(m - 2%) .
x—1 sin(nxf)’ r—1 Infcos(n-2%)]
546. lim tg" (¥ + l). 547. lim &=
n-= oo 4 n x—0 sinox - sinPx
548. lim =9 (a > 0). lim 2=
8 xl—I-na ot (a ) 549 ch1lnb b (a > 0).

550, lim L1 +a* 1o 20t (o ()
h—0 h
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1. lim (@) e(x+b)ct
55 nan (x+a+b)2rrarh

552. lim n(’k/a—c - 1) (x > 0).

n— o

553. lim n? (’i/} - ”*k/a_c) (x > 0).

x — 0

554. lim (L‘_li_fl)) (@>0, > 0).
a

n— oo

555. lim (ﬁ_g_@) (@>0, 6> 0).

n-»00

1
556. lim (“_t%f_) (@>0,b>0,c>0).

1
557. lim (““ ‘”’“‘”“’)r (@>0,b>0,c>0).

x—0 a+b+c

. ax2+bx2 i
558. lim (___) (@>0,b>0).

x—0 a*+ b*

. axt — prt
259 I, @by

(a>0,b6>0).

560. lim 2= ‘; (a > 0).

x ra at-x¢
561.a) lim BI+39, 6) lim (%39
x——co In{1 4+ 2¥) 2 oo In(1 + 2%)

562. lim In (1 + 2% 1In (1 + %)

X 0 b0

563. lim (1 — x)log, 2.
x—1

564. Hoxaszarh, uro lim i—: =0 (a>1,n>0).
x — 400

565. Hokazars, uro lim %f =0 (a>1,¢e>0).

X — 400

Haiiru npegensi:

566.a) lim JL**rc) 6) lim ln(xren
x—0 In(xt + e2x) x— oo In(xt 4+ e2¥)

567. lim —n(lrxe)
=0 In(x + J1 + x2)
568. lim [(x+2)In(x+2)-2(x+ 1)In(x+ 1)+ x In x].
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569.

570.

571.

572.

573.

575.

576.

577.

578.

579.

580.

581.

582.

583.

584.

585.

lim |[In(xIna)-In Inax (a>1).
x40 InX
n=
lim (ln xryxiel In2 21 1) .
x40 x+Jx2-1 x-1
lim 1+xsinx-1
=0 ex’~1 )
lim cos(xe*) - cos(xe )
x 0 x3 )
_x_ 241
lim (Zem - 1) o
x—=0
lim 1 sin® fx (>0, 3>0).
x 2 J(1 - sinx)(1 - sinPx)
a) lim §_h_x; 6) lim glx___’
x—0 X x—0 x2
B) lim thx (cm. mpumep 340).
x—0 X
lim —Sh*x . 40);
a) xlplo In(ch37) (cMm. npumep 340)
6) lim sh/x?2+ x~sh/x2 - x
x — +00 chx ’
2) lim shx—sha; 6) lim chx—cha;
x—a xX—-a x - u X—-a
a) lim (x~Inchx); 6) l1n1 el
x— 400 -0 thx
\n2
chZ
lim
nT | eogl
n
lim arecsin 1-x
X —+ 00 1+x
lim arccos (A/x2 +X - x) .
x = +%0
-4
lim arct
xlv*Z arce g ( 2)2
lim arcctg —=

lim arctg(x + h) - arctgx
=0 h ’

nx

574. lim (2 - N

8) lim Inchx

x—0 Incosx
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586. lim

587.

588.

589.

590.

591.

592.

593.

594.

eCcIu

595.

596.

597.
598.

599.

]n1+x
1i 1~-x

r--0 arctg(1l+ x) - arctg(l —x)

lim [n arctg -——1—— - tg” (7—1 + i):l
n - oo n(xt+1)+x 4 2n

it (7_‘ - _x_)

Jim x5 - eretg 3

lim x|% —arcsin —%—|.
2 N

x +oo
lim [1 + tl—x}wmmm).
n— o0 n
1
a) lim -%e’z; 6) lim xIn x.
X0 X x-+t0

a) lim (A/x2+x —x}; 6) lim (J/x%2+x —x).

x =~ -o0 A x = e

a) hm (J1+x+x2 = J1-x+x2);

6) lim (J1+x+x2 — J1-x+x2).
x - 400

Haiiru

h= lim f(x) - 11m f(x),

x— 400

f(x) = In XX +at
P o

a) lim arctg — 3 0) 11m arctg 1.
x— 40 - X — 140 - X

a) lim 1 T 6) lim
- - 4

x -+ -0 1

1+e® 1+e*
a) lim 23*¢). 6 lim In(i+ev)
X — - X x -+ 100 X
Hokazars, 4TO:
a) 2x

—2+0 ux — —0;
1+x oph x

) — 2—-0 npux — +00,

1+x
Hokas3arh, 4TO:
a)2*—1-0 upux — —0;
6)2*— 1+ 0 npux — +0.
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600. Haiitu f(1), f(1 — 0), f(1 + 0), ecan f(x) = x + [x]%
601. Haiitu f(n), f(n - 0), f(n + 0) (n= 0, £1, ...), ecnu f(x) =
= sgn (sin nx).

Hailitu npenesb::

602. lim x Jcosl. 603. lim xH.
x—0 X x—0 X

604. lim sin (n,\/n2 +1 ) . 605. lim sin? (nJ/n2+n).

n — 0o n— oo

606. lim sin sin ... sin x.
SRsl.. S X

n— 0o
n pas

607. Eciin lim @(x) =A u lim @(x) = B, To ciegyer Jix 0TCIOAA, UTO
x—a x— A4
lim y((x)) = B?
x—a

Paccmorpers npumep: ¢(x) = % npu x = 5, rme p 1 ¢ — B3auUM-
HOIIPOCTHIe Ieible yucha u ¢(x) = 0 IpM X — HPPanMoOHAIBLHOM;
Y(x)=1npu x # 0 u y(x) = 0 nipu x = 0; npuuem x — 0.

608. lorazats TeopeMsl Komu: ecnu ¢hyHKIus f(x) onpeneneHa
B uHTepsae (a, +9°0) U orpaHUvYeHa B Ka)<JOM KOHEUHOM HHTEpBase
(a, b), To:

a) lim ﬂf_) = 1_121 [f(x + 1) - ()]

X — 00

i
6) lim [f(x)]* = lim &L (1) > ¢ > 0),
x = to0 x>+ f(X)
TIPEATIOJIAras, UTO IPefeibl B IPABLIX YACTAX PABEHCTB CYILECTBYIOT.
609. Hokaszars, uto ecyu: a) PyHruus f(x) onpepeneHa B obnactTu
x> a; 6) orpaHMYeHa B Ka'XAOM KOHEUHOU obmactu a < x < b;

B) lim [f(x+1)={(x)] = o0, 10

lim fx) _ 00,

X — 400 X

610. Hokaszats, uto ecnu: 1) byuxuust f(x) onpenenena B obuac-
TH X > a; 2) orpaHuYeHa B KaMJOM KOHEUHoM obiactd a < x < b;
3) A1 HEKOTOPOI'0 HATYPAJILHOTO 71 CYUIeCTBYET KOHEUHBIN uin Gec-

KOHeUHBbI Tipexest
lim fx+1)-f(x) -1,

x40 xn
TO

lim [z - !

x— 400 XML n+1’
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611. JTokaszaTrs, 4UTO

n— oo

a) lim (1+j‘_l)"=ex; 6) lim (1+x+§+...+

n -+ 00

612. okasaTp, UTO

Vkasanue. Ucnonbsosars QGopmyny (*) npumepa 72.

lim 7 sin (2men!) = 27.

n— oo

ITocTrpouTts rpadmKu QYHKIMH:

613.2)y =1 — x'%;
614.
615.
616.

617.

618.
619.
620.

621.
622.

623.

624.

625.

x 100

a)y'—'m (x 20); 6)y= lim

= Iim ©=X° (x = 0).
Y noe X4 XN ( )
T |
y= lim )\/x + =
n-+x n
y= lim 1+x" (x>0)
n =0
2 n
y= lim , 1+x"+(x—) (x = 0).
n 0o 2
n+2
y=lim —=—— (x>0).
n— oo /22n+x2n
a) y = sin' x; 6)y = lim sin
n -~ o
y= lim 1_n£_2"T+_’ﬂ) (x > 0).
- o0

n— oo

y= lim (x— 1) arctg x".

200

y= lm %1+er=+D,

n— oo

tx
a)y= lim &,
)Y t— too 1+ €%
xtgz"f—;ﬁ+ﬂ
a)y = lim — (x =2 0);
Hn— t 2n L4 1
g 1 +
6)y= lim x sgn [sin? (n!mx)[;
n o= o

B) IIOCTPOUTHL KPHUBYIO

lim  %/x|? + |y]* = 1.
no— 0

—lm Lt
; 6) y }{r_rit_xlnx(x>0).

&)y = lim (1—-x")(-1<x<1).
n — oo
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626. Acumnmomoii (HaKJIOHHOM) UIs1 KPUBOIT i = f(x) HasbIBaeT-
cs npsaMad y = kx + b, gnsa KoTopon

lim [f(x) — (kx + b)] = 0.
x - 00
Hcrnonb3ys 9TO ypaBHeHMe, BLIBECTH HEOOXOLMUMEbIE U JOCTATOY-

HblE YCJIOBUSA CYILECTBOBAHUSA ACHMIITOTHI.
627. HaiiTu acCUMITOTBI X HOCTPOUTDL CIEeAVIONMEe KPUBLIE:

a)y=————x3 6)y= Jx?+x;

x2+x—2;
B)y = Nx?-x?; Ny= S
ox —
n)y=In(1+e%); e)y=x+arccos-1-.
X

Haiitu cnegyionjue npemessl:
n+1 n+2 2n
628. lim [ X oo X }

n—oo | (n+1)! (n+2) (2n)!
629. lim [(1 + x)(1 + x3)(1 + x%) ... (1 + x®")], ecnu |x| <1.
n— o
630. lim (cos X cos X ... cos ij
n— oo 2 4 n
631. ITycts
lim ox) — 1,
x=0 Y(x)

roe y(x)>0ua,,=0(m=1,2,..)upun— 9, . e.|a,,| <¢npu
m=1,2,..un>N().
HokasaTb, 4TO

Lim [o(0,) + @(0h) + oo + 9(00,)] =
= ”11320 [W(am) + W(O{‘ZH) + o+ W(ann)]’ (1)
IipeanoJiaras, 4To npejies B mpasoil yactu pasenctsa (1) cyiecrsyer.
ITonbaysch npeabiAyieil TeopeMoit, HAUTH IIPeLeibl:
. n k . n . ka
632. i ( ek 1) . 1 ( _) .
lim kzl A1+ 3 633 Lim, kzl sin —

634. lim Z (a"z - 1) (> 0).

n = 0 k=1
635. lim (-1 + iz) 636. lim cos —k-a—.
n— oo n n— oo nJn

k=1 k=1
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637.1. ITocnegoBaTenbHOCTD X, 3a/laHa pPABEHCTBAMMU:

x,= Aa, x,=Na+Ja, x,= Na+a+Ja, .. (a>0).

Haitru lim x,,.

n— oo
2. ITocnenoBaTeNILHOCTD X, 3aaeTcA CleLyoumuM ofpasom:
x=0, x,=1,
1
x, = E(Jc,l,1 +x,.,) (n=2,3,...).

Haiitu lim x,.

=00

3. ITocnexoBaTeNbHOCTD Y, ONpenesndeTca ¢ IOMOMIbIO TOCHEO-
BATEJIBHOCTU X, COOTHOIIEHUAMMU:

Yo = Xy yn=xu—axn-—l (n"'-" 1’ 2, 0“)1

rge o) < 1. Haiitu lim x,, ecnu lim y, = b.

n— oo n— oo
4. ITocnemoBaTensHOCTD X, OIpefesdeTcH Caenylomum o0pasom:
i
x=1, x,= ——— (n=1,2,..).
1+x, 4

Hajitu lim x,.

n— 0o

Ykaszaunue. PaccMOTpPeTs Pa3HOCTU MEXAY X, U KOPDHAMU ypaBHe-
_ 1
HUS X = —— .
1+x

638. IlocienoBaresbHOCTL QYHKIIUH
Yo =Ualx) (0<x<1)

onpefeseTcs ClelyIOMIUM 06pa3om:

2

a)y, = g, Yn = g - y——"z“ (n=2,3,...);
2

Oui=3 ya=3 + 5 (1=2,3,..)

Haiiru lim y,.

639. 1. Ilycrb x> 0ny,=y, (2—xy,_,) (n=1, 2, ...). Hoka-
3aTh, 4To ecnu y; > 0 (i = 0, 1), To mocnes0BaTeNbHOCTD Y, CXOAUTCA 1
lim y,= 1

n— o x

1
Ykazanue. U3yuuTh pasHocTs = — Y,.
x
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2. [Insa HaXOXKAEHUd Y = ﬁ , rae x > 0, npuMeHsIeTCs CJIeLYIO-
1Mt iponecc: Y, > 0 — Npou3BOJILHO,

) (n=1,2,..).

1
Yo = E(ynfl +

In-1

Hoxasars, uro lim y, = Jx.

n—

Yxkaszanue. I/IcnonbaoBaTL hopmyany

Yu= X _ [yn,l-a/?c]z (n>1).
Yn+ofx \yai+x
640. s npubanskeHHOro pellleHus ypaghenus Kenaepa
x—¢sinx=m (0<e<1l) (1)
ToJaraioT
Xog=m, X; =m+ esin Xy, ..., X, =m +e€sin x,, _y, ...

(memod nocaeBosamenvHblx NPUOAUNCEILILL).
IokaszaTs, uTo cymectByeT & = lim  x, u umcso & siBysieTCs eAuH-
n-—> o0

CTBEHHBLIM KOpHeM ypaBHenud (1).
641. Ecniu w,[f] ectp xonebanue pyuknuu f(x) Ha cermeHre
[x — & < A (h > 0), To unco

wol7] = lim (7]

HaswlBaeTCa Koaebanuem Qyrryuw f(x) 6 mouke &.
Onpepenurb Konebanue Qynkuuu f(x) B Touxe x = 0, ecnu:

&) f(x) = sinl; 6) f(x) = §C°ﬁ
B) f(x) = x(2 + sin l); r) flx)= = arctg 1
X m
x) fx) = Lo, e) f(x) =
1+ex

ENES
.

#0) () = (1 + [])

642. Ilycry f(x) = sin ; Jokasarb, 4To, KaKoBO ObI HU OBIJIO

YHCJIO O, YAOBJIETBOpAWIIEe yCaoBHI0 —1 < & < 1, MOXXHO BHOpATh
nocjegoBaresbHocTh X, — 0 (n =1, 2, ...) Takyio, 4ro

1£m flx)=a
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643. Onpenennts

l=lim f(x) u L = lim f(x),
x—0 x—=0

eCJIu:
a) f(x) = sin? L + 2 arctg 5 6) f(x) = (2 — %) cos 1;
X T x
5 1\ser2l
B) f(x) = (1 + cos? —) .
X
644. Onpenennts
Il=l1lim f(x) u L= lim f(x),
eCJIH:
a) f(x) = sin x; 6) f(x) = x? cos? x;
Sll\xz
B) f(x) = ; r) f(x) = -1—-—2— (x 2 0).
+ x2sin?x
§ 6. O-cumBoanka
1. 3anucs
o(x) =O(y(x)) mpuxeX
0603HaqaeT, YTO CyliecTByeT IIOCTOAHHAA A Tarkas, iTo
lo(x)f < Aly(x)]  mns x € X. (1)
AHAJOrMyHO MHIIYT
o(x) =O(y(x)) mpux — a, (2)

ccay HepaBeHCTBO (1) BbINOJMHEHO B HEKOTOPOW OKpecTHocTH U, TOUKH
a (x # a). B uactHocTy, ecau y(x) # 0 npu x € U, (x # a), To COOTHOUIEHUE
x
(2) 3aBeaOMO MMeeT MeCTO, eCJM CYLIeCTBYeT KOHeUHbIH lim 9—%—)5 # 0.
x—a Y(X
B atom cayuae 6yaem nucats @(x) = O*(yi(x)).
Ecnu
. x
lim o(x) =k20 (p>0),
x--0 XP
TO ((x) Ha3bIBaeTCsA 6eCKOHELHO Manoil nopadka p OTHOCUTEeNbHO OGecKoHe-
HO MaJIo¥ x. AHAJOrHYHO, €CIU
. s (x
lim Y(x) =kR#0 (p>0),
x — o xP
TO Y(x) Ha3dbIBaeTCA 6eCKOHEUHO 60AbWLOL NOPpAGKA D OTHOCUTENBHO GecKo-
HeyHO 60sbIIoN X.
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2. Banucso
o(x) =o(y(x)) npu x—a
ofo3navaer, UTO
0(x) = alx)p(x) (x €U, x # a), 3)
rae o(x) — 0 npu x — a. Ecan y(x) # 0 npu x € U, x # a, TO paBeHCTBO (3)
HKBUBAJIEHTHO YTBEPACHHIO
lim olx) _ 0.
x ~a \U(x)
3. dyuriun O(x) ¥ y(x) HasbiBaroTCA akguaarcHmuutmu ((P(x) ~ y(x))
npu x — a, ecau
o(x) - y(x) =o(y(x)) npn x — a. 4)

Ecan yw(x) # 0 nupu x € U, x # a, 10 us (4) umeem

lim o(x) =1.

x—a Y(x)

a’

Ilpu x — 0 cupaBeA uBbLI CAEAYIOIIME COOTHOIUEHUS dKBUBAJIEHTHOCTH:

sinx~x;tgx~x; a*~-1~xIna(a>0);

In(1+x)~x Mi+rx) - 1~%.
n

Boobige
o(x) + o(@(x)) ~ @(x).
IIpu HAXOMKACHUM Mpefesia OTHOIEHMs ABYX OCCKOHEUHO Maabix (Mjau

feckoHeuHo GonbUInX) (PyHKIUHE, ecau X — a, JaHHbIe (DYHKIMU MOMHO
3aMEHSTh 9KBUBAJEHTHBIMH.

4, C B, 645. Cunras uenrpanbublii yron AOB = x
(puc. 4) 6eckoHeYHO MaJivid 1-T0 TOpsAAKa, OIpe-
A D /B pennTh mOpPALKM MaJOCTH CHeLYIOUIMX BeJHUIH:

a) xopasl AB; 6) crpenku CD; B) nIoIagl CEKTO-
pa AOB; r) miomanu Tpeyroiabanka ABC; x) nio-

x manu tpaneuun ABB|A,; e) niouiagu cerMeHTa
ABC.
0 646. [Iycrts off(x)) — bpouasoabHast HVHK-

YA, AIMEIONIASA IPH X — g 0oJiee HUBKHUI ITops-
Puc. 4 0K pocTa, ueM PpyHKIHA f(x), 1 O(f(x)) — mobas
byHKUMA, HMeIolasi IPHA X —> @ TOT »Ke IOPALOK POCTa, UTO ¥ PYHK-
nus f(x), rge f(x) > 0.
IToxasaTp, uTO:
a) o(o(f(x))) = o(f(x)); 6) O(o(f(x))) = o(f(x));
B) o(O(f(x))) = o(f(x)); ) O(O(f(x))) = O(f(x));
1) O(f(x)) + o(f(x)) = O(f(x)).
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647. IIycts x — 0 u n > 0. ITokasarp, uTO:
a) CO(x™) = O(x™) (C # 0 — mocToAHHaA);
0) O(x™) + O(x™) = O(x™) {n < m);
B) O(x")O(x™) = O(x"* ™).
648. lIyctb x — +o0 u n > 0. IlokasaTsb, UTO:
a) CO(x") = O(x");
6) O(x™) + O(x™) = O(x") (n > m);
B) O(x™O(x™) = O(x" = ™).
649. IToxasars, 4To CHMBOJ ~ 00JIafKaeT CBOHCTBAMMU:
1) pednexTuBHOCTH: O(x) ~ O(X);
2) cummeTpHn: ecan O(x) ~ Y(x), To Y(x) ~ ¢(x);
3) TpaH3uTHBHOCTH: ecIH Q(x) ~ y(x) 1 y(x) ~ x(x), To (x) ~ Y(x).

650. Ilycts x — 0. okasaThb cienymoujie paBeHCTBA!
3
a) 2x — x? = O(x); 6)xsin[=0(x2);
B) x sin 1. O(|x|) ; r)inx= o(l) (e > 0);
X xE

D Nx+Jx+Jr ~ Y e) arctg}c = 0(1);

K)(1+x)'=1+ nx + o(x).
651. [lycth x — +00. JlokasaTh cJenyloliie paBeHCTBRA:

3_ 9.2 = 3y. x+1 _ A1),
a) 2x* — 32 + 1 = O(x%); 6) 2L =0(1):
2 i _ 23, arctgx _ i .
B) x + x° sin x = O(x*); r) Tt O(xz) ;
) In x =o(xf) (e > 0); e) xPe ™ = o(iz) ;
x

x) Nx+ Jx+ Jx ~ Jx; 3) x% + x In'% x ~ x2,

652. 1. [lokasaTb, 4TO NPH AOCTAaTOUHO Oosbiiom x > 0 MMelOT
MECTO HepaBeHCTBRA:

a) x2 + 10x + 100 < 0,001x% 6) In'° x < ./x;
B) xlﬂex < er_
2. JloxasaTb aCHMITOTHUYECKYIO (DOPMYJITy

NxX?+px+q =x+£2)- +OG¢)

npu x — +090,
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653. lIycts x — 0. BrigenuTs ruapHbii uieH Buga Cx" (C — mo-
CTOSIHHAA) ¥ ONPEJEJUTD HOPALKN MAJOCTH OTHOCHTEJIbHO IIepeMeH-
HOH X CHEAYIOMNX (PYHKIIHUN:

a) 2x — 3x° + x°; 6) J1+x ~ J1-x;

B) /1 -2x — 3/1-38x; r) tg x — sin x.
654. Ilycre x — 0. IToxasars, uTro 6eCKOHEUHO MAJble
1

a) f(x) = ﬁ; 6) flx) = e =

He cpaBHUMbI ¢ HeckoHeuHo manoil x"” (n > 0), xaxoBO 6bI HU ObLIO
n, T.e. HU IIPA KaKOM n He MOXET HMeTb MeCTO PaBEHCTRO

lim f(x) ~ k, rge k — xoHeuHas BeJINUYMNHA, OTJINUYHASA OT HYJ.
x—0 X" y

655. [Iycte x — 1. Brigenuth ruaBHbI# uied Buga C (x — 1)" u
OIpeNeJUTh TMOPALKH MAJOCTH OTHOCHTEJbHO OECKOHEYHO MAaJoi
x — 1 cnepyomnx GyHKIMI:

a) x% - 8x + 2; 6) ¥1 - Jx; B) In x;
r) e* — ¢e; ) x* —1.

656. Ilycts x — 400, BrigennTs riaBHbIA 4ieH Buga Cx" # on-
penennuTb NOPAAKM POCTA OTHOCUTENbHO 6eCKOHEeYHO OONIBUION X ce-
Ayoumx QyHKuMAm:

a) xZ + 100x + 10 000; 6)

2x5 R
x-3x+1’

B) ¥xZ—x + Jx; r) 1+ 41+ Jx.

n
657. llycty x — 400, Beigenaurs ryiaBHBIN ujieH Buja C(—)
x

OIPeneNUTh MOPALKH MAJIOCTH OTHOCHTEJNbHO GECKOHEUHO MasIOi

Rl

caenyromux GyHKIHMIN:
x+1
a) ———; 6 — ;
) P ) Jx+ Jx

By Jx+2 — 2Jx+1 + Jx; 1*)l sinl.
X X

658. [Iycty x — 1. BoigennTh I'JIaBHBINA 4JjIeH BHAA C(—l—l) "
x-

OIIpefeINTh IMOPAAKH POCTAa OTHOCHTEJIbHO OECKOHEYHO O0JIbIIIoH
1 .,

py caenyrInx GyHKIMIMA:

x—

x2 1+x, x
a)x'l—l’ 2 1-x’ B)sl_xs’
1
1) Inx

sinmx’ (1-x)2"
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659. [Iyctb x — +0o u f (x)= x" (n=1, 2, ...). loxasaTs, 4TO:

1) xaxxkpasa u3 pyaxuuil f,(x) pacrer ObicTpee, ueM IIpeRILIECT-
pytomada pyskunsa f, _ (x);

2) dyuxuua e* pacreT ObICTpee, YeM Kaxaad U3 GyHKuui f,(x)
(n=1,2,..).

660. Ilycte x — +oou f (x) = %x (n=1, 2,...). [loKasaTs, 4TO:

1) xaxxkpasa u3 QyHruuii f,(x) pacTer MeajeHHee, YEM IIPELIECT-
Bytomas GyHKnua f, _4(x);

2) byuknus f(x) = ln x pacter MegjeHHee, YeM KaXKaas U3 PyHK-
nuii f,(x) (n=1, 2, ...).

661. JoxaszaTb, uTO, KakoBa Okl HM OblJa MOCIELOBATEJIBLHOCTH
byuk i

f1(x), fo(%)y ooes Fulx)y o (29 < x < +00),

MOJKHO ITOCTPOUTH PYHKI MO f(x), KOTOpas mpu x — +00 pacreT ObI-
cTpee, ueM Kaxaaa n3 Gyaxkuui f,(x) (n=1, 2, ...).

§ 7. HenpeprisHOCTS (byHKIIUM

1. HenpepsieHocTts pyHrnnn. OyHKUuU f(X) Ha3bIBAETCSI HENPEPblBHOUL
npu x = x, (MU 6 MouKe x,), eCIu

lim f(x) = fxo),

T. €. eciau QYHKUuUS f(x) onpeneneHa Npu x = X, U AJIA KaKZ0r0 € > 0 cy-
mecTByeT & = §(€, x,) > 0 Taxoe, uUTO TpPH |x — x| < § ;s Becex 3HaveHMt
f(x), ©MeIOMUX CMBICJ, BBIIOJHEHO HEPABEHCTBO

If(x) = f(xo)| < e.

Oyurnua f(x) HasbLIBaeTCA HenpepwléHoil Ha OaAHHOM MHONCecmeée
X = {x} (uurepBajie, CErMEHTE U T. I1.), €cJIK dTa (PYHKIUS HETPePLIBHA B
KaXkn0i ToyKe MHOKecTBa X.

Ecnu npu HeKOTOpOM 3HAUEHHU X = X;, IPHHAMIexalneM objgacTu oll-
pepenenuss X = {x} GyHKuuu f(x) wiu ABJIAIOINEMCS NPELEJbHONH TOYKOM
5TOr0 MHOXKECTBA, paBeHCTBO (1) He BpITIOJHEHO (T. €. Miu (a) HE CyllecTByeT
uncio f(x,), ”HBIMHK ClI0BaMu, (DYHKIUA He OIIpefiesieHa B TOUKE X = Xy, MK

(6) He cymectByer lim f(x), uiau (B) 06e uactu hopmynsi (1) UMEIOT CMBICT,
x = xo

HO paBEHCTBO MEXKJY HUMH He UMEET MEeCTa), TO X, Ha3LIBAeTCS MOLKOol pas-
potea pynaxnun f(x).
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Pasznuuator: 1) mouku x, pa3peiéa nepgozo poda, njas KOTOPHIX CYILECT-
BYIOT KOHe4Hble OJJHOCTOPDOHHHKE TpeJeibl:

flro=0)= Lim f(x) m fix+0)= lim f(x)

u 2) mouxu paspeisa 6mopozo poda — Bce OCTajbHble. PazHoCTb
f(xg + 0) = f(x, — 0)
HA3LIBAETCA CKAYKOM (PUHKUUU B TOYKE X;.
Ecau BLINMOJHEHO PABEHCTBO
f(xp — 0) = f(x, + 0),
TO TOYKA pa3phiBa X, HasbIBaeTcs ycmpanumoii. Ecau 1no meHbllieil mepe
OAUH U3 NpeAesoB f(x, — 0) unu f(x, + 0) paBeH cumBoay ©°, TO X, Ha3hl-

BAEeTCA TOUKOM 6eCKOHEYHOZO pA3pbiea.
Ecay BHINOJHEHO PABEHCTBO

fxo = 0) = f(xo)  (uam f(x, + 0) = f(x,)),
TO FOBOPAT, UTO bGyHKIUA f(X,) HenpepbléHa caesa (cnpasa) B TOUKE X,
L5 HeIPepHIBHOCTH dyHKIuH f(X) B TOUKE X, HeoOX0OAMMO K K0CTa-
TOYHO PAaBEHCTBO TPeX UHCeJI:

f(xo = 0) = f(xo + 0) = f(x).

2. HenpepsIBHOCTh 3JdeMeHTapHbIX GyHKuMHA. Eciu dyuxuun f(x) u
g(x) HempephIBHBI IPU 3HAYEHUH X = Xy, TO (PYHKIUH

a) f(x) + g(x); 6) f(x)g(x); B) f}(% (g(xp) # 0)
TaK’Ke HelpPepPhIBHEI IIPU X = X.
B yactHocTH: a) nesas paguoHaJdbHASA (QYHKIUS

P(x) =ay+ a;x + ... + a,x"
HeIlpEePBhIBHA NP JIIOOOM 3HauYeHuHU x; 6) xpo6Has pauuoHanbHaa QyHKIKA
Qo+ A1 X+ ...+ a,x"
bo+byx+...+bxm

R(x) =

HenpephIBHA DU BCEX 3HAYEHUAX X, He 00paIlaONIUX 3HAMEHATEJS B HYIb.

Boo6mie occHOBHEIE aieMeHTapHBIE QYHKMHU: x”, sin x, cos x, tg x, a*,
log, x, arcsin x, arccos x, arctg X, ... HeIIpePLIBHBL BO BCEX TOYKAaX, A€ OHU
onpeAesieHbl.

Bonee obmuit pesyabrar cneayomuii: ecau GyHKnuA f(x) HellpephiBHA
IIpK X = Xy 1 QYHKUMA g(y) HempepulBHA NP Y = f(x,), To dyaruua g(f(x))
HeIIDepbIBHA IIDH X = X,.

3. OcHoBHBIe TeopeMsl 0 HenpepniBubIX (dyHrnuax. Ecnu dyurnus f(x)
HellpepLIBHA Ha KOHEUHOM cermenTe [a, b], To: 1) f(x) orpaHyuena na aTom cer-
MeHTe; 2) ZOCTUTaeT Ha HeM CBOeH HUKHell rpaHy m u BepxHeil rpaHu M (meo-
pema Bellepuumpacca); 3) npunuMaer Ha Kax oM uHrepsaie (o, B) C [a, b] Bce
NpOMeXyTOuHLie 3HaueHna mexay f(o) u f(B) (meopema Kowu). B uacTHOCTH,
ecau f(a)f(B) < 0, To nalinerca sHauerue y (0 < y < f) Takoe, uto f(y) = 0.
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662. [lan rpadpux HenpepbIBHOI PYyHKIHUHN iy = f(x). Has manuoi
TOUKH @ ¥ YHcia € > ( yKasaTh reoMeTpH4ecKy uncio O > 0 takoe,
qro |f(x) - f(a)] < € npm |x — a] < 8.

663. Tpebyercsa N3roTOBUTH MeTAJINUECKYIO KBAaAPAaTHYIO IJac-
THHKY, CTOPOHA KoTopoi x, = 10 cm. B kakux npegesnax [onycrimo
H3MEHATh CTOPOHY X 3TOU NJIACTHHKH, €CJIH ILUIOIAafb ee Yy = x°
MOJKET OTJIMYATLCA OT NPOEKTHOM y, = 100 cm? He Gonbire ueMm:

a) Ha t1 cm?; 6) Ha 20,1 cm?; B) Ha £0,01 cm?; 1) Ha *€ (cm%)?

664. Pebpo Kyba 3axaouaercs Mexkay 2 M 1 3 m. C xakoii abco-
JIIOTHOH HOTPEITHOCTBLIO A JOTYCTHMO H3MEPHUTH pedbpo x 3Toro Kyba,
yToOBl 06bEM €I'0 I MOXKHO ObLJIO BBIYHCJIHNTL ¢ aOCOMIOTHOH norperI-
HOCTBIO, He IpeBblialolel € M3, ecyn:

a)e=0,1nm"% 6) £ = 0,01 M B) £ = 0,001 m*?

665. B xaxkoit MakcuMaIbHOH OKPECTHOCTH TOUKH x, = 100 op-
AuHaTa rpa@uKa PyHKIIUH y = J;c OTJINYAETCA OT OPAMHATHI iy = 10
MeHblIe ueM Ha € = 107" (n 2 0)? OnpenennuTs pasmepsl 3TOM OKPECT-
Hoctu mpu n =0, 1, 2, 3.

666. C moMoubio «& — »-paccyskaeHu [oKaszarThb, YTo PYHKIUA
f(x) = x* HenpepBIBHA IIpH X = 5.

3anoJHUATD CIleAyIOIIYI0 TabInuIy:

€ 1 0,1 0,01 0,001

667. ycts f(x) = }C me=0,001. lns suavennit x, = 0,1; 0,01;

0,001; ... HAUTH MAKCHMAJIbHO OOJbINNE NOJOMKHUTeJbHble YHCJIA
8 =38(¢, x,) Takue, uTOOGBI N3 HepaBeHCTRA |x — xy| < § BBITEKATO OB
HepaBeHCTBO |f(x) ~ f(x,)| < €.

Mosxso nu gas garHoro € = 0,001 BuiGparh Taxoe 8 > 0, KoTopoe
roguiock 6bl AJId BCeX 3HaUeHHH x, H3 HHTepBaa (0, 1), T. e. TaKoe,
uTo ecin jx — x| < §, To |f(x) — f(x,)] < €&, KaKOBO 651 HY 6110 3HAUEHNE
xq € (0, 1)?

668. CopmyInpoRaTh HA S3bIKE «E — O» B IOJOMKHUTEJIbHOM
CMBbICJIe CIeAyIoNlee yTBepKAeHue: (PYRKUUA f(x), onpeleneHHad B
TOUKe X,, He ABJIAETCA HEIPEPHIBHON B 3TOH TOUKe.

669. [lycTh ni1st HeKoTOPBIX unces € > 0 MOXKHO HAUTH COOTBET-
cTRylone uncaa § = 8(g, x,) > 0 Takue, uro |f(x) — f(x,)| < &, ecan
TOJIBKO Jx — X,| < 8.
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MO>KHO J1 yTBEPKAATh, 4TO QyHKLMA f(X) HEIIpephIBHA B TOUKE
Xy, €CIIH:
a) uncJsa € 00pa3yoT KOHEUHOe MHOXXECTBO;
6) uncaa € o6pa3yT 6eCKOHEUHOE MHOXKeCTBO JBOMUHBIX

npobeit & = -2‘— (n=1,2, ...

670. IlycTs fana (PyHKUNA
f(x) = x + 0,001[x].

TIokazars, uto gaa xaxmoro &€ > 0,001 moxkHO mnogobpars
8 =38(¢, x) > 0 Takoe, uTo |f(x’) = f(x)| < &, ecan ToMBKO |x’ — x| < §,
anpu 0 < €< 0,001 gna Bcex 3HaueHUil x 3TOrO CHEeNATH HENAb3d.

B Kakux TouKax HapylaeTCS HENPEPHIBHOCTD 3TOH QyHKIMN?

671. IlycTs AJs1 KaMgOTO LOCTATOUHO MaJjoro ymena o > 0 cy-
mecTByeT £ = &(8, x,) > 0 Takoe, UTo ecnu jx — Xo| < §, TO BEIIONHEHO
HepaBeHCTRO |f(x) - f(x,)| < €. Cremyer nu oTCIOzAA, UTO PyHKIUA f(X)
HenpepnIBHA IpH X = x,? Kakoe croiicTBo QpyHKuuu f(x) onuceipa-
eTCsl JaHHBLIMM HepaBeHCTBAMU?

672. [lycry pua xakporo umciaa € > 0 CylecTByer YHCJIO
& = §(g, x,) > 0 Taxoe, uto ecin |f(x) — f(x,)| <&, To|x — x| <8. Cnegyer
JIYL OTCI0/A, 4TO PyHKuUA f(x) HempephlBHA IPU 3HAYEHHH X = x,7
Kakoe cBroficTBO PYHKIIMY ONMKCHIBAETCSA 3THMU HepaBeHCTBAMM?

673.IIycth pnst Kawpgoro umeaa O > 0 cyliecTByeT YHCIIO
e =£(5, x,) > 0 Taxoe, uro ecian |f(x) — f(x,)| <€, To |x — x| < 3.

Crnenyer nu orciofa, 4To (pyHKuuUs f(x) HempepbIBHA NIPH X = X,?
Kaxoe cBoticTBo hyHKIIMH f(X) ONMCHIBAETCA faHHBIMI HEPAaBeHCTBAMU ?

PaccMmoTperb npumep:

fx) = {arctg x, eCJIU X panyoHaJbHO,
~arctg x, ecau x UppalOHAJIbHO.

674. C momMomip1o «&€ — O»-pacCcy»KIOeHuil A0Ka3aTh HeIpepblB-
HOCTb CJAEAVIOINX MYHKIINA:

a)ax + b; 6) x% B) x%;
r) Jx; n) 4 ; e) sin x;
’K) COS X; 3) arctg x.

HccnenoBaTh Ha HEIPEPBIBHOCTH M U306Pas3UTh rpapiuecKy ciie-
Ayoiue GyHKnna:
675. f(x) = |«|.
x:-4
ecau x # 2;
676. f(x) =4 x-2° ’
A, ecan x = 2.
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1

677. f(x) = m ,ecan x # —1 u f(~1) — IpoOU3BOABLHO.

678. a) f,(x) = (810X, ecur x # 0 u f,(0) = 1;

6) fo(x) = SBX ecom x # 0 11 £,(0) = 1.

(x|

679. f(x) = sin ch, ecau x # 0 u f(0) — mIpoOU3BOJBLHO.

680. f(x) = x sin i ,ecam x # 0 u f(0) = 0.

1

681. f(x) = e **, ecin x # 0 u £(0) = 0.

682. f(x) = 1 —, ecnu x # 1 u f(1) — npousBosIBHO.

1+ex-1
683. f(x) = x In x%, ecan x # 0 u f(0) = a.
684. f(x) = sgn x.
685. f(x) = [x].

686. f(x) = Jx — [Jx 1.

OnpegennTh TOUKH padpbiBa GYHKINI 1 HCCIeLOBATh XapaKTep
STHX TOYEK, €CJIHN:

- x _ 1+x
687.y Tt 688. y TR
1 1
- x*-1 _x x+1
689.y = L. 690.y = L 141
x-1 x
- X _ [1-cosnx
691.y == 692. y f———4_x2 .
693. y = cos? 1 694. y = sgn (sin E) .
X X
COSE 1
695.y= —=. 696.y = arctg - .
cost *
X
697.y = Jx arctg -}; 698.y=¢ *
= L =1
699. y T3 700.y — -
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HccnenoBath Ha HENPEPHIBHOCTL U HAPUCOBATH 3CKHU3bI Tpadhu-

KOB CJeAYVIOImNX (PYHKILNHA:

701. y = sgn (sin x). 702. y = x — [x].
703. y = x[x]. 704. y = [x] sin 7x.
Y 2 = .l
705.y = x* — [x?]. 706. u
- [l _ 1
707. y = xH 708. y = sgn (cos x).
=[1 in & =ctg &
709.y = [x‘ﬂ] sgn (sm x)' 710. y = ctg <
711. y = sec? i 712, y = (1)1,
= 1.1 1
713. y = arctg (x + pro| + x—2)'
T4, y= —1 . 5.y = — .
x?sin2x sin(x?)
1
=ln — X _ — o x
716.y =1n TTCEDE 717.y=e *.
L
718.y=1-e *°. 719.y = th 2% _.
1-x2

HccnenoBars Ha HEIPEPBIBHOCTD U ITOCTPOUTh I'PA(PUKH CIEAYIO-

WX GYyHKIUMA:

720.y = im —— (x> 0). 721y = lim 2o
N R n—occ n¥+n-x
722.y = lim /1 +x2". 723.y = lim cos®" x.
n - o0 n—+0oco
724. y = lim —X | =1 '
y= am T+ (2sinx)e 725.y ’}er;o[x arctg (n ctg x)]
726.y = lim XrXZe™ 727.y= lim 0 +e?)
n—o 1+en* t—+oo In(l +e*)

728.y = lim (1 + x) th tx.
t— +oo
729. Onpenenurs, sIBASETCA JU HENPepbIBHONR (QDYHKINAA:
<x <
f(x) = 2x, ecmm0<x<1,
2-x,ecnnl <x<2.
730. IlycTb

_ e, ecan x <0,
fix) = a+x,ecnnx 2 0.

IIpu xakoM BeIGOpe uncia a GyHKUA f(x) 6yAeT HenpepbIBHOI?
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731. UccnenoBars caeayomue GyHKIUE HA HENPEPBIBHOCTbh U
BBLIACHUTH XapaKTep TOUYEK pa3phiBa, €CJIH:

x? mpu0<x<1,

a)f(x)={2—xnpn1<x<2;

_ jxmpmlx| <1,
6) f(x) = {1 npu |x| > 1;

nx
cos™= mpu || <1,
B) f(x) = 2

lx — 1| opm |x| > 1;

ctg? mx nna memenoro x,
r) f(x) = 0 .
IJIA 1EeJIOoTo X
sin 7x AJA panMOBaJIbHOTO X,
n) f(x) = 0
IJ19 UpPalOHAIbHOTO X.

732. ®yuxuuda d = d(x) npeacraBiager coboit kparyaiiee pac-
CTOAHME TOUKH X YHUCJIOBOM ocu Ox OT MHOKECTBa TOYEK €€, COCTOA-
mero u3 oTpe3koB 0 < x < 1 u 2 < x < 3. Hailtn anajluTuvyecKkoe
BhIpaskeHue QYyHKUUH d, IOCTPOUTH e€e rpadUK U HCCIeZOBATh Ha
HEMIPEPBIBHOCTb.

733. ®urypa E cocTouT us paguobeapes-
HOTO TPEYrOJbHUKA C OCHOBaHMEM | U BBICO-
Toi I ¥ ABYX IPAMOYTOJHHEUKOB C OCHOBa-
HuAMY | KasKAbIi ¥ BBICOTAMH, PABHBIMU 2
u 3 (puc. 5). Pynkuua S = S(y) (0 <y <+0)
npeiacrapiager coboit miuomans yactu Gu-
rypel E, 3aKJIOUYEeHHOH Mexay IapaJiie-
aaMu Y=0u Y=y, a byaruua b = b(y)
(0 < y < +00) ecTs guuHA ceyeHud PUTypH E
napaanenpo Y = y.

Haiiti aHanuTUYecKue BRIpa)KeHna Gpyukuuit S u b, nmocrpo-
HUTb X rpadMKHd U UCCJIEAOBATh Ha HEIPEDHIBHOCTD.

734. oxasaTth, uro ¢pyrkyus Qupuxae

Puc. 5

x(x) = lim { lim cos” (mm!x)

pPa3peIBHa NIPH KaKJOM 3HAYEHUHU X.
735. UccnenoBaTh Ha HENIPEPHIBHOCTD (PYHKITHIO

flx) = xx(x),

rae y(x) — dyaxuua qupuxie (cM. npeaslgyuiyio 3aga4dy). Ilocrpo-
HUTb 3CKHU3 rpaduKa sToil GyHKIHHA.
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736. lokasaTs, 4To QyHKUUiL Pumana

m
f(x) l , ECJIN X = — , TA€ M U N B3AUMHO IIPDOCTBIE HHCJIa;
= n n

0, ecau x UppallHOHAJILHO,

pas3phIBHA NP Ka)KJOM PAllMOHATLHOM 3HAUEHUM X M HelpephiBHA
NIPY KaXKAOM HUPPAIMOHATLHOM 3HAuYeHuN X. IJoCTpouTh 53CKU3 rpa-
¢duka sToit hyHKUUH,

737. VlccnenoBaTh Ha HENPEPLIBHOCTDL (PYHKIUIO f(x), 3agaHHYIO
ciaepyiomum o6pasom:

flx) =

nx
+1’°
€eCclIM X eCTb HeCOKpaTuMasd pPalluOHaJIbHAA apoﬁb - (n 1), n

f(a) = |,
ecJi X — MppanuoHaJIbHOe YKCa0. [1oCTpOUTsL 3CKu3 rpaduKa sToi
GyHKIUH.
738. ®yuxnus f(x) =

1- Czosx onpeneseHa s BCeX 3HAYEHUM
x
aprymenTa x, kpome x = (. Kakoe sHayeHUe CJefyeT NMPUIKCATD
pyuruun f(x) B Touke x = 0, urobb1 3Ta GyHKIMA ObLIA HEIPEPHIB-
HOI npu x = 07

739. Hoxasafrb, yTo npu Jyiobom Bbeibope umcna f(1) pyHKIUNA

flx) = — 6y,£[e'r paspbiBHa npu X = 1.

740. CDymcuI«m f(x) repaet cmbica npu x = 0. Onpese/nTs YKHCIO
f(0) Tax, uTo0s! f(x) Obla HenpepbiBHA npu x = 0, ecan:

_ Jl+x-1, 6 _ tg2x
a) f(x) 3_iJ__+_x—_~ n ) f(x) ;
B) f(x) = sin x sin Jlf; r) f(x) = (1 + x)
1
mfx)=Le = e) f(x) = x* (x> 0);

x2

*K) f(x) = x In? x.
741. Ob6s3aTenbHO Ju OyneT paspbIBHA B JAHHOM TOUKE X, CyMMa
aByx GyHruui f(x) + g(x), ecau:
a) dyskuua f(x) HenpepsiBHa, a PyHKUUA g(X) paspbIBHA
IPpU X = X}
6) o6e dpynxuuu f(x) u g(x) paspbIBHH npu X = x,? [TocTpo-
HUTh COOTBETCTBYIOIHE IPUMEPSHI.
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742, 06a3aTeJNbHO JIU IPOU3BEJeHUE NBYX PYHKIMI
f(x)g(x)

TePIIUT Pa3pblB HENPEPLIBHOCTH B LAHHOHM TOUKE X,, €CJIHU:
a) GyHKIUA f(x) HenpepbIBHA, a QYHKIUA g(X) pa3pbiBHA B
aToi TOUuKe;
6) o6e GyHKuuH f(x) 1 g(x) paspbIBHBI DU X = X?
ITocTpOUTb COOTBETCTBYIOU{HE ITPUMepHI.
743. MOXXHO JIX yTBEPXK JATH, UTO KBAAPAT PA3PBIBHON QDYHKIIUK
eCTh TaK’Ke pa3pbIiBHasA QyHKuuA?
ITocTpouTh NpUMEpD BCIOAY Pa3pbIBHOM GYyHKI UK, KBAAPAT KOTO-
po¥ ecTh (PyHKIUA HelpepbIBHAA.

744. ViccieqoBaTh Ha HeNpepbIBHOCTDL pyHKUmMHU fg(x)] u g[f(x)],
ecuu:

a) f(x) =sgn x m g(x) =1 + x%
6) f(x) = sgn x u g(x) = x(1 — x7);
B)f(x)=sgnxugx)=1+x - [x].
745. UccienoBaTs Ha HENPEPBIBHOCTH CJHOMKHYI0 (PYHKIIHIO
y = f(u), rae u = @(x), ecnu:
_Ju npu 0 <u<1;
fu) = 2—umpul <u<2,
x MIPH X PAaUOHAILHOM;
¢(x) = {2 — X IPH X UPPalHOHATIHEHOM
(0 <x<1).
746. [loxazaTb, uTo ecau f(x) — HenpepbiBHaA QYHKIHUA, TO

F(x) = |f(x)

€CTb TaKiKe HenpepbIBHAA PYHKIIMA.
747. JokasaTrs, uTo ec¥ QYHKIIUA f(X) HENDEPLIBHA, TO (QYHKIUA

f(x), ecnu |f(x)| < c;
¢, ecau f(x)>c,

-c¢, ecaH f(x) <-—c;

rme ¢ — J1000€ TOJI0KUTEIbHOE UUCIO0, TaKKe HellpepbIBHA.

748. JloxkasaTsb, uTo eCJaH pyHKIUA f(x) HelIpephIBHA Ha CETMeHTe
[a, b], To GyHKIIEK

m(x) = agggx{f{ﬁ)} u M(x)= agggx{f(ﬁ)}

TaK)Ke HelpepbIBHLI Ha [a, b].
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749. oxasaTb, 4T0 ecau GyHKuuda f(x) 1 g(X) BenpepbIBHBI, TO
GYyHKIIN
¢(x) = min [f(x), g(x)] u y(x)= max [f(x), g(x)]
TaKJKe HellpepPHIBHBI.

750. Ilycts pyHKIUA f(X) oIpeseieHa ¥ OTPAaHUYEHA Ha CeTMeHTe
[a, b]. loka3aTs, yTO HYyHKIUHN

m(x) = . gg{ x{f(ﬁ)} u M(x) = g\ggx{f(ﬁ)}

HeIIpepHIBHEI CjieBa Ha cerMenre [a, b].
751. Iokxa3aTh, 4TO ecam (yHKUUA f(X) HenpepbIBHa B IpoMe-
WMYTKe a < X < +00 B CcyIecTByeT KOHeuHsl#l lim  f(x), To aTa QyHK-
x — +00

IUA oOTpaHHYeHa B JAHHOM IPOMEIKYTKE.
752. Ilycrs pyuKuua f(x) HenpepbIBHA U OrpaHUYEHA B MHTED-
BaJie (x,, +°°). JlokasaTp, 4T0, KaKOBO GbI HU ObLIO uucio T, Hali-

JleTcd NOCJef0BaTeJIbHOCTh X, — +00 TaKas, YTO

lim [f(x, + T) = f(x,)] = 0.

753. Ilyers @(x) u Y(x) — HenpeprIBHEBIe NepUOANYECKUE PYHK-
WM, OIpefelIeHHble NPH —0 < x < +0

xli”fm [o(x) — w(x)] = 0.

JlokasaTrs, 4TO
o(x) = y(x).

754. [lokasarh, YTO BCE TOUKHU Pa3pPbIBa OrPAHMYEHHON MOHOTOH-
HOH (pyHKUMU ABJAIOTCA TOYKAMU pasdphiBa 1-TO poja.
755. lokasaTsb, 4TO ecau GyHKUHUA f(x) obIagaer caeqyOUMU
CBOMCTBaMHM:
1) onpeneneHa ¥ MOHOTOHHA Ha cerMeHTe [a; b];
2) B KaueCTBe CBOMX 3HAUYEHHNI IPUHNUMAET BCE YHCJIa MEXKIY
f(a) u f(b),

TO 3Ta hyHKIIUA HEenpepbIBHa Ha [a, b].
756. IlokazaTs, uyro GyHKIUA f(x) =sin xLa secmux#auf(a)=0,

NpHHUMaeT Ha J1060M cermenTe [a, b] Bce IPOMeKyTOUHEIE 3HAYCHUA
Mexkay f(a) u f(b), ofHaKO He ABAAETCS HENPepHIBHOH Ha [a, b].

757. Joxa3aTh, 4TO eciu (GyHKUMA f(X) HelIPepbIBHA HA MHTED-
Bane (a, b) u x4, x5, ..., x, — M100ble 3HAYEHUA U3 3TOTO HHTEpBaJa,
TO MEXAY HUMHM Haiinerca uucio & rakoe, 4To

1) = Lf(x) + @) + oo + f(x,)])
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758. Ilycts f(x) HenpepblBHA B HHTEepBase (a, b) u

l=1lim f(x) u L= lim f(x).
X —a xa
IoxasaTb, 4uT0, KAKOBO Obl HU GBLIO YKCIO A, TAe [ < A < L, cy-
[I[eCTBYeT 110CJIef0BaTENbHOCTS X, — a (n =1, 2, ...) Takad, uTo
lim f(x,) = A.

n oo

§ 8. O6parunas pyHKIMA.
DyuruuH, 3aJaHHble apAMETPUYECKH

1. CymecTBoBaHMEe M HENIPEPHLIBHOCTh 00paTtHO# (ryHkuu. Ecnn pyHK-
nusa y = f(x) obnagaer cnefyoluMu cBofcTBaMu: 1) ompeneneHa U Hempe-
pbIBHA Ha mHTepBanie (a, b); 2) MOHOTOHHA B CTPOIOM CMBbICJIE HA 3TOM HH-
TepBaJe, TO CYLIECTBYET OAHO3HAUHAA obpaTHasa GyHkuua x = f !(y), onpe-
JAeNeHHAasa, HeNpPepbIBHAS U COOTBETCTBEHHO MOHOTOHHANA B CTPOI'OM CMBbICJIE
Ha uHrepsane (4, B), rne A= lim f(x) u B= lirbn . f(x).

x—b-

x—a+0
o odHO3HauHOI Henpepbi@HO BemeEvbi0 MHOTO3HAUHON obpaTHOM
(pYHKUMH JaHHON HenpepblBHOI (pyHKuuM y = f(x) moanmaercs nwbas oa-
HO3HA4YHad HenpepbiBHAA QYHKUUA X = g(Y), oNpeAeneHHaa B MAaKCHUMAaNb-
HOIT obacTu ee CyliecTBOBAHUA M YIOBJETBOPAOIAs B 3Toi obsacTn ypas-

nennio flg(y)] = y.

2. HenpepslsHOCTH (DyHKIMH, 3aJaHHO I napamerpuyecku. Ecnu pyHk-
nuu @(t) u y(t) onpeAenesbl U HEMpPePbIBHLI B nHTepBane (o, P) u GyHKuua
(p(¢) cTPOro MOHOTOHHA Ha 3TOM MHTEPBAJE, TO CUCTEMa YpaBHeHUIl

x=o¢(t), y=wy)
onpesnensieT y KaK OJHO3HAYHYIO HeNPEPbIBHYIO (DYHKLUIO OT X:
y = y(p ' (x)),

Ha uHTepBane (a, b), rne a= lim @) ub= lim @).
t— o +0 t—p-0

759. HajiTu o6paTHyio QyHKIUIO APOOHO-THHENHON QYHKIIHHN

ax+b

(ad — bc # 0).
cx+d

y:

B kakom ciayuae obpaTHaa QYyHKIUA COBNAJAET C NaHHOMI?
760. Haiitu obparuyio dyakuuio x = x(y), ecau
y=x+[x].
761. IToxasaTb, YTO CYIIeCTBYeT eLUHCTBeHHad HelpepbIBHad

dysruua y = y(x) (- < x < +00), ynopJeTBOpARIad YPAGHEHUIO
Kennepa

y—esiny=x (0<e<1).
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762. IToxazaTh, 4TO ypaBHEHUE
ctg x = kx

Il KadXKJIOTO BEIIECTBEHHOro k (—0 < k < +00) umeeT B UHTePBaJIe
0 < x < T e[UHCTBEHHLIN HeNPEPHIBHLIM KOpeHb X = x(k).

763. MosxeT 1 HeMOHOTOHHaA GyHKUMA Y = f(x) (—00 <x < +00)
UMeTh OJHO3HAUHYIO obpaTHy0 QyHKIKIO? PaccMoTpeTs IpUMep:

y = {x, ecJI¥ X palioHAJLHO;
~X, €CJIH X UPPAIIOHATIBHO.
764. B xakoM caydae byHKkuud y = f(x) u obparHada QyHKUIHA
x = f~I(y) npeACcTaBAAIOT OXHY U TY K€ HYHKIIUIO?
765. IToxkasaTs, uTo obpaTHas PpyHKIUA pa3pbIBHON (PYHKIUK

y=(1+ x*)sgnx

ecTb PYHKIIUA HeNpepbIBHAA.
766. JloxasaTs, uTo ecau PyHKIMA f(X) onpeneneHa u cCTpoTo MO-
HOTOHHA Ha cerMeHre [a, bl u
lim f(x,) =f(a) (a < x,<b),
TO
lim x,=a.
n— o
OnpeaesuTs OAHO3HAUYHBIE HeEIPEPHIBHbIE BETBU OOPATHBIX
GyHKUUN AJ8 caeIyIOIIUX QyHKIIHNA:

767.y = x*. 768. y = 2x — x°.
_ 2x = qf

769.y Togt 770. y = sin x.

771.y = cos x. 772.y = tg x.

773. ITokasaTb, YTO MHOXKECTBO 3HAUEHII HENPEPBLIBHOM (PYHKIIUK
y =1+ sin x, cooTBeTcTBYIOMMX HHTEpBaNY (0 < X < 27), €CTh CErMeHT.
774. [loka3aTb paBeHCTBO

arcsin x + arccos x =

NN =]

775. [loxa3aTh PABEHCTBO
arctg x + arctg ch = g sgnx (x #0).
776. [loka3aTs TeopeMy CJIOXKeHIA apKTAHT€HCOB:

arctg x + arctg y = arctg 1x_+y_ + €,

rie € = g(x, y) — GYHKUUA, IPUHUMAIOIAA OOHO U3 TPeX 3HAYEHHM:

b 3
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JIJIa KaKKUX 3HAUEHUH Y IPU JaHHOM 3HAUEHHUU X BO3MOIKEH pas-
poiB OyHKUEK €? ITocTpouTs Ha IJIOCKOCTH Oxy coOTBETCTBYIOIHE
00/1aCTH HEeHOPepbIBHOCTH (DYHKIMHU £ M OIPEAEJIUTH 3HAUEHUE STOH
(pyHKIUH B TMIONYyUeHHBIX O0JACTAX.

777. [JloxasaTh TeOpeMY CIIOXKEHUA apKCUHYCOB!:

arcsin x + arcsin y = (—1)° arcsin (le —y2 +yJ1-x2 ) +em

(Il < 1, Jyl <1, rae
£=0, ectmxy <0 mmm x2+ y2<1,

e=sgnx, ecnm xy >0 u x%+y? > 1.

778. [Jokazatb TeopeMy CJIOKEHUA apKKOCHHYCOB:
arccos x + arccos y = (—1)° arccos (xy - J1-x2 /1y ) + 2ne

(x| < 1, |yl < 1), rre
e=0, eciu x+y 20,
u
e=1, eciu x+y<0.
779. ITocTpouTs rpaduku QyHKIUN:
a) y = arcsin x + arcsin J/1- x2;

6) y = arcsin(2x /1 — x?) — 2 arcsin x.
780. Haiit pynxuuio y = y(x), 3afaHHYI0 yDaBHEHUAMU:
x=arctgt, y=arctgt (-0 <t < +00),
B kaxoii obaacTu onpezaesieHa sta GyHKIHA?
781. IlycTs
x=cht, y=sht (-0 <t < +00).
B xakux o6sacTdax U3MEHeHUA apaMeTpa { IepeMEHHYIO [ MOXK-
HO pacCMaTpPHBaTb KaK OJHO3HAUHYIO (PYHKIIHIO OT ImepeMeHHOoMH x?
Haifitu Boiparkenus y njis pasjauuHbIX objsacreit.
782. KakoBnr HeoOXoAMMbIE 1 JOCTATOUHbIE YCJIOBUA TOTO, YTOOBI
cucTeMa ypaBHeHMIT
x=q), y=y@) (a<t<p)
onpefensaa 6bl y KaK OMHO3HAUHYIO GYHKIMIO OT X7
PaccmoTpeTs npuMep: x = sin? ¢, y = cos® ¢.
783. IIpn KaKuX YCJIOBUAX ABE CUCTEMBI ypDaBHEHUH
x=9(), y=wy) (a<t<b)
u
x=o((1), y=w(1) (@<t<p)
onpenessaioT OZHY U Ty ke QYHKIU y = y(x)?
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784. Ilycts pynKiuu @O(x) 1 y(x) onpenesess! ¥ HepepbIBHLI Ha
uHTepBague (a, b) u
A= inf ¢(x), B= sup o¢(x).
a<x<b a<x<b
B rkakom ciydae cyllleCTByeT OJHOaHauHad (GpyHKIUA f(x), onpene-
JleHHad B uHTepsBaje (A, B) u Takasd, uTo

y(x) = f(p(x)) npu a <x<b?

§ 9. PapuomepHasn HenpeppIBHOCTL (PYyHKIKU

1. Onpenencune pasHoMepHoli HempepwisHocTH. DYyHKIUA f(X) HasblBa-
€TCA PUGHOMEDHO Henpepbléioll Ha JAaHHOM MHOXKecTBe (MHTepBaje, CerMeHTe
urt. m.) X = {x}, ecnu f(x) onpenenena va X ¥ AN KaxRoro € > 0 cyiecTsyer
& = 8(¢g) > 0 raxoe, uro A MO6bIX 3HAUeHU X, ¥’ € X U3 HepaBeHCTBA

]x/ _ x//l < 6
cieayeT HEPABEHCTBO
[f(x") = f(x")| < e.

2. Teopema Kanropa. Dyuxuusa f(x), onpejeseHHas 1 HelIpepbIBHAS HA

OTPaHWUYEHHOM cerMeHTe [a, b], pABHOMEPHO HelIDePbLIBHA HA 9TOM CErMeHTe.

785. Ilex 3aBoaa BeIpabaTsIBaeT KBaAPaTHBIE IIJIACTUHKH, CTOPOHBI
KOTOPBIX X MOI'yT IPHHHMATh 3HaUueHus B npexesax or 1 o 10 cm.
C KakuM fOmyCcKOM O MOXKHO 00paGaThIBaTh CTOPOHBI HTHX IJIACTH-
HOK, 4TOObI HE3ABUCHMO OT KX JJINHLI (B YKA3aHHBIX I'PAHMIIAX ) ILIO-
1[aAb UX y OTJIMYAJIaCh OT IPOEKTHOM MeHbIlle, UeM Ha £? BrInoJHUTD
YUCJIEHHBIN pacyer, ecjau:

a)e=1 cm? 6)e = 0,01 cm?  B)e=0,0001 cm?
786. [{luaunapudeckad Mydra, IIHPUHA KOTOPOH € U mjuHA J,

HajfeTa Ha KPUBYIO Y = %/X ¥ CKOJBL3UT IO Hell Tak, YTO 0Cb My ThI
ocTaeTcs napaJneiasHoit ocu Ox. Yemy noskHa 6bITL paBHa AJIUHA O,
yrobbl 3Ta MydpTa CBOOOAHO NPOIILJIA YyUACTOK KPUBOil, onmpeaese-
Mblit HepaBeHCTBOM —10 < x € 10, ecan:

a)e=1; 6)e=0,1; B)e=0,001; r)enpoussonLHo mano?

787. B NOJOXKUTEJBHOM CMBbICJHe C(POPMYJIHPOBATHL HaA A3LIKE
«€ — &» yrBepxJeHue: QYHKIHUA f(X) HenpepblBHA HAa HEKOTOPOM
MHOXecTBe (MHTepBaJjle, Ce'MEeHTe u T. 11.), HO He ABJIAETCA PaBHO-
MEPHO HEeIIPEPHLIBHOM Ha 3TOM MHOXKeCTBe.

788. IlokasaTp, uTO QyHKIUA

fxy=1
X

HernpepsiBHA B mHTEepBaje (0, 1), HO He ABIAETCH PABHOMEPHO Hellpe-
PBIBHOH B 3TOM HHTepBaJe,
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789. Ilokasars, YTO PyHKIUA
f(x) = sin L
x

HeIIpePBIBHA U OrpaHuueHa B uHTepBae (0, 1), HO He ABIAeTCA PaB-
HOMEDHO HelPEePHLIBHOM B 3TOM HHTepPBaJle.
790. ITokasars, uTo GyHKIUA

f(x) = sin x?
HelNpepHIBHA U OrPaHHueHa B 6eCKOHEUYHOM UHTEepBaje —00 < x < 400,
HO He ABJIAETCA PABHOMEDHO Hel PepPLIBHOM B 5TOM HMHTEDBAJeE.
791. OoxkasaTh, 4YTOo ecau GYHKIuA f(x) ompenejleHa H
HenpepbipHa B 001acTi @ < x < +00 U CyLIECTBYeT KOHEUHBIH
lim f(x),
X — +00
TO f(X) paBHOMEpHO HempephIBHA B 3TOM 06sacTH.
792. Iloka3aTs, YTO HeOrpaHUYeHHAA QYHKIMUA

f(x) =x + sin x

pPaBHOMEDHO HeNPephIBHA Ha BCell OCH —00 < x < 400,
793. SIsnseTcA U PABHOMEPHO HENPePHIBHOM pyRKIHUA f(x) = x?
Ha MHTepBaJe
a) (—1; 1), rne | — nm06Goe, CKOIBKO YyroHO GOJMbINIOE IOJIO-
SKUTEIbHOE YHUCIIO;
0) Ha uHTEepBaje (—90, +00)?

HccrenoBaTh Ha paBHOMEDHYIO HENPEPBIBHOCTH B 3aflaHHEBIX 00-
JIACTAX CJeRylolre GyHKIHUN:

794. f(x) = —= (-1<x<1).

4 - x2
795. f(x)=1In x O <x<1).
796. f(x) = %‘ (0 < x < m).
797. f(x) = e* cos ch (0 < x<1).
798. f(x) = arctg x (-0 < x < +00),
799. f(x) = Jx (1 < x < +0),

800. f(x)=xsinx (0 < x < +00).
801.1. IToxasaTs, uro GyHKIUA f(x) = IL;”?I PaBHOMEPHO Hemnpe-

DPhIBHA Ha KaXX/JOM MHTepBaJe
Jy=(-1<x<0) m J=(0<x<1)
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IO OTJAEJIBHOCTH, HO HE ABJIAETCA PaBHOMEPHO HenmpepPhHIBHOW HA UX
cymme
Ji+dJ, =1{0 < |x| < 1}.

2. llokasaTb, 4YTO eClu QyHKIHA f(X) pABHOMEDHO HelpepbiBHA
Ha KaXXKJOM K3 CEerMEeHTOB [a, c] u [¢, b], To sTa byHKUUA ABIdeTCA
PaBHOMEDHO HENIPePHIBHOM Ha CYMMapHOM cerMeHTe [a, b].

802. Ina € > 0 maiitu 8§ = §(¢) (kaKoe-uubyas!), YAOBIETBOPSIO-
1iee YCJIOBUAM PABHOMEPHOH HENPEepbhIBHOCTH AJA GYHKuuY f(x) Ha
JaHHOM NIPOMEXKYTKE, ecnu:

a) f(x) = bx — (00 < x < +00);
6)f(x)=x—2x—1 (-2< x < 5);

B) f(x) = 2 (0,1 < x< 1);

r) f(x) = Jx (0 < x +00);

) f(x) =2 sin x —cos x (—°© < x < +0);
e)f(x)=xsinjlc (x#0) u f(0)=0 (0<x<m).

803. Ha cKOMBKO PABHBIX MEXAy €000l OTPE3KOB JOCTATOYHO
pa3buts cerment [1, 10], uTobnl Konebanme Gyrkuuu f(x) = x2 na
KaXXJIOM U3 3THX OTPe3KORB 0b1J10 Mensblie 0,00017?

804. [lokasaTp, 4TO CyMMa ¥ I POU3Be/IeHHEe OTPaHMYEHHOTO YHC-
Jla paBHOMEPHO HelpeprIBHEIX Ha MHTepBaJe (a, b) GyHKIuA paBHO-
MEPHO HEeIPEepPbLIBHLI HA 3TOM HHTEpBaJe.

805. loxasaTs, YTO ecjau OrpaHUYEHHAA MOHOTOHHAaA QYHKIUA
f(x) HenpepbIBHA Ha KOHEYHOM HJH 0ECKOHEYHOM umHTepsaJje (a, b),
TO 3Ta (PyHKUUA PaBHOMEPHO HelpepblBHA Ha MHTEpBaJe (a, b).

806.1. ToxasaThb, YTO €CaM (PYHKIHUA f(X) PaBHOMEDPHO Hempe-
PHIBHA Ha KOHEYHOM MHTepBaJe (a, b), TO CylieCTBYIOT IIpefesbl

A= lim f(x) u B= lim f(x).
x—+a+0 —b-0
Bepra nu sTa TeopeMa i 6eCKOHEUHOTO MHTEepBana (a, b)?

2. ToxasaTs, 4TO AJIf TOTO, YTOOLI PYHKIHUIO f(X), OpeAeeHHYIo
U HENpPePBIBHYIO HA KOHEYHOM HHTepBale (a, b), MOXXHO GnLIO Ipo-
JOJKUTL HENPEPLIBHLIM 00pa3oM Ha CerMeHT [a, b], HeoOxoaumMo u
JOCTaTO4UHO, UTO6B! hyHKIHUA f(x) 6bIJIa pPABHOMEPHO HEllpephbIBHA Ha
uHTepBane (a, b).

807. Modyaem nHenpepvigrocmu pyHKUUHM f(X) HA IPOMEXKYTKe
(a, b) nasbiBaercd QyHKIUA

WAS) = sup |f(x,) = f(x,)],

TZie Xy ¥ Xy — J106ble TOUKH U3 (@, b), CBA3AHHEIE YCIOBHEM [x; — Xy < §
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HdoxasaTb, 4TO AJis1 pABHOMEDHON HeNpePhIBHOCTH GYHKIMHU f(x)
Ha NMpoMeXxXyTKe (a, b) Heo6X0AUMO U AOCTATOYHO, UTOOLI

},111}) wAd) = 0.

808. IlonyunTh OLIEHKY MOAYJA HenpepbIBHOCTH W,(d) (cM. mpe-
ABIAYIIYIO 3aJa4y) BUAA
w;(d) < C&°,
rge C 1 00 — KOHCTAHTBI, €CJIH:

a) f(x) = x* (0<x<1);
6) f(x) = Jx 0<x<a)u(a<x<+);
B) f(x) = sin x + cos x (0 < x < 2m).

§ 10. ®yuxkuuonaabHbIC yPaBHEHUSA

809. [IoxasaTs, uTO €AUHCTBEHHAA HellpepbIBHAA QYHKIMA f(x)
(—00 < x < +00), yAOBJETBOPAIONIAS JJIS BCeX BelleCTBEHHbIX 3HAYe-
Hu# X ¥ y ypaBHeHUIO

flx +y)=f(x) + f(y), (1)
€CTb JUHEeNHAA OJHOpOoaHAA GYHKIUA
f(x) = ax,
rae a = f(1) — npon3sosbHAA KOHCTAHTA.

810. JokasaTb, 4To MOHOTOHHAR GYHKIUA f(X), YIOBIETBOPSAIO-
masa ypaBHeHnio (1), ecTb JuHeltHaA OLHOPOHAA.

811. Jokasarb, uro GyHKIMA f(x), YAOBIETBOpAKIaA ypaBHe-
Huio (1) 1 orpaHuUeHHAA B CKOJIb YTOJHO MaJIOM MHTEepBaJse (—¢, £),
ecTb JUHeHHas OgHOpPOgHAA.

812. [JoxasaTs, YTO €IMHCTBEHHAS He PAaBHAS HYJIIO TOXKIECTBEH-
HO HelpepbIBHAA QyHKIMA f(x) (—00 < x < +00), yIOBJAETBOPAWOIAA
[IJ1A BCeX 3HAYEHUN X U Y yPaBHeHHIO

fx + y) = f(X)f(y), (2)
ecTb NoKa3aTeybHaA QyHKI A
f(x) = a*,

rae a = f(1) — noyoXKNTEJbHAA NOCTOAHHAA.

813. [IokasaTb, UTO He paBHAsA HYJI0 TOXKAECTBEHHO (QYHKIUA
f(x), orpannuyennasa B unTepsasne (0, €) u yaosjaeTBOpALIIAA ypas-
HeHUIO (2), ecTh NOKAa3aTeIbHAA.

814. [lokasarh, 4TO €IMHCTBEHHAa A HE paBHAaA HYJI0 TOXKIECTBEH-
HO HempepblBHasA pyHKIMA f(x) (0 < x < +090), ynosaerBopdooiad
IJIA BCeX IOJIOKUTENbHBIX 3HAUEHUH X U i YPABHEHHIO

f(xy) = f(x) + f(y),
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ecThb JorapudpmMuieckas QyHKUUA
f(x) = log, x,
rie a — IOJOMUTeJbHAA KOHCTAHTA.

815. [Jokas3aTh, UTO eAMHCTBEHHAS HE DABHASA HYJIIO TOXJECTBEH-
HO HenpepblBHAas Gyukuusa f(x) (0 < x < +00), ynoBIeTBOPAIOIIAA
ZIJIA BCeX IOJIOKUTENbHbIX 3HAUEHUH X U Y YPABHEHUIO

flxy) = f(x)f(y), (3)
€CcThb cTelleHHadA QYHKIIA
flx) = x*,
rie a — IOCTOAHHAa 4.

816. Haiitu Bce HemnpepbiBHBIE QyHKIuU f(X) (00 < x < +00),
VIOBJETBOPAIOIINE [Jsi BCEX BEIECTBEHHBIX 3HAYeHWHl X u Yy
ypaBHeHHUIO (3).

817. IlokasaTb, 4TO paspbiBHAA QYHKINA

f(x) = sgn x
YIOBJIETBOPSAET YpaBHeHUIO (3).

818. Haitru Bce HenmpepslBHBIE QyHKIMH f(x) (—00 < x < +00), yIOB-

JIETBOpSIOIIME /15 BCEX BEI|eCTBEHHBIX 3HAUEHHH X U i ypaBHEHUIO

f(x +y) + f(x — y) = 2f(x)f(Y)-

819. HaifTu Bce HelpepbIBHBIE OrpaHHYeHHBIE (PyHKUMH f(x) 1
g(x) (—00 < x < +00), yaoBJeTBOPAIOUINE JNA BCEX BEI[eCTBEHHBIX
3HAYEHHN X U Y CHCTeMe ypaBHEHM:

flx + y) = f(X)f(y) — 8(x)gv),
g(x + y) = f(x)8(y) + f(y)g(x),
u, CBepx TOro, ycjaoBusaM HOPDMMDPOBKH:
f(0)=1 u g0)=0.
Vxasanue. Paccmorpers GyHKIUIO
F(x) = f(x) + g*(x).
820. Ilycts
Af(x) = f(x + Ax) — f(x)

A*f(x) = M{AF(x)}
CYTh KOHEUYHBIE PA3HOCTH GYHKIUH f(X) COOTBETCTBEHHO IE€PBOTO U
BTOPOTO IIOPAQKOB.
Hoxasats, 4To ecau GyHKIKA f(x) (—00 < x < +00) HellpepbIBHAA
u A’f(x) = 0, To oTa DyHKUUA TUHeHHas, T. e. f(X) =ax + b, rae a u
b — nmocrosHHLIE.



PABIEJ II

INODOEPEHIIHAJBHOE UCUUCJIEHUE
®YHKIIHI OAHOI NMEPEMEHHOII

§ 1. IIpousBogHasa ABHOI (PyHEIMU

1. Onpenenenne npoussopsoit. Ecuu x u &, = x + Ax — 3HayYeHUs He-
3aBUCHMOM [1epeMeHHOi, TO Pa3HOCTh

Ay = f(x + Ax) — f(x)
Has3pIBaeTCA npupaujchuem QyHxuuu y = f(x) Ha cermenre [x, x,;}.
BeipaskeHue
. A
’ ’
=f(x)= lim 24 {1
y ar—o0 Ax’ )
ec/au OHO HMMeEeT CMbBICJ, HOCHT HA3BaHWE NpPou3godHoil, a caMa (DYHKIHA
f(x) B aTOM cayuae HasbiBaerca dugpepenyupyerod.
Teomerpuuecku uucao f'(x) npejacrasisger coboil yrioBoi KO PUIIUEHT Ka-
catesbHOH K rpaduKy PyHKLUH ¥ = f(x) B Touke ero x (tg u = f'(x)) (puc. 6).

Puc. 6

2. OcHoBHbIC IPABW/Ia HAXOXKIEHUSA NPoM3BOaHOM. Ecin ¢ — nocTosHEA A
BesuuHa U QYHKUUHN v = u(x), v = v(x), w = w(xX) MMeIT NIPOU3BOAHBIE, TO
e =0;
2) (cu)’ = cu’;
Hut+tv-—wy=u +v -w,
4) (uv) =u'v + wv’;
’ [ r
5) (Z) = EL‘Z_L‘l (v = 0);
v v
6) (") = nu"~'w’ (n — nocTosHHOE YUCAO);
7) ecnut GyHKUMHM y = f(1) 1 u = @(X) UMEIOT IPOU3BORXHBIE, TO

’

r ’
Ys = Yy Uy
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3. OcuoBnele opmyasl. Eciy x — He3aBUcHUMad NepeMeHHad, TO

I. (x") = nx" "1 (n — nocrostunoe uncno). IX. (arcctg x)’ =-—

1+x2’
II. (sin x)" = cos x. X. (@) =a"lna (a>0); () =€~
LI ’_ 1 . /=l
III. (cos x)"=—sin x. XI. (log, x) xlna(a >0); (Inx) e
IV. (tgx)’ = . XII. (shx) =chx.
cos’x

V.(ctg x)’ =~ XIIIL. (ch x)" =sh x.

sinZx

1 1
. . XIV.(thx) = ——.
1= x2 (thx) ch?x
1 1

— . XV. (cth x) =—s——h2x.

VI. (arcsin x)’ =

VIL. (arccos x)’ = —

VIIIL. (arctg x)’ =

1
1+ x2
4. OqHOCTOPOHHME TPOU3BOJAHBIE. BripaskeHUAMHU

o (x) = Aliln—o fgx+Ax2—f(x2’

Ax
, R f(x+Ax) - f(x)
fo@)= Jlm, Ax

OTIPEJEIAIOTCA COOTBETCTBEHHO 1€6aA U npasas npou3sodrsie GyHKUIUY f(x)
B TOUKE X.
Jlnsa cyliecTBOBaHUA MPOU3BOAHOH /() HEOBXOAMMO U JOCTATOUHO, YTOOBI

fo(x) =1 ().

5. Beckoneunas npoussomuas. Ecnu Gyukius f(x) HenpepsIBHA B TOUKe X 1

fm [E+80)-f(0) _ o

Ax—0 Ax

TO TOBOPAT, UTO B TOYKE X PyHKUHUA f(X) UMeeT GeckoHeuHYI0 npou38odHyi0.
B sTom cayuae kacaresabHad K rpaduky QyHKIUU y = f(x) B Touke x mep-
neHAUKyJsApHa K ocu Ox.

821. OnpegesnnTh NpupaleHne Ax apryMeHTa X 1 COOTBETCTBYIOIIEe
npupaniedue Ay GyHKRImMn y = 1g x, ecnn x namensercs or 1 go 1000.
822. Onpenennts Npuparenre Ax apryMeHTa X ¥ COOTBETCTBYIOIIee

npupaieHne Ay Qysknun y = % , ecnu x namensercd or 0,01 go 0,001.

823. IlepemenHaa x noaydaer mupupainiedue Ax. OnpefeanTb
npupamyesue Ay, ecian:

a)y =ax + b; 6) y = ax® + bx + ¢; B)y = a*.
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824. JlokasaTb, 4TO
a) A[f(x) + g(x)] = Af(x) + Ag(x);
6) A[f(x)g(x)] = g(x + Ax)Af(x) + f(x)Ag(x).

825. Yepes Toukn A(2, 4) u A’(2 + Ax, 4 + Ay) kpusoil y = x?
nposefeHa cekyuias AA’. Halitu yriosoit koadunneHT 310 cery-
wieit, ecau:

a)Ax = 1; 6) Ax = 0,1; B) Ax = 0,01;
r) AXx TIPON3BOJILHO MaJIO.

Yemy paBeH yrj0oBOi KO3(DHULMEHT KACATEJIbHOHN K JaHHON! KPH-
BOII B TOuKe A?

826. Otpesox 1 < x < 1 + h ocu Ox ¢ moMombio QyHKIUHN y = x°
orobparkaerca Ha ock Oy. OnpenenuTs cpefHuil Koaddunment pac-
TAYXKEHUA U POUBBECTY YMCIEHHBIM pacyeT, eciau:

a)h=0,1; 6) h = 0,01; B) h = 0,001.

Yemy paseH KOd(pDUIMEHT pacTAKEHHU IIPK 9TOM 0TOOparKeHNH
B TOuKe x = 17
827. 3aK0H ABMIKeHUSA TOUKU 110 ocu Ox naerca ¢popMyIoit

x =10t + 5¢2%,

rae t — BpeMA B CEKYHJaxX U X — paccrosinue B Merpax. Haiitu cpex-
HIOI0 CKOPOCTh JBUKEHUA 32 IpoMeKyTok Bpemenm 20 < t < 20 + At
U BBLIMIOJIHUTh YHCJEHHBIA pacueT, ecju:

a) At; 6) At = 0,1; B) At = 0,01.
YeMy paBHaA CKOPOCTH ABUXKEHUA B MOMEHT BpeMeHu ¢ = 207
828. Mcxonsa U3 onpeneseHUs IIPOU3BOLHOM, HeNoCpeaCTBEHHO

HAMUTH NIPOMU3BOAHBIE CIeAYIOIINX DYHKIUMT:

a) x%; 6) x°; B) 31-5 ; r) Jx;

n ¥x; e)tg x; ) ctg x;  3)arcsin x;

u) arccos x; K) arctg x.

829. Haittu (1), f'(2) u f'(3), ecnm
fx) = (x = 1)(x = 2)%(x — 3)*.
830. Haiitu f'(2), ecnin
f(x) = x% sin(x — 2).
831. Haiitu f'(1), ecnn

f(x) = x + (x — 1) arcsin /—x-
x+1
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832. Haiitu lim Mi—%ﬂ , ecau Gyuruud f(x) gudpdepeHnupy-

x—a
eMa B TOUKe d.
833. orkasars, uro ecau dyHruus f(x) guddepeHUpyemMa u
n — HaTypaJbHOE YKCJO, TO

lim n[f(x + ,1—1) — f(x)J = f'(x). (1)

n — o

Ob6parHo, ecau gaa GyHruun f(x) cyuiecrsyer npegera (1), to
MOXKHO JIX yTBEP2KAATh, UTO 9Ta PYHKIMA UMeeT IpousBoguyo? Pac-
cMoTpeTh npuMep pyskuun Hupuxse (cMm. 3agaqy 734).

Ilonp3ysace Tabmuueil TpOU3BOAHBIX, HANTU IPOU3BOLHBIE CJle-
AyIUX QYHKITHN:

834.y =2 + x — x?. Yemy pasno y’(0); u(%) 5 y'(1); y'(~10)?

x8 x2
835.y = 5 + 5 2x. Ilpn xaKUxX 3HAYEHUAX X:
a)y' (x)=0; 6)y'(x)=-2; B)yi(x)=10?
836.y = a® + 5a’x? — x°. 837.y= X*2,
a+b

838.y = (x — a)(x — b). y'(é) . 839. y =(x+ 1)(x + 2)*(x+ 3)3.

840. y = (x sin o + cos a)(x cos o — sin Q).
841.y = (1 + nx™)(1 + mx").
842. a)y = (1 — x)(1 — x%)*1 — x*?; 6) y = (5 + 2x)'%8 — 4x)*°.

843.y=;lc+—2-+§-.
ab
cd

x2 x3
844. loxazars opmyay

(ax + b)' _

Lex+d (cx+d)?’

Haiitu npounssogHble PyHKITMIL:

- _2x _l+x-—2x2

845.y= 17— 846.y = 2.
847.y= ——X | Ly = 2zx)@ -2

TV T o 848.y (1-x)2

849. y = L= 850, y = A=)

(1+x)9 1+x

851.y=x + Jx + ¥x. 852.y=1 + L 4 L
x Jx 3/x
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853.

855.

856.

858.

860.
862.
864.
866.

868.

870.

872.

873.
875.

877.

879.

880.

882.

884.

885.
887.

y=‘l/x‘—%-

y=1 +2x)J2+x2 %3+ x3.

y ="t -x)m(1+x)".

_ 1+ 2x8
V=i
y= Nx+x+Jx.

y = cos 2x — 2 sin x.
y = sin(cos?® x) - cos(sin? x).

y = sin[sin(sin x)].

_ cosx
y 2sinx
y= sinx — xcosx
cosx + xsinx
y=tgx— é tg? x + %tg%.

y = 43/ctg2x + 3/ctgdx.

y = sinfcos®(tg? x)].

t.gl

y=2*,

854.y = x.J1 +x2,
856. y = ™*&f(1-x)™(1+x)".

857.y= — ..
I e
859.y = 1

- JT+txi(x+ 1+ 2%)

861.y = N1 +¥1+%x.

863. y=(2-x%cosx+2xsinx.

865. y = sin” x cos nx.

_ sin2x
867.y ek

_ 1
869.y cos"x

— tgX — ctg®
871.y = tgZ - cteX.

874. y = sec? 5 + cosec? £,

876.y = e*".

878.y=e* (x% - 2x + 2).

-~ x2 . 2 -
y=[1 2x s1nx—£—l%)— cosx]e".

y=e"(1 + ctg g)

a2x asinbx — bcosbx

Jat+b?

y=e

881.y = In3 - sir;f+ cosx

883.y=¢e" + e¢ + e,

= @>oo-o

y=x + a* + a°" (a > 0).

y = In(In(In x)).

886. y = 1g3 x2.
888. y = In(In?*(In® x)).
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889.

890.

891.

892.

893.

894.
895.
896.
897.

898.

899.

900.

901.

903.

905.

906.

907.

908.

909.

910.

=1 -1 . —
y—2ln(1+x) 4ln(l-l-x) CTRETSh
_1 x2-1
y—41nx2+1.
-1 1 _xt
VT it e
I W B3
2J6  x.f3+.2
y= L Ipltx JE 1n1+xJ1€ 0 <k <1y

1-k  1-x  1-k  1-qx./k
y=AJx+1 ~In(1 + Jx+1).
y=In(x+ Jx2+1).
y=xlIn(x+ JT+x%)~ J1+22.

y=xln2(x+ 1+x2) - 2./1+x? ln(x+ 1+x2) + 2x.

y=g x2 + a2 +%21n(x+ x2+a2).

L gy Latxd (50 5> 0).
2Jab  Ja-xJb

y= 2530 T3 g Ledlogt,
X

- x = x4 T
y—lntgz. 902. y lntg(2+4).

y=1 ctg? x + In sin x. 904. y = In [Losinx
2 1+ sinx
COSX 1+ cosx
= - + In ,—— .
y 2sin?x sinx

o btacosx+ Jb2—a?sinx (0 < la| < [b)).

a+ bcosx

y=1

y=£(1n3x+3lnzx+61nx+6).
=1 a1 _-_1

y= 4x4 In x 16x4°

g(l—m)z+3ln(l+3 T+a?).

y=In E +ln(i + In —1-)]

X
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911. y = x[sin(In x) — cos(ln x)].
912.y = In tg g —cos x - Intg x. 913.y = arcisn ’—zc

1-x x2
914. y = arccos ——. 915.y = arctg —.
y 7 y g 2
916.y = 1 arcctg —“/2 917.y = Jx — arctg Jx .
ﬁ x
918.y=x + J1-x?% - arccos x.

919. y = x arcsin fl—x; + arctg Jx — Jx.
+

920. y = arccos }C . 921. y = arcsin(sin x).
922. y = arccos(cos’ x). 923. y = arcsin(sin x — cos x).
924. y = arccos /1 - x2. 925. y = arctg “—z .

926. y = arcctg (M) .

SInx — CosXx

- 2 a—b
927.y 7 arctg ( /a v

- x2 . 1
929.y arccos2(x)?’

tg%‘) (@a>b>0).

_ o 1
928. y = arcsin T

930.y = arctg x + % arctg (x%).

931. y = In(1 + sin? x) — 2 sin x - arctg (sin x).
_ 1

932.y = ln(arccos J—) .

X
xX+a a? x
y=1pn Xt&_ 4+ & te X,
933.y=1In =3 5 arcgb
X fgr_ 24+ @ in X > 0).
934. y 3 a?-x 5 arcsin . (a > 0)
_1 { 1)2 2x-1 1
935.y= =1 + L t
35.y 8 n x+1 ﬁarcg 7
936.y = L I ray2el 1 arctg “/_

4.2 x:-xJ2+1 2.2
937. y = x(arcsin x)® + 241 — x? arcsin x — 2x.

938. y = arccosx 4 11, 1-41-x%
' x 2 14Ji-x2
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939. y = arctg Jx?-1 — —0Z

Jxi- 1
arcsinx 1 1-x
Ly =aresinx 4 1, l-x
940. y Tioe 2 In T
1 x4—-x2+41 1 J3
W= =In=— - — .
941.y 17 n TE 2/ arctg Txt 1
942. y = ~ arcctg x°.

1+xt2

943.y=1n-#“/-3—c-—— + /3 arctg %

N1 +3/x +3fx? NE

944. y = arctg —>——.
1+4J1-x2
-2x
945. y = arcetg —2=2%X_  (a > 0).
2.Jax - x?
946.y = 3—;—95 N1-2x-2x% + 2 arcsin 1;; .
947.y = Dp¥lextrx 1 arctg Wlvaxt
4 4ffixi_y 2 x

948. y = arctg(tg? x).

1-x , 1, 1-4J1~-x2 .
X I 2. ’ + 1 + ./ 2 4 .
949 y X In 1+ 2ln1+m 1-x arcsin x

950. y = x arctg x — %ln(l + x)% - %(arctg x)%.

951. y = In(e* + J1 + e2%). 952. y = arctg(x + J1 + x2).
953. y = arcsin (—-S-ln#‘—s—ll‘f—) .

1 - cosacosx
954.y= _];_ In —___M + .1.. arctg .ﬁ
: 43  Jx*+2+xJ3 2 x
955.y = — arctg <42 _ L, Jlrxi-xf2
2./2 J1+x 4.2 JT+ x4+ 2.2
956_y = £___‘M — l arcctg _JE_“/_é_ .
1+x2 J2 1= x2
957. y = arccos(sin x? — cos x?).
958. y = arcsin(sin x? ) + arccos(cos x?).
959. y = ™ ***I" *[cos(m arcsin x) + sin(m arcsin x)].
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960. a) y = arctg ¢* — In EE%“ 6)y = 1314 ats

1

1

B) y = arcctg ; r)y = In®(sec 2 V).

ctgé
961l.y=x+x*+ x* (x> 0).
962.y = x* + x** + a** (a >0, x > 0).
963.y= %x (x> 0).
964. y = (sin x)°** + (cos x)>" *.
965. 1.y =(Inx)*: x™* 2.y= [__L__)arcsin sin’x ]mmzx .

arccos( cos2x)
966.y = log, e.
_ 1
967.y = In(ch x) + TR
_ chx _ x
968.y = 1L ln(cth 2) :

969. y = arctg (th x).
. L
970. y = arccos (chx) .

971.y = gx + ?—V“;‘bz arctg ( /Z;” th ’_2‘) 0 < bl < a).

+b
972. HaiiTu npousBoguyio GyHKIHK

y=1n(coszx+MJ’

BBOIA NPOMEXKYTOUHOE IIePeMeHHOe U = cos? x.

IlpueMoM, ykasaHHBIM B IpuMmepe 972, HaAWTH IIPOMIBOJHEIE
(QOYHKIMI:

973. y = (arccos x)? [lnz(arccos x) — In(arccos x) + %} .

974.y = larctg(‘ﬁ/ﬁ:?‘) LY xte 1
2 4 4f1yxi-1
_x2 . _x?
975,y = caresin(e™) | 1y, g _ g2y,
J1-e2e 2

x 1_ 2x _
976. y = ﬁg} - -i+—Z'2—x aI‘CCtg a x.
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977. HaiiTu IPOM3BOLHBIE U TOCTPOUTH rpaduKu GYHKIME U UX

MIPOU3BOAHLBIX, €CJIH:
a)y = |xf;

6) y = x|x|;

B) y = Injx|.

978. HaiiTi NpPOM3BOAHEIE CIAEAVIOUTNX (PYHKITHIA:

a)y = |(x - 1’(x + 1)°;

B) J = arccos L

)’

6) y = |sin® x};

r) y = [x] sin® nx.

HaiiTu n1pon3BoAHLIE M TOCTPOUTE I'paduKy QYHKI UM B UX NIPO-

M3BOAHBIX:
1-x mpu —00 < x < 1;
979.y=<(1-x)(2-x) mpul<x<2
—(2-x) npu 2 < x < +00,
_J(x-a)(x-b) mpma<x<b;
950y~ {0 BHe oTpeska [a, b].
I npu x < 0;
98L.y = <Jlln(l + x) npu x > 0.
arctg x npu |x| < 1;
982.y=1) Zognx+ 5_5_1 npu x| > 1.
et npwm x| < 1;
983.y =
i— npu |x| > 1.

984. IlpousBoaHas ot jgorapudma faHHON PYHKIUH [y = f(x) Ha-
3BIBAETCH N0ZaApUPMUUEcKol npou3sodnoil 370l QyHKIMK:

£(x)
f(x)

Haiita norapudmMudeckyo IPOH3BOAHYIO OT PYHKLMH I, €CIIH:
1-x x? 3-x

; 6) Yy = s/
l+x )y l—xq(3+x)2
B y=(x—a)"(x—ay)™...(x—a,)"; 1)y =(x+ J1 + x2)".

985. Ilycrs @(x) u y(x) — nuddepeHnupyeMble GYHKIMH OT X.
Haiitu nponsBogHyI0 0T QYHKIMH Y, €CJIH;

[

¥y -

d =
v dx In |f(x)] =

(f(x) > 0).

ay=x

a)y = Jo2(x) + yi(x); 6) y = arctg %;

B) y = *®y(x) (p(x) # 0; y(x) > 0);
1)y = logyy W(X) (@(x) > 0; y(x) > 0).
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986. 1. Haiitn y’, ecan:
a) y = f(x?); 6) y = f(sin® x) + f(cos® x);
B) y = f(e") - ™; r) y = A0,
rae f(u) — muddepernupyeMas QyHKIHA.
2. Haiitu f'(0), ecnu
f(x) = x(x ~ 1)(x - 2) ... (x — 1000).
987. llokasaTh cienyolilee Ipasuao quddepeHIIMPOBAHU OIpe-
AeNUTeNH 1-T'o IopAIKa:

’

fulx) fra(x) o Fra(x) fa(x) fra(x) o fia.(%)
fia(x) Frealx) oo Fra(x) =,; F1a(x) Flea(x) o faalx) |

fnl(x) fnz(x) [ fnn(x) fnl(x) fnz(x) fnn(x)

988. Haiitu F'(x), eciu

x-11 2

F(x)y=| 3 x 3

-2 -3x+1

989. Haiitu F'(x), ecnu

x x% x?

F(x)=11 2x 3x2

0 2 6x

990. an rpaduk dyHKuu. [IpubiankeHHO TOCTPOUTL I'padHK
ee IIPOM3BOTHOM.
991. IlokasaTrs, 4TO QYHKIUSA

x2gin L npu x # 0;
f(x) = x
npux =90

MMeeT PasphLIBHYIO IPOU3BOAHYIO.
992. Ilpu KakoM yCJIOBHH QYHKIIHS

x" sinl upu x # 0;
flx) = x
0 npu x =0

a) HenpepniBHA IpH X = 0;

6) nudbhepernupyema npu x = 0;

B) HMeeT HellpePHIBHYIO TPOM3BOAHYIO nipn x = 07
993. I1pu KAKOM YCJIOBHUH (DYHKIIUA

H m;—;npnx#O

f(x) =

npu x = 0
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(m > 0) numeer:
a) OrpaHMUYEHHYIO IPOU3BOHYIO B OKPECTHOCTH HAUAa/Na KO-
OpAHHAT;
6) HEOrpAHUUEHHYIO IPOU3BOIHYIO B 3TOM OKPECTHOCTH?
994. Haiitu f’'(a), ecin

f(x) = (x — a)p(x),

rape GvHKIUA O(X) HeIpepblBHA IPH X = 4.

995. [loxkasarb, YT0 GYHKIUSA

f(x) = |x = alo(x),

rpe @o(x) — HenpepblBHAA QYHKIMS U ¢(a) # 0, He UMeeT IPOU3BOI-
HOU B TOUKE Q.

Yemy paBHBI OLHOCTOPOHHME NPOU3BOAHEIe [ (a) u f;(a)?

996. IIoCTpONTHL IpHUMeD HeNpephBHON (MDYHKIMH, He HMeIollei
IIPOM3BOAHON B JAHHBIX TOUKAX: Ay, Ay, «vep -

997. Tlokasars, 4T0 PyHKIUA

f(x) = x*

cosgi (x#0) u f(0)=0

uMeeT TOUKU HegudpepeHIIUPYyeMOCTH B JIO00I OKPECTHOCTH TOUKU
x = 0, Ho AuddepeHEpyeMa B 2Tol TOUKE.

ITocTponTk 3CcKM3 rpaduka 3TOH (PyHKIMH.

998. ITokasarp, 4T0 GyHKIUS

x*, €CJIM X PauiIOHAJBHO;
f(x) = 0, €CJIM X MpPanoOHaNLHO,

HMeeT NPON3BOAHYIO JHUIIL OpH X = 0,
999. Uccanenosats Ha nudhepeHnupyeMGeTh Caenyolnie hyHK-
nUBu:
a) y = |(x = 1)(x = 2)*(x ~ 3)°}; 6) y = [cos x;
B) y = [n* — x¥ sin? x; r) y = arcsin(cos x);

x-1 2 <1:
myz% Lt mpafd< 1

tixf -1 npu x| > 1.

Hst pyrxnum f(x) onpefesnTh eByio NPou3BogHyIo [ (x) 1 npa-
BYIO IIPOM3BORHYIO [} (X), ecau:
1000. f(x) = |x|. 1001. f(x) = [x] sin nx.

1002. f(x) = x (x#=0), f(0)=0.
1003. f(x) = J/sinx2.

T
COs —
X
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1004. f(x) = —— (x # 0), f(0)=0.

1+e*
1005. f(x) = 1 - e+, 1006. f(x) = |In ||| (x # 0).
1007. f(x) = arcsin —2X_ .
1+ x2

1008. f(x) = (x —2) arctg x_}.z. (x#2), f(2)=0.

1009. 1. Ilokazats, uto pyHKUHA f(X) = X sin ch npu x # 0u f(0) =

0 menpepsiBHa IpH x =0, HO HE IMeeT B 9TOH TOUKe HY JIEBOM, HU IIPABOIL
[IPOM3BOJHOMH.

2. ITyctb xy — TOUKa paspwiBa 1-ro poma dyuruuu f(x). Beipa-
JKEeHUA

£ (%) = im f(xg+h) }—l f(x,-0)

fi (xp) = Jim f(xo+h) ;l f(xo+0)

HA3BIBAIOTCA 0000UjeHHbIMIL 00HOCTNOPOHHUMU (COOTBETCTBEHHO JIe-
BOH ¥ NPaBOil) npou3600Hbimu QyHKOUH f(X) B TOUKE X;.
Haittu 7 (x5) 1 f'(x,) B TOUKax paspuIBa X, Gyuknus f(x), ecum:

2 3
a) fla) = L2, 6) f(x) = arctg 11X ;
x 1-x
B) flx) = —.
1+ex
1010. ITycrs
x2, ecnu x < Xy;
flx) = {ax + b, ecnu x > x,.

Kak cnenyer nopobpath KoadpunueHTs! @ 1 b, 4ToObI GYHKIHA
f(x) Op1ya HellpepbIBHOHM U JuddepeHIPYyeMOoil B TOUKe X = x,7
1011. ITycts
f(x), ecan X < X,;
F(x) = ”
ax + b, eclu X > X,
rae dyukuua f(x) guddepeHnupyema ciaeBa Npu X = X;.

IIpu xaxoM BrIGOpE Ko dUIMenToB a 1 b pyHKuus F(x) 6yaer
HenpepwBHON U guddeperIHPyeMOHt B TOUKe x,?
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1012. Ha cermenTe a < X < b NOCTPOUTH CONPAXKEHHUE ABYX IIO-
NYIPAMBIX

y=k(x—a) (-0 <x<a) u y=~rhyx—-0b) (b <x<+00)
C IIOMOIIBI0 KyOHUecKoi mapabosrnl
y=A(x - a)(x - b)x - o),
rae napaMeTphl A ¥ ¢ OJJIEXKAT ONpejiesIeH HIO.
m?2

1013. Yacts KpHBOI i = o

(le > c) JIOTIOJHUTL ITapabosoit

y=a+ bx* (|x|<c‘)

(rme a u b — HeW3BeCTHHIe IlapaMeTpbl) TaK, YTOOBI IMONYUYMIAChH
raaxkas Kpusasd.
1014. Mo>XHO M YTBEPXKAATh, YTO CyMMa

F(x) = f(x) + g(x)
He UMeeT TPOU3BOAHOM B TOUKE X = Xy, €CJIH:
a) PyHKuuA f(x) UMeeT IPOU3BOAHYIO B TOUKE X, a PYHK-
uua g(x) He uMeeT NPOU3BOAHON B 3TOM TOUKE;
6) o6e pyurupu f(x) 1 g(X) He UMeIOT IIPOM3BOLHOM B TOUKE X7
1015. Mo>KHO JIM YTBepPXAAaTh, UTO IIPOU3BEICHHE
F(x) = f(x)8(x)
He uMeeT IPOU3BOJHOM B TOUKE X = X, €CJIH:
a) GyHKUIHA f(X) UMeeT IPOU3BOLHYIO B TOUKE X, & PYHK-
U g(x) He UMeeT IPOM3BOLHOI B 5TOM TOUKE;
0) obe dyHKIMH f(X) 11 §(X) He HMEIOT IPOM3BOLHOI B TOUKe X7
Paccmorpers npuMephI:
a) f(x) = x, g(x) = |x[;  6) f(x) = |, &(x) = |«|, rme x, = 0.
1016. Yro MokHO ckazaTh 0 AuddepeHINPYEMOCTH HDYHKITHHT
F(x) = f(g(x))
B JAHHOI TOUKE X = X,, eCJH:
a) yHruua f(x) ©1MeeT IPOM3BOAHYIO B TOUKE X = g(X,), a
dbyHKUIMA g(x) HEe HMeeT IPOM3BOAHOM B TOUKE X = X;;
6) byHKIUA f(x) He UMeeT NPOU3BOAHOMN B TOUKe X = g(X,),
a pyHKIuA g(x) KMeeT IIPOM3BOAHYIO B TOUKe X = X,;
B) GYHKIHUA f(X) He HMeeT IIPOU3BOLHOM B TOUKe X = g(X;)
1 GyHKIUA g(X) He UMeeT IPOU3BOLHOM B TOUKE X = X7
Paccmorpers npuMepsI:
a) f(x) = x%, g(x) = |xf; 6) f(x) = |x], g(x) = x%

B) f(x) = 2x + |x|, g(x) = gx - %le, rae xo = 0.
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1017. B kakux Toukax rpaduk GyHKIHUH
y=2x+ ¥sinx
uMeeT BePTHKAaJbHBEIE KacaTelbHble?
ITocTpouTh 3TOT FpadukK.
1018. Moxxet nu GyHKIHA f(X) B TOUKe ee pa3pbIBa UMETh:
a) KOHEYHYIO TPON3BOAHYI0; 6) 6eCKOHEUHYIO IPOU3BOAHYIO?
PaccMoTtpers npuMep: f(x) = sgn x.
1019. Ecin dyurunua f(x) nubdepeHninpyeMa B OrpaHHYEHHOM
uHTepBaiue (a, b) u
lim f(x) = oo,
x—a
TO 00s13aTEJILHO JTH
1) lim f/(x) = o0; 2) lim [f'(x)] = +c0?
x-ra x—a
1
x
1020. Ecnu ¢pysxuuda f(x) auddepeHnupyeMa B OrpaHMYeHHOM
uHrepsaJse (a, b) u

Paccmotrpers npumep: f(x) = = + cos i npu x — 0.

lim f(x) = oo,

TO 06SL3aTEJILHO JIH
lim f(x) = o0?
xX—a
Paccmorpers npumep: f(x) = 3/x npu x — 0.
1021. Tlycts dyHrnua f(x) npuddepeHnupyeMa B HHTepBale
(x4, +o0) m cymectByeT lim f'(x). Cnenyer nu oTcrona, 4To CyIecT-
x— 400
Byer lim f'(x)?

x— oo

PaccMoTpeTh IpuMep: f(x) = sinxg x?)
1022. Ilycts orpannuenHas GyHKIHUA f(x) nuddepeHnupyema B
uHTepBane (X,, +0°) u cymecrsyer lim f(x). Cienyer ju orcioaa,
x — 00

uTO cywecTByer lim f(x) KOHeUHBIH MK GECKOHEUHBIN?

X — 00
PaccMoTperh npumMep: f(x) = cos (In x).
1023. MoxxHO 1M modneHHO auddepeHIMPOBATL HEePaBEeHCTBO
Mexny QYyHKIHAMH?
1024. BriBectn GOpMYIABI LIS CYMM!
a)P,=1+2x+3x*+ ...+ nx"" 1,
Q,=12+ 2% + 3% + ...+ n®x" " Y
Vkazanue. Pacemorpers (x + x% + ... + x).
6) S, =sin x + sin 2x + ... + sin nx,
T cos x + 2 cos 2x + ... + n cos nx.

1

n
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1025. BeiBecTH GopMyay AJS CYMMBI:
S,=chx+2ch2x+ ...+ nchnx.

Vrkasanue. S,=(shx+sh2x+..+shnx).
1026. ITonb3ysAch TOMKAECTBOM

inx
cos-;-c cosi ... COSZ =—S—1—x—,
2" 2"sin=

2

BBEIBECTH (DOPMYAY A3 CYMMBI:
1 x 1 x 1 x
S, ==tg=z+=tg=+..+—=tg=.
n= 3 g 5 1 g 1 2" g o

1027. JoxasaTh, 4YTO IPOU3BOAHAS YeTHOH aupdepeHnupyeMoi
OYyHKIME ecTh QYHKIUA HedeTHAS, a IPOM3BONHASA HEeUeTHOH aud-
¢epeHIUPYEeMON PYHKIMH €CTh PYHKINA YeTHAA.

Jdats reoMeTpHYECcKY0 MHTEePIpEeTaIHIo 3TOro haKTa.

1028. TokasaTb, 4TO Npous3BogHAA AUDDEPEHIUPYEMO IIepPHO-
AUYeCKOH (hyHKIIMH ecTh QYHKIMA CHOBA IIePHUONUYeCKad C TEM JKe
IepPHOIOM.

1029. C xakoii CKOPOCTHIO BO3PACTAET IIJIOIIAAb KPyra B TOT MO-
MEHT, Korja paguyc atoro kpyra R = 10 cM, ecsi paguyc Kpyra pac-
TeT PABHOMEPHO CO CKOPOoCThI0 2 cM/c?

1030. C kaxoit CKOPOCTHIO M3MEHAIOTCS TUIOIANE U JUATOHAJb DS -
MOYT'OJIBHHKA B TOT MOMEHT, KOI'la OfHa CTOpoHa ero x = 20 M, a xpyras
cTopoHa y = 15 M, ecnu o/lHA CTOPOHA NIPAMOYFOJBHUKA YMEHbIIAeTCA
€O CKopocThio 1 M/c, a Apyrast BO3PACTaeT CO CKOPOCTHIO 2 M/c?

1031. I3 ogHOTO M TOTO K€ IIOPTAa OJHOBPEMEHHO BBIIILJIHN Iapo-
X0 A B HAampaBJIEHHU Ha CeBep M NapoxXon B B HanpaBJeHHAH HA BOC-
TOK. C KaKO! CKOPOCTHIO BO3PACTAET PACCTOAHYE MEXKAY HUMHU, €CJIN
CKopocTh napoxona A pasua 30 KkM/d4, a napoxoxa B pasHa 40 kM/4?

1032. TIycts

X, ecn 0 < x < 23
f(x)_{Zx -2, ecan 2 < x < +00,
u S(x) — nnomaas, orpaHHYeHHAA KPUBOH I = f(x), ocklo Ox u nep-
MeHJUKYJIApoM K ocH Ox, IPOBeeHHELIM B ToOUKe X (x 2 0).

CocTraBUTh AaHAJHNTHYECKOE BblpakKeHme GyHKumu S(x), HANTH
POM3BOAHYIO S’(x) u mocTpouts rpaduk GyHKnum y = S’(x).

1033. @ynknua S(x) ects NJI0LIANb, OTPAHHYEHHAA AYTOH OK-

pyXHoCTH J = Ja?- x2, ocbko OX 1 AByMS NEPIEHAMKYJIAPAMH K
ocu Ox, IpOBeIeHHBIMHU B TOUKax 0 1 x (lxl < a] .

CocraBuTh aHANIUTHUYeCKOe Bhlpaskenue byHkium S(x), HailTH
IPOU3BOAHYIO S’(X) M MOCTPOUTH I'PAPUK ITOH NPOU3BOTHOI.



§ 2. Ilpouasoaubic 06paTHON QYUKIKH, GYNKLUN, 3aJa1HOMR IIapaMCTPpHUYECKH 99

§ 2. IIpoussoaHbie OOpaTHOU (DYHKIMH,
dbyHKIUHK, 3a7aHHON MapaMeTpPHYecKH,
M (PYHEIMM, 3aJaHHONH B HEABHOM BHE

1. lIpoussomyHana obGpatHoil dyuxpun. [Juddeperuupyemaa pyHruusa
y = f(x) (a < x < b) c npousBogHoii f'(x) # 0 UMeeT OAHO3HAYHYIO Hempe-
pbIBHYI0 006paTHYIO DYHKIMIO X = f(y), npruem obpaTHAA HYHKUUA TAKKe
gubdepeHUpyeMa 1 cupasefinsa Gopmysia
X, = i,
Yx

2. Miponspoguas ¢Ppydkuun, 3axaHuoll mnapamerpudecku. Cucrema
ypaBHeHUR

(a<t<b),

x = @(t),
y =),
rae o(t) m y(t) — auddepenurpyemste GyHruum u ¢'(t) # 0, onpexensert y
B HEKOTOPOU 00JIaCTH, KAK OAHO3HAUHYIO Au(hepeHIupyeMY 0 (DYHKILUIO OT X'
y = (e (%),
npuyeM MPOU3BOAHAH 3TON (DYHKIMH MoKeT OblTh HalifeHa no popmyne
Y~ ;7 .

3. IlpouspoaHas (PyHKUMM, 3aAaHHOH B HeaBHOM Buje. Ecinu mudde-
pernupyeMasi GyHKUUA y = y(x) yAOBJIETBODAET yPABHEHUIO

F(x, y)=0,
To npouaBogHan y’ = y’(x) 9T0H HeABHOM (PYHK LU MOXKeT ObITh Hai/IeHa U3
yDaBHeHUA
d
— [F(x, =0,
= [F(x, y)]

rae F(x, y) paccMaTpUBaeTCA KAK CHOXKHAA (YHKIUA IepeMeHHOH’ x.
(Bosee moapo6Ho 0 Jud)pepeHIMPOBAHNM HEABHBIX (PYHKIMI cM. pasz. VI, § 3.)

1034. TIorasats, 4TO CyILIECTBYET OGHO3HAYHAA QYHKUHA J = y(xX),
onpenenseMas ypaBHeHHEM
y* + 3y = x,
U Ha¥iTH ee IIPOMBBOLHYIO Ify.

1035. [lokasaTrh, UYTO CYIIECTBYeT OZHO3HAYHAg (QyHKIUA
y = y(x), onpenensemas ypaBHeHHEM

y—esiny=x (0<e<1),

¥ HAUTH IIPOU3BOJHYIO Y.
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1036. OupenpesuTts 06/IACTH CYIIIECTBOBAHMSI 00pATHBIX (PYHKH U
x = x(y) ¥ HAaWTH UX NPOHUIBOLHLIE, ECJIN:
aAyy=x+Inx (x> 0) 6)y=x+ €%
B) y = sh x; r)y = th x.
1037. BrIiesiuTh OHO3HAUHbIE HeIPePLIBHBIE BETBH 00PATHBIX
byHRUUR x = x(y), HAHTH UX TPOU3BOLHLIE M IOCTPOUTH IpadUKH,
eCJIH:

2 4 x2 —x ~2x
= _ ; = e ; = 2 —_ .
a)y=2x"—-x% 0Oy oo B)Y e e
1038. ITocTpouts 3cku3 rpapura GYHKINK y = y(x) U HANTH Ipo-
u3BOAHYIO Y’ (X), ecnm: x = —1 + 2t — %, y = 2 — 3¢ + £*. Uemy paBHa
y'{x) mpu x = 0 u npu x = —1? B Kaxko# rouxe M (x, y) mpoussogHas
Yy [(x)=0?

Hatiti npousBogHble Y, (TapaMeTpbl MOJOMKUTENbHBL), €Cu:

1039. x = 3/1 - /2, y=A1-3/t.

1040. x = sin® ¢, y = cos® t.
1041. x = a cos t, y=bsin t.
1042. x = a ch ¢, y="bsht
1043. x = a cos® ¢, y=asin® ¢
10d4d. x=a(t —sin ), y=a (1l - cos?).
1045. x = €?! cos? t, y = e* sin? t.

. ¢ 1
1046. x = arcsin Niveth y = arccos Nierh

1047. ITorasaTts, 4T0 QYHKIUA Y = y(X), ompenesseMas CHCTe-
MO¥ ypaBHeHHIT
x=2t+t], y=>5+ 41t

muddepernupyema npu ¢ = 0, HO ee MPOU3BOLHANA B TOH TOUKe He
MoeT OBITH HalifieHa 110 06BIYHOI hopMmye.

Haiitu npousBojgHEIE ), OT clenyoimuX HYHKIUH, 3aJaHHbIX B
HesIBHOM BHJE:
1048. x? + 2xy — y*= 2x. Yemy paBuo y’ npu x =2u y=4 n
npux=2uy=0?
1049. y? = 2px (mapabosa). 1050. Z—j + g; = 1 (amnmic).
2 2 2

1051. J/x + Jy = Ja (mapaona). 1052. x% + y3 = a® (acTpomna).
1053. arctg % =In J/x2+ y? (orapHpMHUYECKAR CIHPAJD).
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1054. Haitru y’,, ecau:
a) r = a@ (cnupaJss Apxumesna);
6) r=a (1 + cos @) (kapguonga);
B) rr = ae™? (norapudMudecKas CIIUpaib),

roe r= Jx2+y? u ¢ = arctg Y _ nonapHble KOOPAHHATEHL
X

§ 3. 'eomerpudecKuil CMBICJ IIPOM3BONHOM

1. YpaBHeHHNs KacaTeJbHOH M HOpMaju. Y paBHeHus kacameavHoit MT
u nopmanw MN k rpadpury aud@depeHnupyemoit GyHKuuu y = f(x) B TOUKe
ero M (x, y) (puc. 7) COOTBETCTBEHHO UMEIOT BU/I:

Y_‘[/:!/I(X_x)x
Y-y =3 X -,
Y

rae X, Y — texy1iiue KOOpAUMHATHL KacaTenbHOHN WK Hopmany, ay’ = f'(x) —
3HayeHue MPOU3BOAHOU B TOUKE KaCaHUA.

2. Orpe3kn kacarenpbHOM W Hopmanu. [[as 0Tpe3KoB KacaTeabHOH U
Hopmanu: PT — moxxacatenbnas, PN — nopnopmans, MT — KacaTesb-
Hasg, MN — Hopmanb (puc. 7); yuuTeiBas, 4To tg o0 = y’, Hoay4aeM CJaexyIo-
e 3HAaYeHUA:

PT = ’l/-> , PN =lyy’,
y
J1+y'2, MN=|yJ1+y'2.

3. ¥Yron mesxay KacaTeJbHOH M PaJMyCOM-BEKTOPOM TOYKH KAaCaHHUA.
Ecnu r = f(¢) — ypaBHeHUe KPUBOI B IOJAPHOI CUCTEME KOOPAUHAT U 5 —
yrona, obpasoBaHHbIM KacaTenbHoi MT u paauycom-ekTopoM OM Touxu
kacanua M (puc. 8), To

MT=’i'
y

tgp= 3.
-
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1055. Hanncars ypaBHEHUA KacaTeJbHOH M HOPMAaIN K KPHUBOMI
y=(x+1)3%3-x
B Toukax: a) A (—1; 0); 6) B (2, 3); B) C (3, 0).
1056. B xaknxX TOYKaX KPUBOU
y=2+x - x*
KacaTejbHasA K Hell:
a) mapanyenbHa ocu Ox;

6) napayiensHa GHCCEKTPHCe NepBOro KOOPAMHATHOrO yria?
1057. Jora3aTs, yro napaboiua

y=alx—x)(x—-x5) (a#0,x <xyp)
nepecexkaer ocb Ox moy yraamu o u B (0 <o < g, 0<fB< g),
PaBHLIMH MEXXLY COGOM.
1058. Ha xpuBoit
y=2sinx (< x<m
OTPENIeIUTh T€ YHACTKH ee, Te «KPyTH3Ha KPUBOi» (T. €. |y’|) upe-

BBHIILIGET 1.
1059. ®yuxnun

y=x u y,;=x+ 0,01 sin 10007x@
OTJINY&IOTCA APYT OT ApyTra He 6oabine yem Ha 0,01. YTo MokHO cKa-
3aTh O MAaKCHMAJbHOM 3HAYEHUHM Pa3HOCTH IIPOM3BONHBIX JTHUX
PyHRIMIA?
ITocTpouTh COOTBETCTBYIONUIHIE I'PAPUKH.
1060. ITog xakum yriom KpuBasg

y=1nx
nepecexaer ocs Ox?
1061. Ilox xakMmMK yriaMu NepPeceKaTcsa KPHUBbIe
y=x% u x=y??
1062. ITog xakUMM yrjaMy NePeceKaloTesa KPUBLIe
y=sinx wu y=cos x?
1063. 1. IIpu xakoMm BrIOOpE MapaMeTpa n KpuBasd
y=arctg nx (n>0)

nepecekaet ock Ox nox yryaoMm, Soabmum 89°7?
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2. IToxasaTsb, uro kpusasa y = |x|* kacaercs,
a)ocu Oy uipn 0 < o < 1;
6) ocu Ox ipu 1 < @ < 400,

3. IToxkasarn, uTo gna rpaduxka QyHKIUN

lx[*,  ecmmo#0, x#0;
¥=, ecau x = 0,

[IpefeabpHoe IIOJIoXKeHNe ceKkyuiei, mpoxonauiell yepes Touxky A (0, 1),
ects ock Oy.
1064. OnipegenuTs yros MeXay JIeBOM M IIPaBoil KacaTe bHBIMU

K KpHUBOil: a) y = 41 -e-9"* B Touxke x = 0; 6) y = arcsin

B Touke x = 1.
1065. IToxasaTs, yTo KacaTeabHas K JOrapuMUIeCKOl CIIupant

+ x2

r= qe™®

(a m m — nocroanHble) 06padyeT NOCTOIAHHBIN yIroJ ¢ pagiuyCcoM-BeK-
TOPOM TOYKH KacaHud.
1066. OnipenennB fINHY NMOAKACATEILHON K KPHUBOKI

y = ax”,

[aTh CIIOCOH ITOCTPOEHNA KACATEeIbHON K 9TOH KPHBOM.
1067. lokasaTp, uTo y napadbosibl

y? = 2px:

a) nogxacaTeJbHAs paBHA YABOEHHOH aGciucce TOYKH
KacaHusd;
6) mogHOPMAaJb OCTOAHHA.
Hats criocob mocTpoeHuA KacaTeJpHOM K rmapatose.
1068. [lokasaTs, 4TO NMOKa3aTeJbHAd KPHUBAd

y=a* (a>0)

HMeeT IOCTOAHHYIO MOoAKACATEeNbHYIO. [JaTh croco6 MocTpoeHnsa Ka-
caTeJIbHOHN K Moxa3aTeJbHOH KPUBOIL.
1069. Onpepenurs AIMHY HOPMAJHU K IEMTHOA JUHUUA

= hx
yaca

B 106011 ee Touxe M (x;,, yg)-
1070. Joxasars, UTO y acTPOUABL
2 2 2
x3+y3 =a®* (a>0)
ANHH&a OTPe3Ka KacaTe bHOM, 3aKII0UEHHOTO MEeXAY OCIMHI KOODAU-
HAT, eCTh BEJIUUYMHa [IOCTOSHHASM.
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1071. IIpu KaKOM COOTHOWIEHHUHU MEXAY KoaddUIHeHTaMu a, b
u ¢ napabosa
y=ax®+bx+c
Kacaercs ocu Ox?
1072. IIpu xaxom ycaoBun Kybuuecxkad napabosa
y=x>+px+q
kacaercsa ocu Ox?
1073. IIpn xakom 3HAUYEHUU IapamMeTpa @ napabdoiua
y = ax?
xacaerca KpuBoil y = In x?

1074. Joxasars, 4To KPUBLIE, y = f(x) (f(x)>0), y = f(x)sin ax,
rge f(x) — puddepeHuupyeMas QyHKUUA, KACAOTCA APYT Apyra B
o0L[MX TOUKAaX.

1075. Ilokasars, uTo ceMelicTBa rulepHos

-y’=a, xy=">b
00pa3yIoT OpmoOzZOHALLHYI0 CeMKY, T. €. KPUBbIe 3THUX ceMeHCTB le-
pecexaioTca IMoJ NPAMbIMHU YriIaMHu.

1076. [ToxasaTs, uro ceMeiicTBa napa6oJ

y'’=4a(@a-x) (a>0)

y?=4b(b+x) (b>0)

00pa3yIoT OpTOTOHAJILHYIO CETKY.
1077. Hanucarp ypaBHeHNA KAcaTeJbHON M HOPMAJIHN K KPHUBOIL
x=2t-t% y=3t-1
B Toukax: a)t=0; 6)t = 1.
1078. Hanucarp ypaBHEHIA KacaTeJbHON 1 HOPMAIHU K KPHUBOM

2t + 2 2t —t2
x = s =
1+1¢3 y 1+

B TOUKax: a)t=0;6)¢t=1; B) t = 00,
1079. Hanucars ypaBHeHNe KacaTeJdbHOM K HUKJIONALE

x=a(t—-sint), y=a(l -—cost)
B [IPOM3BOJIbHOM TOUKe { = {,. [laTh criocob nocrpoeHnsa KacaTelbHoi
K LUKJIOHJE.
1080. JokasaTh, uTo TpaxTpHUca

x=a(lntg%+cost}, y=asint (a>0,0<t<mn)

UMeeT OTPe30K KacaTeJbHOUW IIOCTOAHHON JJIUHEI.
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HanucaTh ypaBHEHNA KaCaTeIbHOW U HOPMAJM B 3aJaHHBIX TOY-
Kax K c.rre;:y}omnm KDHUBLIM:

2 L/_ ;
1081. 100 + 1, M (6; 6,4).

1082. xy + ln y=1, M(1;1).

§ 4. Judpepenuuan GpyHKIUN

1. Iuddepenuunan dyuxnuu. Ecnn npupamenue GyHruuu y = f(x) or
HEe3aBUCUMOI TepeMEeHHON X MOKeT OBITh IPeACTABICHO B BUJE

Ay = A (x)dx + o(dx),

rae dx = Ax, To NTMHeHHASA YaCTh 3TOr'0 IPUPAIeHUA Ha3bIBaeTca dudepeH-
yuaroM QyHKyUU y:
dy = A (x)dx.

s cyiecrBopanus gudpepeHuaia GyHKOUU y = f(x) Heo6XoxUMO U foCTAa-
TOUYHO, UT00BI CYIIECTBOBAJIA KOHEYHAs ITpou3BogHas y' = f(x), mpuueM umeeM:

dy = y'dx. 1

Popmyna (1) coxpaHsAeT CBOIO CUJIY U B TOM Cjyuae, €CIU IlepeMeHHAsd

x aBagercd (QPyHKIUEH oT HOBOU He3aBUCHMOI ImepeMeHHOU (cgoiicmeo
UHBAPUAHMHOCMU NnepBoz0 dupdeperyuana).

2. Ouenka mansIx npupamiesni ¢pyukumun. [[as mogcyera MaakIX Ipupa-

uenni auddepennpyemoit GyHKIUM f(x) MOMKHO IONBE30BATHCA GOPMyI0Oit

flx + Ax) - f(x) = f'(x)Ax,

OTHOCHUTEIbHAA MOTPELIHOCTh KOTOPOH CKOJIb YTOXHO Maia P JOCTATOYHO
mamoM |Ax], ecnu f'(x) # 0.

B uyaCTHOCTHM, €CJIM He3aBUCUMAsA NepeMeHHasd X OIpene]asieTcs ¢ mpe-
JlenbHOM aBCOTIOTHOM TOrPeIIHOCTBIO, PABHOM A,, TO A, ¥ §, — IpejenbHbIe
aBCOIOTHAA U OTHOCHTENbHAA NOTPELIHOCTH (])ymcu,nn y= f(x) — npubau-
JKEHHO BBIPAMAIOTCH CIeLYOMUMI (OPMYIaMu:

=W, u §,= % A

X

1083. [Insa pyHKIIIH
flxy=x%-2x+1
oupepenutsh: 1) Af(1); 2) df(1) u cpaBHUTH UX, €CIH:
a) Ax = 1; 6) Ax = 0,1; B) Ax = 0,01.
1084. YpasHenne ABuXKeHUA JaeTcs QopMyi0i
x = 5t%
rfe ¢ BRIpa)Kaerca B CEKYHAAX U X — B METpPax.

Hia moMeHTa BpeMeHHU { = 2 C ONpegeJnuTh Ax — IpHpaleHue
nyrn u dx — pguddepeHnuas NyTH X CPABHUTH UX, €CJIH:

a)At=1c¢; 6) At =0,1 c; B) At = 0,001 c.
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Haditu guddepennan GyHKIUHA Y, €CIN:

=1 =1 X #
1085. y e 1086. - arctga (a#0).
1087.y=21—aln x—al 1088.y =InJx + JxZ+al.
x+a

1089. y = arcsin ;—C (a # 0).

1090. Haiitu:
a) d (xe%); 6) d (sin x — x cos x);
1), Inx).
B)d(ﬁ), p)d(ﬁ),
d (Ja?+x2); d|—2=|;
m) d (JaT+ x2) e) (m)
) d In(1 ~ x%); 3)d (arccos é),

u)d [——Smx + L1
2cos?x 2

of5+5)]-

Ilyers u, v, w — auddepeHupyemMble QyHKIINE or x. Haiitn
mnddepernuan GyHKIAA Y, €CIN:

1091. y = uvw. 1092. y = Uiz .
1 u
1093.y = . 1094. y = arctg =.
y Tt y g3
1095. y = In Ju?+ 02,
1096. HaiiTu
d 3 _ 6.6 _ 0. d (sinx\ .
) g (<7 — 2% — ), 6) d(xz)[ : )
B) dgsinxz; r) d{tgx) .
d(cosx) d(ctgx)
d(arcsinx)
n) 3 .
(arccosx)

1097. B xpyrosom cekTope pasuyc R = 100 cM u 1eHTPAIbHbBIH
yroa o = 60°. Hackonbko u3MeHHUTCS MIOIIALDL 3TOTO CEKTOPA, ECIH:
a) paguyc ero R ysenuuurs Ha 1 cMm;
6) yron o ymeHbINTS Ha 3077
Hates TouHOe M NpUOINIKEHHOE pelleHus.
1098. Ilepron KosebaHUs MaATHUKA ONpefesseTcsa 1o GopMye

T=2ng,
g



§ 4. Duddepenunan ynkunu 107

rae | — AnuHA MasTHuka 1 g = 9,8 m/c? — yckopenue cBoGogHOrO
pnagesHusd.

HacKoJbKO HY?KHO U3MEHUTDL BJNHY MaATHUKa [ = 0,2 M, 4ToOLI
nepuon T yeBenmmunica va 0,05 c?

3aMeHAda npupauleHne yHkunu auddepeHnuaiom, Hal T IpH-
OAMIMKEHHO Clleyoniue 3HAUeHN A:

1099. 3/1,02. 1100. sin 29°.
1101. cos 151°. 1102. arctg 1,05.
1103.1g 11.

1104. 1. Jokasarb npubamkeHHyo GopmMysry
Ja? ~a+ X (a>0),
al+x =a 5a (a >0)

rzae x| € a (cootnHomenne A K B MexAy NOJOMXATeNbHLIME A 1 B
oszHauaer, 4to A BecbMa M&I0 II0 cpaBHeHHIO ¢ B).
C nomo1nsio aroit GopMyJbl IPUOJIUIKEHHO BRIUUCIUTS:

a) /55 6) /34 ; B) 4/120

U CPABHUTH ¢ TABIUUHLIMY JAHHBIMU,
2. Hoxasatrs dhopmyny

A/az+x=a+§% =r(a>0,x>0),

2
rae 0 <r< _x__;
8a’

1105. [Torasars NpubIMKeHHYIO HOpMyTy

a"+x = a+ ’fl_l (a > 0),

na

rae x| < a.
C moMouib10 3Toi (POPMyJIkl IPUOINIKEHHO BBIYNCIUTD:

a) 3/9; 6) 4/80 ; B) /100 ; r) 19/1000 .

1106. Cropona kBagpara x = 2,4 M+ 0,05 M. C kakuMu nIpegeib-
HO¥ abCOMIOTHON U OTHOCHTENBHON MOrPEMIHOCTAME MOXKHO BBIYHIC-
JIATH ILJIOIEALbL 3TOTO KBajpara?

1107. C xaxoii OTHOCHUTEIBHOU NTOrpeIllHOCTHI0 JOMYCTIMO 3Me-
purs paguyc R mapa, uTo0bl 00'5€M €T0 MOKHO GbIJIO ONIPEeAESHUTH C
TOYHOCTBIO 0 1% ?

1108. [lna onpegeneHus YCKOPeHUs CBOOOAHOTO NMajeHUA ¢ IO-
MOUIBIO KOJeGaHNA MaATHNKA II0Jb3YIOTCA QOPMYJIOR

. 4n?l
7T
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rae | — pgnuHa MaATHuUKa, 1T — nepuop ero xonaebauwmii. Kax orpa-
3UTCA Ha 3HAUEHHM £ OTHOCHUTEJbHAA MMOrPELIHOCTH O IPH u3Mepe-
HUMH: a) fauHbl [; 6) nepuoga 17

1109. Onpepeaurs a6COMIOTHYIO MOTPEIIHOCTh AECATUYHOIO JIO-
rapudma uncaa x (x > 0), ecqu OTHOCHUTENbHAA OTPEIIHOCTD 3TOr0
YHCJIa paBHa O.

1110. Jokasars, 4To yrisl 1o JorapudMuUUuecKoi Tabiauie TaH-
IFeHCOB ONpeJeRA0TCSa TOUHee, UeM 1O JorapudMudecKoll Tabiauie
CHHYCOB C T€M K€ CaMbIM YHCJIOM TECATUUHBIX 3HAKOB,

§ 5. IIpousBomuble n AU pepeHuabl BRICHINX HOPAAKOB

1. OcroBHble onpenenenus. [Ipousgodisie blcULUX NOPAOKOEB OT PYHK-
nuu y = f(x) onpeaensaoTcs Mocae 0BaTeNbHO COOTHOUEHUAMY (IIpefrona-
rasd, 4To COOTBETCTBYIOLIME OTIepalMU UMEIoT cMbIC!):

Fx) = {f" " Nx)} (n=2,3,..).

Ecnu QyrkIus f(x) uMeeT HenpepbIBHYIO TPOU3BOAHYIO [(x) Ha uH-
Tepsane (a, b), To kparko nuiuyT: f(x) € C (a, b). B uacrrocTty, ecau f(x)
MMeeT HellpephiBHbIE IPOU3BOAHLIE BCEX MOPALKOR Ha (a, b), To yrnoTpebasa-
ercqa samuck: f(x) € C (a, b).

Hugpepernyuanrvt svicuiux nopadros or GpyHKUMU y = f(x) nocienosa-
TEJILHO ONpenendoTes QopmMmyaamMmu

d'y=dd" " 'y) (n=2,3,..),

rae npunaro d'y = dy = y’dx.
Ecnu x — HesaBuCUMAasd ePEMEHHAs, TO [0IATAIOT:
d?x = d’x = ... = 0.

B atom cnyuae cnpaeequBbl HOPMYJIbI

d'y = y"dx" u y" = d'y .
dxn
2. OcHoBHbIE OPMYNBI:
1. (@)™ =a*1In" a (a > 0); (e)™=e*.

1. (sin x)™ = sin (x + EZE) .

I1L. (cos x)M = cos[x + %) .

Iv. ™M™ =m(m-1)...(m-n+ 1)x" "

V. (In x)" = M X

xll
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3. Dopmyna Jleitounua. Ecnu pyHruun u = @(x) 1 v = y(x) UMeIOT npo-
U3BOAHBIE 1-r0 TlopAaKa (n-KpaTHo guddepeHUPyeMbl), TO

n .
i .
(uv)(n) =§ C” upln l),
i=0

rae u'® = u, v = v u C{, — yucno coueTanuit U3 n 3MEMEHTOB 1O i.
Ananoruuso gna guddepernuana d"(uv) nonyyaem

n B
P
d"(uv) = z C,d" 'ud',
i=0
rze nonoxeno d’u = u u d% = v.

Haittu y”/, ecnu:

1111. y = x/1 + x2. 1112. y = —X .
Y VT e
1113,y = e%. 1114. y = tg x.
1115. y = (1 + x?) arctg x. 1116. y = 2Lcsiny
! Ny
1117. y = x In x. 1118. y = In f(x).

1119. y = x [sin (In x) + cos (In x)].
1120. Haitru y(0), y'(0) n y"’(0), ecn

y = e*" ¥ cos (sin x).

IIyers u= o(x) B v= Y(x) — xaBaskxabl auddepeHnUpYeMble
dyuxuu. Hatitu y'’, ecnu:

1121. y = u?. 1122.y=1In ¥,

1123. y = Ju? + v2. 1124. y = u’ (u > 0).
Ilycrs f(x) — Tpuxasl suddepennupyemas pyaknus. Haiitm y’’

rrr

uy'”, ecnn:

1125. y = f(x?). 1126. y = f(}c) .

1127. y = f(e"). 1128. y = f(In x).
1129. y = f(¢(x)), rge ¢(x) — gocTaTouHOE YHCIO pa3d guddepeH-
uupyeMas GYHKIIAA.
1130. Haittu d%y nnsa pyHxum
y=e
B ABYX CJy4YadAX:

a) x — HesaBHUCHMAasA IlepeMeHHad;
6) x — NPOMEXXYTOUHBII apryMeHT.
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CunTas x He3aBHCHMOM nepeMeHHOI, HaliT d2y, ecin:

1131y = J1 +x2. 1132. y = Ilf 1133. y = x*.

IIyets u 1 v — ABaK bl uddepeHnUpyeMble QYHKIME OT IIepe-
MmenHoit x. Haiitu d?y, econ:

1134. y = uv. 1135.y==§.

1136. y = u™v" (m u n — NOCTOSHHbIE).

1137.y = a* (a > 0). 1138. y = In Ju? + v2.
1139. y = arctg %

Haittn npousBogHsle Yy, y'y, ¥’y oT GYHKIUH Y = y(x), 3agaHHOMA
x X

ImapaMeTpUYEecKH, eCIH:

1140. x = 2t — t2, y =3t~
1141. x=a cos t, y= a sin t.
1142. x = a (t — sin t),y = a (1 - cos 1).
1143. x = €' cos t, y=e'sint.
1144. x = f'(t), y = tf'(t) - f(t).

1145. Tlycrs pyurnus y = f(x) puddepeHnmupyemMa LocTaTOUHOE
uncso pas. Haittu npoussoguste x’, x*/, x*”/, x'V o6parnoit pyuxuun
x = f(y), npegnosnaras, uTo 3TH NPOU3BOLHbIE CYILECTBYIOT.

Haiitn y;, y';, ¥’y or yHKIHE y = y(x), 3aKaHHOI HEABHO:

1146. x* + y® = 25. Yemy paBuet y’, y*' u y’”’ B Touxe M(3, 4)?
1147. y® = 2px. 1148. x? — xy + y% = 1.

Hajitu y, u y',, eciu:
X

1149. y* + 2 In y = x*. 1150. Jx2 + y? = ge™te f @> 0).
y (

1151. ITyers pyuxuus f(x) onpenesieHa u ABaXKnbl guddepeHIIn-
pyeMa npu x < x,. Kak ciaenyer nogobpars Koaddpunuentsi a, b u c,

uTobbl PYHKIUA
f(x), €CJIU X < X,
a(x — x)® + b(x — xy) + ¢, ecam x > x,,

nm={

6n11a gBakabl Audpepernupyema.
1152, Touka gBHIKETCS NPAMOJUHEHAHO 10 3AKOHY
s=10 + 20t — 5¢2,

Ha#iTi cKOpOCTh M yCKOpEHWe ABMIKEHUA. UeMy paBHbI CKODOCTH U
YCKOpeHUe B MOMEHT BpeMeHH ¢ = 27
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1153. Touka M (x, y) PaBHOMEPHO JBHIKETCS II0 OKPYKHOCTU
x2+ y? = a?, menasa omun obopor 3a Bpema T. HaifiTu cKopocTh v 1
ycKOpeHue w mpoexkuuu rouku M na ock Ox, ecnu npu ¢ = 0 Touxa
saHMMaJa noaoxenue M, (a, 0).

1154. Tsaxenaa marepuaidbHaa Touxa M (x, y) OpomeHa ¢ Ha-
yaJIbHOM CKOPOCTBIO Uy B BEPTUKANBHON IIOCKOCTH QXY MOK YriIOM
o K IIocKocTH ropusonTa. CocrasuTh (mpenebperas conpoTUBIEHU-
eM BO3/lyXa) YpPaBHEHUE [BIIKEHUA U ONPENEJUTh CKOPOCTh U U yC-
KOpEeHUe W, a TAKKe TPAaeKTOPHIO ABMKeHuA. YeMy paBHbBI HAUGOIb-
11as BBICOTA MOAHATUA TOUYKY U JAJbHOCTD IoJera?

1155. YpaBHeHUA ABUIKEHUA TOUKU

x =4 sin wt - 3 cos wt, y= 3 sin wt + 4 cos wt
(w — TOCTOAHHO).
OnpenenuTh TPACKTOPUIO ABUIKEHNA, CKOPOCTh U YCKOPEHUE.

B crenyiomix MpuMepax HAaWTH MpOU3BOXHBIE YKA3AHHOTO IIO-
pamKa:
1156. y = x(2x — 1)*(x + 3)3; maitru y® u y™.

1157.y = ﬁ ; Hamitm y’”’.

1158. y = Jx; naitru y19.

1159.y = lxzx; matitu y®,

(100)

1+x .
1160.y = ; HaWiTH Yy
Ni-x

1161. y = x%e?*; mnaitru y©@°.

1162.y = %; s maittu y19.

1163. y = x In x; naittu y®.
1164. y = thx; Haiitu y®.

1165. y = x? sin 2x; Haiita y©o.

1166.y = 083X . pajitu y.

3/1-3x

1167. y = sin x sin 2x sin 3x; wnaitu y
(100)

(10).
1168. y = x sh x; naiiTu y
1169. y = €* cos x; wnaitru y'.

1170. y = sin® x In x; maiitu y®.
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B caexyoomux npuMepax, CUNTAs X HE3aBUCHMOM MEPeMeHHOI,
HaliTu guddepeHIHalbl YKAa3aHHOTO MOPALKA.

1171. y = x%; maiitu d°.
1 . 3
1172. y = —; HaliTu d°y.
WV
1173. y = x cos 2x; wmaitru d'°y.
1174. y = e* In x; maiitu d%y.
1175. y = cos x - ch x; naittu d°y.

B caepyromux npumepax HanTh guddepeHIaNbl YKa3aHHOIo
nopAxKa, ecau U — pyHkKiua or x, guddepeHnupyemMasa LocTaroy-
HO€ YHuCJIO pas.

1176.y = u?; wnapitu d'%.

1177. y = e*; maitru d*y.

1178. y = In u; wnaitru d’y.

1179. Haiiru d?y, d*y u d*y or dynxiun y = f(x), cuutas x GyHK-
LMel 0T HeKOTOPOU He3aBUCHMOM IepeMeHHOM.

1180. Brmpasurs npomssogubie ¥y’ u Yy’ or QyHKmuu y = f(x)
yepes3 nocjenoBarenbubie AuthdepeHiuansl MepeMeHHbIX X, Y, He
mpeaIoiarag X He3aBUCHUMOM MEPEeMeHHOI].

1181. ITokasare, uTo GYyHKIUA

y = C; cos x + C, sin x,
rae C; u C, — HpousBoJIbHbIE MOCTOSAHHBIE, YIOBIETBOPAET YPABHEHUIO
y’'+y=0.
1182. ITokasarh, 4To QYHKIIUA
y=C,chx+C,sh x,
rae C; u C, — NMpOU3BOJIbHBIE ITOCTOAHHBIE, YAOBIETBOPAET YPABHEHHUIO
y’'—y=0.
1183. IToxkasare, uTo QyHKIUA
y=C,e"™ + Cyee®,
rre C, u C, — NMpOUBBOJIbLHBIE TOCTOAHHBIE U A;, Ay — MMOCTOSHHBIE,
YAOBNETBOPAET YPABHEHUIO
Yy’ = (M + Ay + Mgy = 0.
1184. ITokaszars, uTo QyHKIUA
y = x"[C, cos (In x) + C, sin (In x)],

rge C, u C; — MpOUBBOJIbHBIE TOCTOAHHbBIE U 11 — MOCTOAHHAA, VIAOB-
JIeTBOPAET YPABHEHUIO

x%y” + (1 -2n)xy’ + (1 + n?)y=0.
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1185. IToxkazars, uTo QyHKIIUA
X X,
= JQ(C X 1, si i) + ﬁ(c X 4+, si i)
e cos sin e cos sin ,
y 1 7z 2 N 3 7z 4 7z

rne Cy, Cy, C; u C;, — IpPOU3BOJILHBIE [IOCTOAHHEIE, YAOBJIETBOPAET
ypaBHEHHUIO

yV+y=0.

1186. [lokasaThb, uTO eciu QYHKIUA f(X) HMeeT MPOU3BOSHYIO 11-T0
HOpAAKA, TO

[fax + b)]™ = a"fP(ax + b).
1187. Haittis P"(x), ecnu

P(x) = apx" + a;x" '+ ... + a,.

Haitru y™, ecau:

_ax+b - 1
1188. y ok 1189.y IR

-1
1190.y prryart
Ykasanue. Pasnoxurs GQYHKIUIO Ha IpocTeiinve APOGU.

1 X
1191.y = . 1192. y = .
J1-2x W+x

1193. y = sin? x. 1194. y = cos?® x.
1195. y = sin® x. 1196. y = cos® x.
1197. y = sin ax sin bx. 1198. y = cos ax cos bx.
1198. y = cos ax cos bx. 1199. y = sin ax cos bx.
1200. y = sin? ax cos bx. 1201. y = sin* x + cos? x.
1202. y = x cos ax. 1203. y = x? sin ax.
1204. y = (2% + 2x + 2)e™*. 1205.y = f‘s .
1206. y = e* cos x. 1207. y = €* sin x.

_ a+bx
1208. y = In T ha"

1209. y = e** P(x), roe P(x) — MHOroOuJeH.
1210. y = x sh x.

Haiiru d"y, ecnu:

1211. y = x"e*. 1212.y = L’;C-’E
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1213. JorkasaTs paBeHCTBA:
!]ﬁ
1) [e** sin (bx + ¢)]™ = e®*(a? + b?)? sin (bx + ¢ + nY),

!]1
2) [e** cos (bx + €)™ = e** (a® + b®) 2 cos (bx + ¢ + nY),

roe
sin @ = —2 cos @ = —=
Jaz b2 Ja?+b?
1214. Haijttu y™, ecau:
a) y = ch ax cos bx; 6) y = ch ax sin bx.

1215. [Ipeo6pasoBas pyuKuuio f(x) = sin? x, rge p — HATypaIb-
4
HO€ YHCJIO, B TPU[OHOMETPHUUECKUI MHOTOUYNEH f(x) = 2 A, cos2kx,
k=0

maitru f(x).

Vikasauue. ITonoxurs sin x = Ql_i(t - f), roet=cos x +isin x u
t = cos x — i sin x, U BocnoAb30BaThCa hopmynoit Myaspa.

1216. Haittu f™(x), ecou:

a) f(x) = sin??*1 x; 6) f(x) = cos? x; B) f(x)=cos®**! x,

IOe p — LieJioe MOJOXKUTEILHOE YMCa0 (CM. MPEeRbIAYIyIo 3a4a4y).

Ecnu
f(x) = fi(x) + ify(x),
raei — MHUMAA eqUHULA U f1(X), f4(x) — melicTBuTenbHBIE QYHKIIUN
OT AeACTBUTENBHOM ITepeMEHHOM X, TO MO OMPeAeIEeHII0 TPUHUMAaeM:

f(x) = fi(x) + if5(x).
1217. Ucmonb3yd TOMAECTBO
1 - _1_(_1_ - _1__)
x2+1  20\x-i x+i)’
IOKAa3aTh, YTO

(x21+ l)w) = (1 n’;!u sin[(n + 1) arcctg x].
(1+x2) 2
Y xasauue. IIpumenuts dopmyny Myaspa.
1218. HaitTu n-10 npous3BoAHYIO OT GYHKIUK
f(x) = arctg x.

Hatitu f"(0), ecau:

= 1 . - _X
1219. a) f(x)— mm, 6) f(x)— ﬁ .

1220. a) f(x) = x%®*; 6) f(x) = arctg x; B) f(x) = arcsin x.
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1221. a) f(x) = cos (in arcsin x); 6) f(x) = sin (m arcsin x).
1222. a) f(x) = (arctg x)?; 6) f(x) = (arcsin x)?.
1223. Hatitu f'"(a), ecan
f(x) = (x — a)"¢(x),
rae GyHiua ¢(x) uMeeT HellpepEIBHYIO IPOU3BOAHYO (1 — 1)-T0 1o-
pAnKa B OKPECTHOCTH TOUKH Q.
1224. [ToxazaThb, uTo GYHKIIUA

2n i 1

x“"sin =, ecau x # 0

flx) = x’ ’
s ecan x =0

(n — HATypaJbHOE YMCJI0) B ToUuKe x = 0 MMeer IIPOU3BOJHBIE A0 1-TO
MOPAAKA BKIIOUYNUTENbHO K He MMeeT ITPOM3BOAHOM (n + 1)-ro nopajxa.
1225. [lorasaTh, 4To PyHKIUA

—l/x2
e , ecaun x =0,
f(x) =
0, ecinx =0

feckoneuno nuddepennupyema npu x = 0.
IlocTpouTs rpaduK 3TON PYyHKIIMU.
1226. [lorasaTs, UTO MHOzOUAeHbL Hebbiuiesa

1
2m-1

T, (x)= cos (m arccos x) (m =1, 2, ...)

YAOBJIETBOPAIOT YPABHEHHUIO
(1 = &) Th(x) = x T, (x) + m*T,(x) = 0.
1227. [lokazars, 4TO MHOZOUAeHbL Jlexwandpa

1
2mm!

P (x)= [(x2 - 1D™™ (m=0,1,2,..)

YIOBJIETBOPAIOT YPABHEHUIO
(1 = x¥)Pl(x) — 2xPL(x) + m(m + 1)P,(x) = 0.
V kazauune. [porupdepernunposars m + 1 paspasencrso(x2--1)u’=2maxu,
raeu=(x%- 1)
1228. Mnozounenvt Yebviuieea—Jslazeppa onpepensanres pop-
MyJIOH
L, (x)= e (x"e ™)™ (m=0,1,2,..).
Haiitu aBHOe BeIpasKeHUe AJad MHoroujdeHa L, (x).
Iloxasars, uto L,(x) yRoBJeTLOpPAET YPABHEHUIO
xL(x)+ (1 - x)L,(x)+ mL(x) = 0.

Vkasanue. Hcnonb3oBars paseHCTBO Xu' + (x — m)u =0, roe u = x"e™.
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1229. Ilycts y = f(1) u u = @(x), rae f(u) n ¢(x) — n-KparHO
nuddeperupyeMere QyHKIIMH.
Hokasars, 4TO

Ty Z A P),

rre koadxpunmeHTsI A,(x) (£ =0, 1, ..., n) He 3aBuCAT OT PyHKIUHU f(u).
1230. loxkasars, 4To AJA n-i MPOU3BOLHON CIOKHON PYHKIHNHI
y = f(x?) cnpasegiuBa GhopMyIa

T~ (27 + ML) (g2 Ve

+ Mr- 14)('12‘_ 2)(n-3) (2x)" 40 D(x) + ...
1231. Mnozounenvt Yebvbiiwesa—Ipmuma omnpegensaiorea Gop-
MYJIOH
H,(x) = (D)"e** (e-=*)™ (m=0,1,2,..).

Haiitu sBHOE BRIpa)KeHMe /I MHorouneHos H,,(x).
Iokazars, uto H,,(x) yAOBIETBOpAET YPABHEHUIO

Hl(x) - 2xH,(x) + 2mH (x) =0

VYxkasanue. Ucnoab3osats paBesctso i’ + 2xu = 0, rge u = e-**,
1232. [Toxas3aTh PaBEHCTBO

(xu e )(n) — f“ll"e“ .

xn+1

YrkasaHue. IIpuMeHuTs METOA MaTeMaTUUECKONR MHAYKIVLA,
1232. Hoxkasare GopMyay:

a) j‘%(x"ln x) = n! (ln x + kz: }l‘z) (x > 0);

5 d2n (_m_n_x) (2n)! [C, (x) sin x — S,(x) cos x],

dx?n X xen+1
rae
2 2n
C =1-% + 1y X
D=1 Gtk ()

_ _ ﬁ O -1 x2n-1
S, (x)=x T Lo+ (-1 TSR
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1233. Ilycrs (—;—i; = D ofo3Hauaer cnepaliuio gudxpepeHIupoBaHua U

f(D) =3 px)D"
k=0

— CHMBOJHYeCKHI nuddepeHMANBHBIN MHOTOUIEH, rae p,(x) (k=
=0, 1, ..., n) — HEKOTOPbIEC HENPEPLIBHLIE PYHKIIHK OT X.
Jlokazars, 4To

A(D) e u(x)} = f(D + Mu(x),

rlie A — IOCTOAHHO.
1234. Nokasars, 4TO €CJIH B YPABHEHHU

n

ko (kY
E QX' y, = 0
k=0

HOJIOXXHUTD
= et’
rie { — He3aBUCHMadA IIepeMeHHad, TO 3TO yPaBHEeHHUe IIPUMeET BUA:

S DD~ 1) .. (D~ k+1)y=0,
k=0

rae D= —.
A dt

§ 6. Teopemsr Poaas, Jlarpan:xka u Kouru

1. Teopema Pouaua. Ecau: 1) pyuxuusa f(x) onpegesnena u HenpepoisHa
Ha cermenTe [a, b]; 2) f(x) uMeeT KOHeUHYI0 IPOU3BOAHYIO f'(X) BHYTPH 3TOTO
cermenTa; 3) f(a) = f(b), TO cylUiecTBYeT 10 MeHbIlIEH Mepe OAHO YHUCJIO ¢ U3
uHTepBaia (a, b) raxoe, uTo

f’(c)=0.
2. Teopema Jlarpan:xka. Ecau: 1) Gyukiuus f(x) onpenenena # Henpe-
pbiBHA Ha cermenre [a, b]; 2) f(x) uMeeT KOHEUHYIO IPOU3BOAHYIO ['(x) Ha
uHrepsaie (a, b), To

5y flay=® - a)f'(c),raea <c<b

(popmyna xoneunwvix npupaujenuil).

3. Teopema Koum. Ecau: 1) yuxuuu f(x) 1 g(x) onpeseieHsl ¥ Henpe-
pPHIBHBI Ha cermeHTe [a, b); 2) f(x) u g(x) uMeOT KOHEUHble IPOU3BOJHBIE
f'(x) 1 g’(x) ua uurepnane (a, b); 3) 3 x)+g*x)#0npua < x < b;
4) g(a) # g(b), To

[(b)-f(a) _ f'(c)

, orae a<c<b.
g(b)y-gla) g'(c)
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1235. IIpoBepuTs clipaBeIuBOCThL TeopeMbl Poinna xas pynkiuu
f(x) = (x ~ 1)(x = 2)(x — 3).
1236. dyuxnua

flx) =1~ 4/x?
ofpaniaerca B HyJb IpHu x; = —1 1 x, = 1, Ho TeM He MeHee f'(x) # 0

mpu —1 < x € 1. O6'bACHUTDL KaXKyllleecsa MPOTUBOpPeUNe ¢ TEOPEMOK
Poana.

1237. IlycTs dpyHKINA f(X) UMeeT KOHEYHYIO IPOU3BOaHYIO f'(x)
B KAXKJ0M TOUKE KOHEYHOro uiau OecKoHeuHoro nurepnana (a, b) u

lim f(x)= lim f(x).
x—~a+0 x—b-0
Hokasarb, 4TO
f(c)=0,
rage ¢ — HEKOTOopas TOYKa MHTepBaJa (a, b).

1238. Ilycte: 1) pyuknua f(x) onpeneieHa U UMeET HelpePhIB-
HYIO MpOM3BORHYIO (1 — 1)-ro mopazxka f*~ V(x) ma cermenre [x,, x,];
2) f(x) uMeeT IPOUBBOXHYIO n-ro opanKa f ")(x) B uaTepBaNe (X, X,
¥ 3) BRINONHEHBI PABEHCTBA

f(xe) = f(x) = ... = f(x,) (X9 <x; < ... <xp).

JokasaTh, 4TO B MHTEpBaJe (Xy, X,) CYILleCTBYET M0 MEHbIIIeH Me-

pe oxua Touka £ Taxas, 4ro

FE) = 0.
1239. IIycrs: 1) hyHrimua f(x) onpeneneHa U uMeeT HEIIPEPLIB-
HYIO IIPOU3BOAHYI0 (p + g)-ro mopsiaka ¥ ' 9(x) Ha cermente [a, b];

2) f(x) uMeeT nmpoussozuyio (p + ¢ + 1)-ro mopaaka f¢* 9+ N(x) B
uHTepBaJe (a, b); 3) BbINOJHEHBI PABEHCTBA

fla)=f(a) = ... = fP(a) = 0,
f(b)=f(b)=...= fPb)= 0.
IloxasaThb, 4TO B TAKOM CJydae
feret ey =0,

rge ¢ — HeKOoTopas TouKa mHTepBaaa (a, b).
1240. JokasaTh, YTO ecJU BCE KOPHM MHOIOUJIEHA

= -1
Px)=ayx"+a,x" "+ ...+ a, (g, Z0)

¢ IeHCTBUTEJbHBIMU Kodhdunuenramu a, (=0, 1, ..., n) Bemecr-

BEHHBI, TO €r'0 IIOCJEXOBATENbHbIe IIpou3Boxuble P,(x), P,'(x), ...,

n-1
Pf1 )(x) TaKe UMeIOT JIUIIb BelleCTBEeHHbIe KOPHU.
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1241. loxasars, UTo y MHoro4JjeHa Jlexxangpa

P(x) = s (x2 - 1))

Bce KOPHU BellleCTBEHHBIE U 3aKJIOUeHBI B UHTEpBaJe (—1, 1).
1242, [ToxasaTs, uTo y MHorouseHa YebnlmmeBa—Jlareppa

dr -
Ln(x) = ex;i? (xne x)

BCE KOPHHU TMOJIOMKUTEJIbHEIE.
1243. [lokasarts, uTo y MHorouneHa Yebrimmesa—3pmura

H (%) = (~1)7ex* L(o-s)
dxn

BCE KCPHH BellleCTBEHHBIE.

1244. Hajitu Ha xpuBoit y = x° Touxy, KacaTrenrbHad B KOTOPOW
napajjejibHa Xopae, coeguHsAwomei rouku A (-1, —1) u B (2, 8).
1245. BepHa nu hopMyia KOHEUHBIX IPUPAIeHUH AJ15 QYHKIIHT

fx)=

Ha cerMenre [a, b], ecnu ab < 0?
1246. Haiitu pyuruuio 6 = 6(x, Ax) Takyio, 4To
fx + Ax) — f(x) = Axf'(x + BAx) (0 <0 < 1),
ecnu:
a)f(x)y=ax®+bx+c (a#0); 6)f(x)=x%

B) f(x) = i; 1) f(x) = .

1246. 1. IIyers f(x) € CV) (—00, +00) u maa moOLIX x U h cripa-
BEJIJIMBO TOMJIECTBO:
flx + k) — f(x) = hf'(x).
JdokasaTh, 4TO
f(x)=ax+ 0,
rre a i b — nocTOAHHBIE,
2. Iyers f(x) € CP (—00, + 00) u g1a 11066IX X U h CHIPaBeRIUBO
TOMXIECTBO:
h

fl(x+h) - f(x)= hf’(x + 5) .

JokasaThk, 4TO
f(x) = ax® + bx + ¢,

rae a, b u ¢ — NoOCTOSHHBIE.
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1247. Hoxasars, uTo ecan x = 0, To

N T 1
1 - = )
,Z-“l o JJ_C 2./x +0(x)

1

1< <1
rre 3 0(x) 57 npuieM
lim 6(x) = —, lim O(x)= 1
x—0 X - 00 2°
1248. IIycrb
3-%* mpu0<x<1,
2
fxy=+
z npu 1 < x < 400,

OnpenenuTh NIPOMEXYTOUYHOE 3HAUeHKE ¢ HOPMYJIbI KOHEYHBIX IIpH-
pautenuit gna pyuxkuuu f(x) ua cermenre [0, 2].

1249. Iycts f(x) — f(0) = xf'(§(x)), rme 0 < §(x) < x. [loxazars,

uTO eciau

flx)=xsin(Inx) opu x>0 u f(0)=
to byuknua & = £(x) paspbIBHA B JI060M CKOJIb YTOAHO MaJOM HH-
repBane (0, €), rme € > 0.

1250. ITycrs ¢pyHKRIHA f(X) MMeeT HeMpPEPHIBHYIO MPOU3BOAHYIO
f’(x) B unrepsane (a, b). MoxxHo nu s Bcako# rouku & us (a, b)
yKasaTh ABE ApyTue TOUKHU X, U X, U3 HTOT0 MHTEPBAjIa TAKUE, UTO

xXy) - f(x ,
T 28— prey (xy < & < )2
X — Xy
Paccmorpers npumep: f(x) = x* (-1 <x< 1), rre &= 0.
1251. Jokrasars HepaBeHCTBA:
a) |sin x — sin y| < |x — y|;
6) py* N (x~y) <SP -y <pxP N (x-y),ecnmO<y<xmp>1;
B) arctg a — arctg bl <la - b|;
b

_:._ <1 a
n) a n b
1252, O6msacHuUTh, noueMy He BepHa opmyna Kowiu ana GyHKmuin

flx) =% u g(x)=x*
Ha cermeHre [—1, 1].
1253. Ilycre dyuKnua f(x) auddepeHnupyeMa Ha CErMeHTe
[x,, x,], npuuem x,x, > 0. [lokasaTs, 4TO

1
X1~ Xy

X

x,
f(xy) F(x2)

= f(€) - E(®),

rae x; <& < x,.
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1254. [lokasaTs, uro ecau GyHKIuA f(x) nuddepeHnupyema, Ho
He orpaHHUYeHa HAa KOHEUYHOM HMHTepBane (a, b), To ee IPOU3BOIHAA
f/(x) TaKe He orpaHHtYeHa Ha uHTepBate (a, b). Obparnas Teopema
He BepHa (IOCTPOUTH NMPHMED).

1255. [lokasaTs, uTo eciu QYyHKIIUA f(X) UMeeT B KOHEUHOM HJIU
fecKOHEeYHOM MHTeDBaJse (a, b) orpaHHUeHHYIO NPOM3BOAHYIO ['(x),
To f(x) paBHOMepHO HenpephIBHA Ha (a, b). '

1256. [loxasars, uto ecnu dyHKIuA f(x) nuddepeHnupyema B
HeCKOHEUHOM HHTepBate (x,, +°) u

lim f/(x)=0,
x — 00

TO
lim [ -,

x— 400 X
T. e. f(x) = o(x) npu x — +00, )
1257. [loxasats, uTo ecau QyHKuuA f(x) quddepeHnupyema B
fecKoHeuHOM MHTepBase (x,, +00) n
f(x)=o(x) mpu x — +00,
TO

lim |f(x)| = 0.
x = Foo

B uacTHOCTH, ecnu cyilectByer lim f(x)=k, To k= 0.

x> +00
1258. 1. [loxkasars, uTo ecnu: 1) pyHKIuA f(x) onpeneneHa u He-
IIpepniBHA HA cerMeHTe [xg, X]; 2) f(x) uMeeT KOHEUHYIO IIPOMU3BOJ-
Hy1©0 f'(x) B unHTepBane (x,, X); 3) cymecrByer KoHeuHblil unu bec-
KOHEeUHBIN npefen

im  f(x) = f'(xo + 0),

x = xo+00

TO CYIIleCTBYeT COOTBETCTBEHHO KOHeuHasa miu OeCKOHeuHas OJHO-
CTOPOHHAA NPOM3BogHAA fi(x,) U

filxo) = f'(xq + 0).
2. Ilokasatrs, uTo Oasa QYHKIINHU

f(x) = arctg % (x#1) u (1)=0

cymecTByeT KoHeuHbli npenen lim f'(x), onHako pyukuna f(x) He
x—1

UMeeT OLHOCTOPOHHUX npousdBogublx f' (1) u f(1). HaTs reomerpu-

YeCKYI0 MIIIOCTPAIMIo aToro dakTa. OMHAKO B 3TOH TOUKeE CyIllecT-
ByIOT 000611IeHHbBIE OHOCTOPOHHYE pousBoguble (cM. 1009.2).
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1259. [lokasars, uro ecnu f'(x) = 0 npu a < x < b, To
f(x) =const mpu a<x <b.

1260. [JoxazaTs, uTO efMHCTBeHHAA PyHKIUA f(x) (—00 < x < 400),
HMeIasA NOCTOAHHYIO TPOMU3BONHYIO

f(x) =k,
eCTh JUHelHaa QYHKIUA
f(x) = kx + b.
1261.1. Yro MoxHO cKazaTh o pyHKIHH f(x), ecnu fP(x) = 0?
2. ITycts f(x) € C©) (=00, + 00) M A KAXKIOrO X CyHIecT-
ByeT HaTypaJlbHOe UHucJIo I, (N, < 1) Takoe, 4TO
" (x) = 0.
Hoxkasars, uTo GyHKIUA f(x) eCTh MOJTHHOM.
1262, [lokasaTsb, 4TO efUHCTBEHHAA (DYHKIUA
Y= y(x) (—9° < x < +0),
YOOBJIETBOPAIOIAA yPABHEHHUIO
y'=Ay (A= const),
€CThb NoKa3aTeNbHasd QYHKIIUA
y = Ce**,
rge C — npou3BOJbHAA MOCTOAHHAA.

VY kasauue. Pacemorpers (ye ).
1263. IIpoBepuTh, 4TO PYHKIIMU

f(x) = arctg i X,
8(x) = arctg x
MMEIOT OJUHAaKOBbIe NPOU3BOAHEIE B 00aacTax: 1) x < 1; 2) x > 1.
BriBecTH 3aBHCHMOCTL MEXKIY 3TUMHM QPYHKIUAMH.
1264. [Toxas3aTh TOMIeCTBA:

a) 2 arctg x + arcsin = 7 sgn x npwu |x| > 1;

X
1+ x2
1
5

1265. [loxasaTs, uto ecnu: 1) dbyHKusa f(x) HenpepbslBHA HA ceT-
MeHnTe [a, b]; 2) UMeeT KOHEUHYIO IPOU3BOAHYIO f'(X) BHYTPH Hero;
3) He ABnsieTcd JHUHelHOI, TO B uHTepBase (a, b) HalifeTca [0 MeHb-
IIell Mepe olHA TOYKA ¢ TaKas, 4TO

> |(B-1le)

JlaTs reoMeTPHUECKYIO HILTIOCTPAITMIO 9TOTO (haKTa.

6) 3 arccos x — arccos (3x — 4x%) = 7 npu |x| <

.
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1266. fokaszaTs, uTo ecnu: 1) GyHKIusa f(X) UMeeT BTOPYIO IIPO-
u3BOIHYIO f'/(x) Ha cerMmenTe [a, bl u 2) f'(a) = f'(b) = 0, To B uHTED-
paie (a, b) cyliecTByeT 10 MeHbIIEH Mepe ogHA TOUKA ¢ TaKkad, uTo

17 4
> ~ f(a)l.
(el > G=o3 110 = f(a)
1267. ABToMOGHIIB, HAYAB NBUTATHCA U3 HEKOTOPOrO NYHKTA A,

3aKOHUMJII CBOIl MyTh Yepe3 BpeM4 ¢, NPOIHAA NIPU 3TOM PacCTOAHUE
s. JlokasaTsb, UTO B HEKOTOPHIII MOMEHT BpeMeHU YCKOPEHHE IBHMKe-

4s
HUA aBTOMOOMIIA ObINIO He MeHbIIe ol

§ 7. Bospacranune u yosiBanue dpyuxknuu. HepaBsencrBa

1. Bospacranue u yosiBanne pysxuun. QyHkuusd f(x) Ha3biBaeTca 803~
pacmaiowell (yobisaioueil) Ha cermente [a, b}, ecnu

flx,) > f(x) mpu a<x;,<x,<b
(1M coOTBETCTBEHHO f(x,) < f(x,) mpu a < x; < x, < b).

Ecau pu(ypepennupyemasn GhyHriuus f(x) Bospacraer (ybbiraer) Ha cer-

Mewnre [a, b], To
f(x)20 npu a<x<b (unu f'(x) <O npua< x<bh).

2. locTaTouHnlii npu3Hak poapacranmd (ybsiBamusa) dpysHkuum. Ecan
(ysEKIHUA f(x) BHenpepbIBHA HA cerMeHTe [a, b] M BHYTPpH HErO MMeeT I10J10-
JKUTEJIbHYIO (OTPUIIATENbHYO) IPOU3BOARYIO f'(x), To QyHKIUA f(X) Bo3pac-
taert (ybniBaer) Ha [a, b].

OnpenenuTh NPOMEXKYTKHM MOHOTOHHOCTH B CTPOI'OM CMBICHE
(Bo3pacTaHUA UAM YOBIBAHUA) CAENVIOINX DYHKITHHA:

1268.y= 2 + x — x°. 1269. y = 3x — x°.
1270. y T 1271. y 3 100 (x > 0).
1272.y = x + sin x. 1273.y = x + [sin 2x|.
1274.y =cos L. 1275.y = .

X 2x
1276.y = x"¢* (n> 0, x > 0). 1277.y = x* — In &%

1278. f(x) = x(g + sin In x) , ecniu x> 0wu f(0)=0.

1279. JokasaTsb, 4TO NIPK YBEJHUYEHHH YHCJIa CTOPOH /1 TePUMETP
D, IPaBUJILHOTO N-YyTrOJbHMKA, BIMCAHHOTO B OKPYXXHOCTBb, BO3pac-
TaeT, a nepuMeTp P, NPaBUIBHOTO N-yTOJbHUKA, ONKCAHHOI'O OKOJIO
3TOI OKPY'KHOCTH, ybObIBaer. ITonb3ysach aTUM, IOKa3aTh, UTO p, U
P, nmeroT obuiuii npefen npu n —> ©0,
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1280. JoxasaTs, uro GyHKIINA

X
(1+3)
x
BO3pacTaeT Ha UHTepBanax (—o0, —1) u (0, +0).
1281. [loxasaTs, uTO melas pamuoHajlbHaA QYHKIUA
Pxy=ay+ax+...+a,x" (nz1,a,#0)
ABJAeTCA MOHOTOHHOI (B cTporoM cmblcie!) B mHTEpBanax (—00, —x,)

u (x,, +0°), TIe X, — AOCTATOYHO 0OJIBINOE HOJOKUTENBHOE UUCIO.
1282. foxasaTb, 4TO panmnoHadbHaA QYHKIIUA

Ao+ @ X+ ...+a,x"
bo+bix+...+b,xm

R(x) = (a,bn # 0),

OTJNYHAA OT TOMAECTBeHHOU MOCTOAHHON, MOHOTOHHA (B CTPOTOM
cMblcJel) B HHTepBanax (—09, —x,) u (X,, +99), e x, — LOCTATOUHO
Go/bIII0e ONOKUTENBHOE UHUCIIO.

1283. O6sa3aTrenbHO JHM OPOM3BOAHAS MOHOTOHHONH (YHKIHNH
ABIAeTCS MOHOTOHHOU? PaccMorpers npumep: f(x) = x + sin x.

1284. /loxasaTtb, 4yTo ecim @(X) — MOHOTOHHO BO3pacTarOilias
auddeperunpyemad QyHKIUA U

If ()] < ¢(x)| mpm x > x,,
TO
If(x) = f(xo)| < @(x) — ¢(x5) mpu x > x,.

JaTh reoMeTprUeCcKyI0 MHTEPHPETALMIO 29TOTO (haKTa.

1285. [TycTs dyuKNUA f(x) HenpepbIBHA B IPOMEKYTKE < X < +00
u cBepXx Toro f'(x) > k> 0 upn x > a, rge k — nocToAHHAA.

Jloxasars, uro ecau f(a) < 0, To ypaHenne f(x) = 0 umeer ogus
U TOJIBKO OJMH LeHCTBUTENbHBIN KOPEHb B UHTEPBAJle

(0,0~ £22),
E

1286. ®dyuxnua f(x) HassIBaeTcA 603pacmanuiell 8 mouxe X,
ecsTH B HEKOTOPOI OKPECTHOCTH |x — X, < § 3HaK mpupaleHud QyHK-
nun Af(xg) = f(x) — f(x,) coBIagaer co 3HAKOM HpUpAllleHUA apry-
MeHTa Axy = x — x,.

Hokazars, uro ecnu QyHKUuA f(x) (@ < x < b) BOZpacTaeT B Kam-
HOH TOUKe HEKOTOPOIo KOHEYHOIO MM (GeCKOHEUHOro HHTepBasa
(a, b), To oHa ABNAETCA BO3pacTalOmIeil Ha 9TOM MHTepBale.

1287. IloxasaTsb, uTo HyHKIUA

f(x)=x+x2sin§, ecim x # 0 u f(0) = 0,
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BO3pAcTaeT B ToUKe x = 0, HO He ABNAETCA BO3PACTAIOIIEH HI B KAKOM
puTepBaie (—€, £), OKPYIKAIOLIEM 3TY TOUKY, re € > 0 IPOU3BOIBLHO MAJIO.
ITocTpouTh 3cKu3 rpaduka QyHKIINH.

1288. JoxasaThk Teopemy, ecau: 1) pyurnun ¢(x) u y(x) n-kKpar-
po mubdepermupyemsr; 2) @¥(xy) =y (xy) (k= 0, 1, ..., n — 1);
3) (p(")(x) > \U‘")(x) Ipu x > x4, TO UMeeT MEeCTO. HEPAaBEHCTBO
o(x) > y(x) npu x> x,.
1289. [lokasaTh caeayiolllie HepaBeHCTBA:
a)e*> 1+ x IIpU X # X}

6)x—x§ <In(1 + x) < x npu x > 0;

3
B)x—%—<sinx<x npu x > 0;
3
r)tgx>x+%- npn0<x<g;

1 1
mn(x*+yna > P+ ) Popux>0,y>0u0 <a<p.
JaTs reoMeTpuuecKy MHTEPIPETAIINIO HEPABEHCTRB a) — T).
1290. [ioka3aTh HepaBEeHCTBO

2 .
Sx <sinx <x npn0<x<g.
T

1291. okasaTsb, uro npu x > 0 uMeeT MECTO HEPABEHCTBO

1 x 1 x+1
(-1+_j <e<(1+-j .
X X
1292. ¥V apudMeTrnueckoii 1 reoMeTpHUECKON NPOTPECCH Il YHUCIIO
UJIEHOB M KpalfHUe UJIeHbI COOTBETCTBEHHO OLMHAKOBL! U BCe UJIEHBI
IporpeccHil moJoKurelbHbI. [loKaszaTh, UTO y apudmMeTHUeCKOn
IPOrpeccHuy CyMMa YJIeHOB 6oJiblile, YeM y TeOMeTPHUYECKOM.
1293. Ucxons U3 HepaBeHCTBA
n
Z (ax + b)Y >0,
k=1
rze x, a,, b, (k= 1, ..., n) BelljecTBeHHBI, I0KA3ATH HepaseHcmaeo Kouiu

(i akbk)2<zn: a:’i bi.
B=1

k=1 k=1
1294. [lokasaTs, UTO cpefHEee apuPMeTHUeCKOe MOJOKUTEIbHBIX
ypces He OOJIBLIIE CheJHEro KBAAPATUYHOrO 9TUX JKe uuces, T. e.
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1295. Hokasarh, UTO cpeHee reOMETPHUYECKOe MOJIOMKHUTENIbHBIX
yupces He 60JblIe cpefHero apudMeTHUecKOro 9THX JKe uucen, T. e,

nxyXg... X, < ,—];(x1 +x, + ...+ x,).

Vkasanue. [IpuMeHUTh METOJ, MATEMATHYECKOA WHAYKIIUU.

1296. Cpedreir nopadxa s aia IBYX MOJOYKHUTENbHBIX HCeN @ U
b masniBaeTcsa YHKIUA, OnpefelsieMas paBeHCTBOM

n1
Afa, b) = (a—'-;—?—e)" , ecnuns#0,

Ag(a, b) = lim Ay(a, b).
s—0

B uacruocrn, nosyuaem: npu s = —1 cpednee zapmoruueckoe;
npu s = 0 cpednee zeomempuueckoe (noxasars!); npu s = 1 cpeduee
apugmemutieckoe; Ipu s = 2 cpedrnee xeadpamuinoe.

IlokasaTs, 4TO:

1) min (a, b) < A, (a, b) < max (a, b);

2) dyurnua A, (a, b) npu a # b ects Bodpacrawomaa GyHKIUA
nepeMeHHoH §;

3) lim A, (a, b) = min (a, b); lirp A, (a, b) = max (a, b).

s - foo

§ =0

Ykasanue. Paccmorpers % [In A, (a, b)].

1297. JoxkasaTh HepaBeHCTBA!
a)x*~1>o(x—1) opu a>=>2, x> 1;

6)"x—’k/(—1 <"%x-a,ecnun>1,x>a>0;
B)l1+2Inx<x? npu x> 0.

§ 8. Hannpasaenue Borayrocru. Touku neperuba

1. JocTaTounble YCIOBHA BOTHYTOCTH. ['padur auddepeHIIUPYyeMOit
GyHKIUY Y = f(X) HA3BIBACTCA BOZHYMbIM 86EPX VIN 8bINYKALLM GHU3 (B02-
HYymbulM 6HU3 WM GbINYKALLM 66€DX) HA cerMeHTe [a, b], ecliv OTPe30K KPUBOM

y=1(x) (@< x<b)
pacnosoxeH Bbile (COOTBETCTBEHHO HHMKE) KacaTeJLHOM, NPOBeAeHHOI B
J1106071 TOUKe 3TOro orpeska. JloCTaTOUHBIM YCJIOBHEM BOIHYTOCTH Fpaduka

BBepX (BHU3), B IPEANOJOXKEHHU CYLI[ECTBOBAHWA BTOPOIH INPOU3BOLHOM
f"'(x), aBNsAeTCA BLINOJIHEHHE HepaBEHCTBA

f’(x)>0 (f(x)<0) npu a<x<b.
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2. JloctaTouHoe ycaoBue ToYKM nepern6a. Touky, B KOTOPLIX MeHAETCH
HANpaBJeHNe BOIHYTOCTH rpaduka QyHKINNA, HA3bIBAIOTCA MOYKaAMU nepe-
suba. Toura x,, nns KoTopoi subo f''(x,) = 0, n1ubo f''(x,) He cyliecTByeT,
npuueM f'(xp) MMeeT cMbIci, eCTb Touka neperuba, ecau f''(x) MeHseT cBoii
3HAK IIPH Nlepexojie uepes sHaueHue X;.

1298. ViccnenoBaTh HANpaBJieHMe BOTHYTOCTH KPUBOH

y=1+%x
5 oukax A(-1, 0), B(1, 2) u C(0, 0).

HaiiTi npoMeXyTKH BOTHYTOCTH ONpPeJesIeHHOTO 3HaKa M TOUKH
neperuba rpadrKoB caenyomux GyHKuuii:

2.2 .3 . _a
1299. y = 3x* — x°. 1300. y Py (a > 0).
. 5
1301y = x + x%. 1302. y = J1 + x2.
1303. y = x + sin x. 1304. y = e=*°.
1305.y = In (1 + x?).
1306. y = x sin (In x) (x > 0). 1307. y = x* (x> 0).
1308. ITokazats, YTO KpUBasd
_ x+1
y x2+1

MMeeT TPH TOUKM Neperuba, Jexaiue Ha OTHOIN NPAMOI.
ITocTpouTh rpadux aToil PyHKIUU.
1309. IIpu Kaxom BeIGOpe MapaMeTpa h «KpHUBasg BePOATHOCTH »

y= Le-hzxz (h>0)
Jn
HMeeT TouKH Hepernba x = +o?

1310. UccnenosaTh HanpaBieHHe BOTHYTOCTH ITUKJIONAEI
x=a(t-sint), y=a(l —cost) (a>0).

1311. Ilycts dyurmusa f(x) gsaxkas nuddepeHiiupyemMa B Ipo-
MexyTKe a < x < +00, mpuuem: 1)fa)= A > 0; 2)f(a) < 0;
3)f(x) < 0 upu x > a.

Ilokazarhb, uTo ypaBHeHHe f(x) = 0 mMeeT ofMH ¥ TOJBKO OJHMH
IeiiCcTBUTENbHBIN KOpeHb B HHTepBale (a, +°).

1312, ®yuruua f(x) HasbiBaeTcsd 8unyKA0L Cru3y (ceepxy) HA
unrepsane (a, b), ecnu qus 1100BIX TOUeK X; U X, U3 9TOI'0 MHTepBasa
M TIPOM3BOJILHBIX umceld Ay ¥ Ay (A; > 0, A, > 0, A; + A, = 1) umeer
MecTO HepaBeHCTBO

f(}hlxl + )sz2) < )\,lf(xl) + )sz(xz)
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(MM COOTBETCTBEHHO HPOTHBOINOJIOXKHOE HEPABEHCTBO)
fhxy + Aaxp) > Ayf(xq) + Apf(xy).

Ioxasats, uro: 1) pyuxuusa f(x) BEINyKJa cHU3Y HA (a, b), ecnu
f(x)> 0, mpu a < x < b; 2) f(x) BeInyKJIa cBepxy Ha (a, b), ecnu
f(x)<0,npra<x<b.

1313. ITokasaTsb, 4TO QYHKIUH

x* (n>1), €, xlnx
BBRIIYKJIBI CHM3Y Ha HMHTepBaine (0, +90), a pyHKIUN
x" (0<n<l), Inx

BHINYKJBI cBepXy Ha MHTepBaine (0, +00).
1314.1. [loka3aTh HepaBeHCTBA U BHIACHUTD UX reOMeTpHUeCKUN
CMBICJI:

a)%(x,1+yn)>(x_;g)" (x>0,y>0,x=y,n>1)

X+

)L > (x7y)

BpxInx+ylny>(x+y)ln f_fzr_y’ ectmx>0 u y>0.
2. IIyers () 2 0 npu a < x < b. JlokasaTs, uTO

B2 < LG + fx)]

npu n0bsIxX x4, X, € [a, b].

1315. JokasaTpb, UTO OrpaHMUYEHHAA BHINOYKJIAsg QYHKIINA BCIOOY
HelnpepbIBHA M HMeeT OJHOCTOPOHHUE JIeBYIO M IPaByIO MPOU3BOJI-
HbBIE.

1316. ITycts pyurmusa f(x) nakasl quddepesnupyemMa B HHTep-
Bane (a, by u () # 0, rgea < & < b. '

HokasaTs, uTO B HMHTepBaJye (@, b) MOKHO HAWTH [Ba 3HAUEHUA
X, ¥ X; TaKHe, UTO

) f) - ooy,

Xg— Xy

1317. okazaTh, uTo eciu QyHKIuA f(x) nBarkasl nuddepeHIu-
pyeMa B 6eCKOHeUHOM HHTepBae (X, +°) u

lim f(x)=0, lim f(x)=0,
X — 400

x— xo+ 0

TO B HHTepBaJe (X,, +00) UMeeTcA IO MeHbIel Mepe oaHa TouKa §
rakas, uro (€)= 0.
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§ 9. PackpeiTue HEONpeneJeHHOCTEeH

ITpasuno Jlomnraas. Cnyuait 1-it: packpsITie HeonpeieJeHHOCTY BU-
aa ((—; . Ecnu: 1) pyuxunu f(x) u g(x) onpeseneHsl U HeNpepPbIBHbI B HEKOTO-
pOi1l OKPECTHOCTU U." Touku a, rae a — UMCJIO MU CHUMBOJ OO, U IIPU X —
a obe cTPEMATCA K HYJIIO:

lim f(x)= lim g(x)=0;

x—a x—a
2) npousBogusle f(x) u g'(x) cymecTByior B oKkpecTHocTH U, TOUKM a, 3a
HMCKJIIOUYeHUeM, ObITh MOXKET, CaMOil TOUKY a, IIPUYEM OJHOBPEMEHHO He 06-
palAIOTCA B HYJb [IPU X # @; 3) CYUIECTBYET KOHCUHBIN MU 6eCKOHCUHbIA

npeaen
lim f_'QQ )
x—a &(X)
TO UMeeM

lim [&) i LX)
x—a 8(X) x—a g(x)

- - [o,0]
Cnyuait 2-ii: pacKkpbiTHe HeOIpeJeJeHHOCTH BuUAA pi Ecnu:

1) pyrruuu f(x) u g(x) npu x — a CTPEeMATCA K OECKOHEUHOCTU:
lim f(x) = lim g(x) = oo,
x—a x—a
rJe @ — YUCJIO MY CUMBOJ O°; 2) npousBoiHble f'(x) u g'(x) cyliecTByIOT
174 BCeX X, IPUHALIEKAILMX HEKOTOPOI OKpecTHOCTU U, TOUKU @ U OTJIUY-
HBIX OT @, NIpU4eM
Fx)+ g% x)#0 npu x€U, u x # a;
3) cyiecTByeT KOHeUHbIH Wiu GeCKOHeUHbIH mpeaest
’
lim f,lﬂ ,
x—a g'(x)
TO
lim %) — qym 2
x—a g(x) x—a g(x)
AHajnorvunbie npaBuia crpaBeJIuBbI AJIA OSHOCTOPOHHUX TIPEAesIoB.

PackpbiTHe HeolpejeneHHocTeit BUAoB 0 + 00, 00 — 0o, 1°, 0° u 1. m.
nyrem anrebpanueckux npeodpasoBaHUil U JIOrapu(GpMUPOBaHUA IPUBOJUT-
¢Sl K pAaCKPBLITUIO HeolpeejleHHOCTe ABYX OCHOBHBIX THUIIOB:

0 [e's}

61/1;.

1 [op okpecTHOCTHIO U, TOUKU @ IIOBMMACTCS COBOKYITHOCTb YMCEN X, YOB-
1
JeTBopaIOIMX HepaseHcTsy: 1) 0 < |x —a] < €, ecin @ — uucano; 2) |x| > < » ecan

@ — CHMBOJI OO,
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OmnpenesuTs 3HAYEHUA CHELYIONUX BbIPAKEHHUIH:

1318.

1320.

1322,

1324.

1326.

1328.

1329.

1331.

1333.

1335.

1336.

1338.

1340.

1342.

1344.

13486.

1348.

1350.

lim Sinex 1319.
x—0 sinbx
lim ig¥-a 1321.
x—0 X—S8lhx
lim &E3x 1323.
T tgx
)
lim ¥tgx-1 | 1325.
x— 1 2sin?x -1
4
lim l_stxl 1327.
x—0 x?sinx?
lim —— (JE arct [
x—0 x’\/} g
lin}, a“—a“” (a > 0). 1330.
x -
lim n(sinax) 1332.
x—0 In(sinbx)
llm cos!smxf—cosx 1334
x—0 x4
lim Arsh(shx) - Arsh(sinx)
x—0 shx - sinx
lim 2% > 0). 1337.
x = +co XF
Sl
. xz
llir}, T 1339.
Iim Inx-ln(1-x). 1341.
x—1-0
lim x*. 1343.
x— +0
lim0 (x*" = 1). 1345.
o
lim xt-x 1347.
x—1
lim (tg x)% 2=, 1349.
=]
lim (In l) 1351.
x — +0

lim chx - cosx
x—0 x2

lim 3tgdx - 12tgx .

x—0 3sindx - 12sinx

lim X_C’(}_L

x-=0

x(ex+1)-2(e*—

1)
x3 )

lim

x—0

arcsin2x — 2arcsinx
x3 )

lim
x—0

-J5 arctg J%)

lim (

x¥—x )
r—1 \nx-x+1

lim In(cosax )

x—0 In(cosbx)’

lim l( L L).
x—0 X\thx tgx

, The Arshx=1In (x + /1 + x2).

limm
X — +o0

f”ix (a >0, n>0).

Iim x2e0.01x
oo

hm x*Inx (¢ >0).
x = +0

lim x** ~ 1,
x—0

k
im xt+ioe,
x—+0

lim (2-x) *®
x—~1

lll’l‘t (Ctg x)sin x,

l/x
lim (tg x"l) .
+

x — o0
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. L ctg(x - a)
1352. lim (t )

. 1
1354. ,lzlino P —1)

1356. hn (ctg x — ch) .

1
. a* - xlna\;z
1353, lim (=500
1355. lim (L - _1-)
+—1 Unx x—-1

. 1 1
1357. lim - }
x=0 Lin(x+J/T+x2) In(l+x)
1
1358. lim a;‘x“ (a > 0). 1359. lim IL?——
x—a X~ x—0
1360. lim iﬁ"-iﬂ—— (@>0). 1361. lim (% arctg xj”.
x— x = 400
1362. lim (th x)*.
x = +0
1 . 1
1363.2) lim | a-r-CL’“‘) E 6) lim (il_“ﬁ)
=0\ X x—0 X
1 1
B) lim (tg_x)xz; r) lim (w)"2 ;
r—o\ x -0\ x
L
x) lim (Arth) *  rme Arsh x = In (x + J1 +x2).
x—0
1 1/x ,
x 1/x
1364. lim {Q—Eﬂ} 1365. lim (- arccos x) .
x—0 x—0
s
1366. lim (COS")x2 1367. lim —nehx
x—0 \ chx =0 mfchy - nfchx
R 14 e® cthy . xinx
1368. ) lim (5] s 6 lim s
1369. lim ["i/;’+x2+ x+1 - Jx2+x+1 - lﬂ%iﬂ]
x — +00
1370. lim [(x+a) x ~x1+x“’].
x — 00
1371. Haiitu lim £, ecnu xpuBaa y = f(x) Bxoaut npu x — 0 B

x=0

Hauaso xoopausar (0, 0) (lim0 f(x)=

0) mog yryom Q.
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1372. MoxasaTs, uro lim x/™ = 1, ecnu HenpepriBHAA KpUBas
x— +0

y = f(x) Bxopur npu x — +0 B Hauano KoopauHar ( lim0 f(x)=0)nu
x =+

npu 0 < x < € HeJMKOM OCTaeTCA BHYTDPH OCTPOTO yIJia, 06pasoBan-
HOTO NIPAMBIMU: §J = —RX B Yy = kx (k # 00).

1373. 1. Joxasars, UTO ecau A8 PyHKIUHU f(X) CyLIecTByeT BTO-
paa npoussoguHas f’’(x), To

f(x) = lim f(x+h)+ f(xf h)-27(x)
h—0 h?

2. UccnepoBath Ha AuddepeHnInpyeMoctsb B TOUKe X = 0 QyHK-

LIUIO:

= - , ecau x # 0;
x e*-

fx) =4
30 ecau x = 0.

3. Haiitu acuMnToTy KpUBOii

xl+x ( ) > 0)
= - (x .
y (1+x)*
1374. ViccnefoBaTh BO3MOKHOCTD IpHMeHeHUs mpasuia Jlomu-
Takd K CAeLYIOIUM IIpuMepaMm:

i 1
x<sin— .
a) im —=; 6) lim X—Ssix.

x—0 sinx x—oo X+8inx’
e2x(cosx + 2sinx) + e~**sin2x ,
% —» 400 e *(cosx + sinx) ’
: 1 +x+sinxcosx
r) lim : — .
x—o0 (X+ sinxcosx)esin*

1375. Haiitu mpepesn OTHOIIEHUA IUIOMIAAM KPYroBOTO CErMeHTa,
HMeIoLero Xxopay b 1 ctpesky ki, K niomany paBHobeJPeHHOrO TPeyTroh-
HUKA, BIUCAHHOTO B 3TOT CEITMEHT, eCJIU [YTa CerMeHTa IPU HEU3MEHHOM
panguyce R crpemurca K Bya0. [lons3ysach nonyd4eHHBIM peayibTaToM,

BBIBECTU NMPUOIMIKeHHYI0 HOpMYJTy IJIA IJIOLAAM cerMeHTa: S = g- bh.

§ 10. ®opmyna Teiigopa

1. JlIokansnan tdopmyna Teitnopa. Ecnu: 1) pyuknus f(x) onpegenena
B HEKOTOPOIt OKPECTHOCTH |x — x| < € TOUKM X4; 2) f(x) uMeeT B 3TOH OKpecT-
HOCTH npoussogusbie f(x), ..., /"~ Y(x) go (n — 1)-T0 nOPAAKA BKIIOYUTEIBHO;
3) B TOuKe X, CyLleCTBYET IPOU3BORHAA n-ro nopaxka [1”(x,), To
n
f(x) = z ay(x — x0)¥ + o(x — x)", (1)

k=0
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rpe
_ [™(x)
T TR

B 4aCTHOCTH, IIDK X, = 0 umMeem

(k=0,1, ..., n).

f(x) = Z ﬁ%g) x* + o(x"). (2)
k=0 '

Ilpy yKa3aHHBIX YCJIOBHAX IpeacTasiaesue (1) eluHCTBEHHO.
Ecnu B TOUKe X, cyumectByeT npoussonnas [+ U(x,), To ocraTounbiit
wieH B QopmyJte (1) Moker 6bITh B3aT B BuAe OF((x — x,)" T 1).

13 noxansHoM (popmynsl Teitnopa (2) mosyyaem ciiefyiolue IATh BAXK-
HBIX Pa3JI0XKeHHUit:

xén-1

s — - x3 1\ -~1 2n

II. sinx=x 3 + .+ (1) _—(Zn—l)! + o(x*").
-1 X2 _qyn X2 20+ 1
III. cosx=1 o +...+ (1) )] + o(x ).

V. (1+2)"=1+mx+ M”g'—”lxu...

" m(m-1)..(m-n+1)
n!

x" + o(x").

V. In(l +x)=x— %2 Ho (1 o(a).
n

2. ®opmyaa Teiaopa. Ecau: 1) Qpyuknus f(x) onpenesiesa Ha cerMeHre
[a, b]; 2) f(x) uMeer HA 3TOM cerMeHTe HelpepbIBHbIE IIpoU3BoAHbIE (X)), ...,
"~ Yx); 8) mpu a < x < b cyImecTByeT KOHeuHaa npoussogHasa f(x), To

n-1
flx) = z [%%9 (x -~ a)* + R(x) (a <x<b),
k=0

rae

R (x) = f(_")(_‘ﬂ’%(i_ﬂ(x_a)" (0<08<1)

(ocmamounbtii wren 8 opme Jlazpanxca), niu
f(a +8,(x—a))
(n-1)!

(ocmamounstit waen 6 popme Kowu).

R,(x) = (1-0)""Y(x - @) (0<0,<1)

1376. Muorounen
P(x) =1+ 8x + 5x% — 2x?

PACIONIOMKUTH II0 11eJIbIM HEOTPUILATEIbHBIM CTelIeHAM ABYyYJeHa x + 1.
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Hanucarts pasnoxenua no HesbIM HeOTPHIIATeILHBIM CTEIIeHAM
NepeMeHHOM X [0 YWJIEHOB YKa3aHHOTO NOPAAKA BKIIOUUTENLHO Clie-
Iyomux QyHKInN:

1377. f(x) = Lrx+x?

- 1o unena ¢ x*. Uemy pasno f*(0)?
1-x+x°

(1 +x)to0 © 2
1378. T 22)%(17 2% o uneHa ¢ x°.
1379. "a™ + x (a > 0) mo urena c x°.
1380. J1-2x+ x* — 3/1 - 3x + x% go usena ¢ x2.

1381. e2*-** po unena c x°.

1382. —= T 70 Wiena ¢ xt, 1383. 3/sinx3 go unena c x'3.
er -

1384. In cos x g0 unena ¢ x° 1385. sin (sin x) o unena c x°.

1386. tg x mo unena c x°. 1387. 1n %5 1o unena ¢ x5,

1388. Haittu Tpu uneHa pasJiioxxenusa GyHKuuu f(x) = Jx 10 me-
JIBIM HEeOTPHUILATEJIbHBIM CTelleHAM paszHocTy x — 1.

1389. @yuxkuuio f(x) = x* — 1 pasiloXKHUTh 10 LEJLIM HeoTpulia-
TeNBbHBIM cTenenaM GunoMa x — 1 ;o umena ¢ (x — 1)3,

1390. yuknuo y = a ch :—i(a > 0) B OKPeCTHOCTH TOUKHU X = 0
TPpUOAMMKEHHO 3aMeHUTh Napaboyoil 2-ro IopAgKa.

1391. dyrruuio f(x) = /1 + x? —x (x > 0) pasiaoKUTH 110 IEJIBIM
HeOTPULATeJIBHBIM CTETIeHAM Apo6H -312 JI0 UJIeHa C % .

1392. Haiitu pasnosxxenue dyukuuu f(2) =In (x + h) (x> 0) o
IleJIBIM HEOTPUILATeJbHBIM CTEIeHAM IpupalieHus i 5o uieHa ¢ h”
(n — HaATypaJNbHOE YHUCJIO).

1393.1. Ilycts

Fx + h) = f(x) + hF(x) + oo+ Z—:f(”)(x + Oh)
(0 <8 < 1), npugem £+ V(x) # 0.
Hoxazartp, 4TO

lim 6= 1 .
=0 n+1

2. Ilycts npu x — 0 umeeM
fx)=1+ kx + o(x).
Hokasath, 4TO

111n0 [f(x)]:lr = ek,
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3. Iycrs f(x) € CP[0, 1], £(O) = f(1) = O, mpuuem |f"’(x)] < A npn
x € (0, 1). DokaszaTs, uTO
If" ()] < ‘% npu 0 < x < 1.
4. ITyere flx) (—90 < x < +00) — pBakabl guddepenuupyemas
PYHKIUA A
M,= sup [f¥(x)]<+o0 (k=0,1,2).

—00 < x < § o

IloxazaTh HEPABEHCTBO
M < 2MyM,.
1394. Onennts abCoONMIOTHYIO MOTPEIIHOCT NPUDIMYKEHHBIX (DOpMYJI:

2 n
a)e"%l+x+%+...+£—' npu 0 < x < 1;
. n

b

i = ——ZC_3 <l
6) sin x = x ~ % npu |x| 5
B)tgxzx—kx—g3 npu |x| <0, 1;

r)A/1+x:1+§—3;—2 mpu 0 < x < 1.

1395.1. [na kaknux x crpaBegsauBa ¢ TouHOCTHIO 10 0,0001 mpu-

OonmkeHHast opMysa:
2

cosx=1-27?
° 2
2. [loxaszars hopmyry

tlat+ x =a + x_l -r

nan

n-1 x2
nz22,a>0,x>0),rped <r< —. .
znz a2n—- 1
1396. C nomouibio hopmyas! Teilnopa TPpUGIUIKEHHO BHIUUCTUTH:

a) 4/30; 6) /250 ; B) 12/4000 ;
r) JE; o) sin 18°; e)ln 1, 2;
k) arctg 0,8; 3) arcsin 0,45; n) (1, 12

1 OI[eHUTH TOTPelIHOCTh.

1397. BuluucauTs:

a) e ¢ TounocTbio g0 107Y;
6) sin 1° ¢ TounocThIO 70 1078,
B) cos 9° ¢ TouHOCTRIO KO 107%;

r) /5 ¢ TounocTsio Ao 1074
m) lg 11 ¢ Tounoctsio go 1075,
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Hcnonbaya pasiosxkerusa [—V, HaitTH cienyioujre npenesbl:
."'2

1398. lim e8x=¢* .

x -0 x
1 1 ersinxy — x(1 + x) )
399 xlino —

3
1400. lim x2 (Jx+1 + Jx—-1 - 2./x).
PR

1401. lim (%/x%+ x5 — §/x0 — x3).
-

X

1
1402. lim [( Xt -+ f) er — Jrbr1 :l )

x oo 2

1403. lim L4 =2 (5> ).

x>0 x2

1404. lim [rx - x? 111(1 + lﬂ )
X

x —

1405. lim (l -1 )

x—0 \X sinx
o S
1406. a) lim 1(1 —ctg x) : 6) lim Sin(sinx) - x¥1-x*,
x—0 X\X x—0 x?
p) lim lz(cosx)™r, ry lim Shitgx)-x
x—0 x? X0 x?

Il1st 6eckoHeTHO MaJiol pu X — 0 BeJIMUUHBL [/ ONPEJe/IUTh IJIAB-
HbIl wieH Buga Cx" (C — mocTosHHAA), eCaH
1407. y = tg(sin x) — sin(tg x).

1408.y = (1 + x)* - 1. 1409.!/21_(1:x)f_

1410.1. IIpu xaxom noadope KoaQPUIHEHTOB a ¥ b BeJiHYNHA
x = (a + b cos x)sin x

fyaeT 6eCKOHEUHO MAJIOH 5-TO TOPAAKA OTHOCHTENLHO X7

2. ITopobpars koadxbuniuenTtsl A 1 B Tak, urobbl nipu x — 0 umeso
MeCTO aCUMIITOTHUECKOe PaBeHCTBO

1+Ax? 5
ctg x = —/——— + O(x°).
g x + Bx? (")
3. ITpun karkux xoabdunuenrax 4, B, C u D cupaBeganBa npu
x — 0 acuMnroruieckad dopmyna

1+Ax+ Bx? 5
et = T2 T2 4 O(x).
1+Cx+Dx? O(x")
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1411. Cunras |x| Masoit BeTMUNHOM, BLIBECTH IIPOCThIE NPUOIH-
skeHHBbIe POPMYJIBL IJIA CIAeAYIOUUX BhIPAXKEeHNH:

1 _ 1 ) Tix _ [1—x.
2) 7 (R+ x)2 (£ = 0% VT AT
Al x ", In2
B) 32[1 (1+ 100) J ) x
ln(l+—-——j
100

1412. Cunrtaa x MajbIM II0 MOAYJIO0, BHIBECTH TIPHOJIUIKEHHYIO
dpopmyny BHIA

x=osinx+pPtgx

¢ TOYHOCTBIO JO JIeHA ¢ x”.

ITpumenuts a1y PopMyay o NpubIMKeHHOTr0 CIIPAMJIEHUA IyT
MaJio#l yriioBoii BeTUMUUHBL.

1413. O1neHUTH OTHOCUTENBHYIO IOTPEIITHOCTE CAEAYIOLero npa-
sura Yebvuiuesa: Kpyrosaa gyra NpubJINIKeHHO paBHA cyMMe HOKo-
BBIX CTOPOH PaBHOOEIPEHHOI'O TPeYTrOJIbHUKA, IOCTPOEHHOrO Ha XOP-

Jie 3TOI AYyI'M U UMeIOIero BbICOTOH J% ee CTPeNIKH.

§ 11. 9xcrpemym QyHKIIMH.
Haubonpmee u HauMeHsblIee 3HaYeHUs QYHKIUKM

1. HeoGxoqumoe ycaoBne s3kcTpemyma. Iosopsar, uro hyHKusa f{x) umeer
B TOUKC X 3IKCTPEMYM (MAKCUMYM UK MUHUMYM), €CIIH (DYHKIIAS OIIpeAeieHa
88 IBYXCTOPOHHCH OKPECTHOCTH TOUKH X, U /LI BCCX TOYEK X HEKOTOpOMH 00-
aactu: 0 < |x ~ xgl < §, BHLINOIHEHO COOTBETCTBEHHO HEPABEHCTBO

f(x) < f(x5) wnam [(x) > f(x,)-
B roure sxeTpemyma nponasojiHas ['(x,) = 0, ecay oHa cylecTByer.

2. locraTounsle ycaoBusa skeTpemyma. Ilepgoe npasuno. Ecau: 1) QpyHK-
e f(xX) onpefeseHa ¥ HENpPEepHIBHA B HEKOTOPOH OKPECTHOCTH |X —Xo| < §
TOYKM X, TAKOM, UTO NponaBogHas ['(x,) paBHa HYJI HJIM HE CYIECTBYET
(xpumuvecrxas mouxa); 2) f(x) vMeeT KOHEUHYIO 11pON3BOAHYIO ['(x) B o6aacTu
0 <jx - x| < 8; 8) nponasognasn f’(x) coxpauacr oupeneSeHHbIH 3HAK cCBa
OT X, ¥ CIIpaBa OT X,, TO NoBeAeHuc DYHKIUHK f(Xx) XapaKkTepU3yercsa clie-
AVIoLIeH Tabauiie:

3HaK NPOU3BOAHOMN
BoiBog
x < Xxq X > X
I + + JxcTpemyMa HeT
II + - Makcumym
111 - + MuHUMYM
v - - IKCTpEMyMa HET
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Bmopoe npaguno. Eciu (pyHKiuA f(x) mMeer BTOPYIO IPOM3BOAHYIO
f’/(x), npuueM B HEKOTOPOH TOYKE X BBIIIOJHEHbI YCIOBUSA

f(xo)=0 m ["(xg) #0,

TO B 2TOl TOuKe (QyHKmMA f(x) uUMeer 9 KCTPEeMyM, a HMEHHO:
Maxkcumym, Koraa f(x,) <0, u MmuuumymMm, Korga f''(x,) > 0.

Tpemve npaguro. Ilycrs Gpyuruna f(x) umMeeT B HEKOTOPOM HMHTepBase
|x - xo| <& mpouasogusbe f(x), ..., " (x) 1 B TOUKE X, IPOUIBOAHYIO [ (x),
npuyem

Ffx)=0(k=1, ..., n—1), f"(x,) % 0.

B rakom cayuae: 1) ecay n — 4YUCIO YETHOE, TO B TOUKE X, MGYHKIHA f(X)
HMEET PKCTpPEMYM, a UMEHHO: MaxcumyM npu f(x,)< 0 un
MuHUMYM 0pu fx,) > 0; 2) ecin 1 — UYUCTO HEUETHOE, TO B TOUKE X,
byHKnusa f(x) s KcTpemMyMa HE uMeeT.

3. AbconroTHbIi dkcTpeMyM. Haubosnbiee (HauMeHblilee) 3HAUEHNE HA
cermenTe [a, b] HenpepbiBHON (PpyHKuMK f(x) gocTHraeTcsa uau B KpUTHYE-

CKOI1 TouKe 9To¥ (GyHKUMHU (T. e. TaM, rae npoundpogHas f'(x) Ham paBHa HY-
JIIO, UJIU HE CYILECTBYCT), UJIM B 'PAHHUUYHBIX TOUKAX 4 ¥ b JAHHOTO CEIMEHTA,

YccnenoBaTh Ha 9KCTPEMYM cieyioue GyHKIMY;
1414. y= 2 + x — 2.

1415. y = (x — 1)3.

1416.y = (x ~ 1)

1417. y = x" (1 — x)" (m ¥ n — 1enble NOJOXKATEbHBIE UUCIIA).
1418. y = cos x + ch x.

1419. y = (x + 1)1%=.

1420.y = (1 +x + -“g et i—?) e* (n — HaATypaJbHOE UHCIIO).

1421. y = |x|.

1 2
1422, y=x3 (1 — x)3.
1423. HccnenoBaTh Ha 3KCTPEMYM B TOUKE X = X, PYHKIIUIO
f(x) = (x — x0)"¢(x)
(n — BaTtypanpHOE UMCIO), TAe QYHKIUA @(X) HeIpepbIBHA TIPH X = X,
u @(x) = 0.
1424, Tlycrs f(x) = L) fr(x x) = Pilx) X, — CTalpoHApHAA
Q(x)’ Q(x)
touka GyHknum f(x), 1. e. Pi(xy) = 0, @(x,) # 0.
HoxaszaTs, 4TO
sgn ["'(x) = sgn Pj(xp).
1425. Mo>XHO JIM YTBEPKIATD, UTO ecan QYyHKIUA f(x) B TOuKe
X, UMeeT MaKCHUMYM, TO B HEKOTOPOH JOCTATOUHO MAJIOH OKPECTHOC-
TH 9TOU TOUKH CJIeBA OT TOUKU X, GyHKuMA f(x) Bospacraer, a cipasa
OT Hee yObIBaeT?
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PaccMOTpeTh IIpuMep:
f(x)=2—x2(2+sin J—IC), ecnu x # 0 u f(0) = 2.

1426. [loxazaTh, 4TO PYHKIIUA

f(x) = e ¥ , ecnu x # 0 u f(0) =0,

uMeeT B Touke x = 0 MUBUMYyM, a QYHKIUA

_L
g(x)=xe **, ecnu x # 0 u g(0) = 0,

He UMeer B Touke x = 0 aKcTpeMyMma, X0Ta
0 =0, g™0)=0 (n=1, 2, ...).

IMocTporutsb rpa@uKU aTUX MYHKIUM.
1427. VicciiepoBaTh Ha 3KCTPEMYM PYHKIUU:

a) f(x) = e_{_}(l [ﬁ + sin ch) npu x # 0 u f(0) = 0;

6) f(x) = ™ (Jé + cos '135) npu x # 0 u £(0) = 0.

ITocTpouTts rpadMKy 3TUX QYHKITUI.
1428. UccnenoBaTh HA dKCTpeMyM B Touke X = 0 dyHKIUIO

f(x) = x| (2 + cos i) ,ecan x # 0 u f(0)= 0.

Iloctpoutsh rpaduk aToil HyHKIUHU.

HaiiTu sxcTpeMyMbl cienylomux OyHKIUH:
1429. y = x* - 6x% + 9x — 4.  1430. y = 2x% — x*.

1431,y = x(x - 1)%(x - 2)*.  1432.y==x + ch

1433.y=12+xxz. 1434.y=§—i—2—%.

1435.y = J/2x - x2. 1436.y = x3/x - 1.

1437. y = xe™™ . 1438. y = Jx In x.

1439. y = 1—“53 1440. y = cos x + % cos 2x.

1441, y= 29 | 1442. y = arctg x— £ In (1 + x?).
1+ sin2x 2

1443. y = ¢ sin x. 1444. y = |xle* 1,
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Hajiru HaumMeHbluMe U HAHDOJbIINE SHAYEHUA CIEXYIOUIUX
bymKImii:

1445. f(x) = 27 Ha cermexre {—1; 5].

1446. f(x) = x* — 4x + 6 =na cermenre [-3; 10].

1447. f(x) = |x* — 8x + 2| na cermenre [—~10; 10].

1448. f(x) = x + 317 na cermenre [0,01; 100].

1449. f(x) = J5-4x Ha cermenre [-1; 1].

Haitru nuoxHIO0 rpansd (inf) u BepxHIO rpans (sup) ciaegyomux
yHRIMIHT:

1450. f(x) = xe >%* na unrepnane (0, +°).

1451. f(x) = (1 +x + ’;—? + .+ %) e™* Ha mHTepBaje (0, +00).

x2

1452, f(x) = i:x‘* Ha unrepsaie (0, +00).

1453. f(x) = e ** cos x® Ha unTepBane (—00, +00),
1454. 1. OnpefenuTs HMIKHIOI M BePXHIOK TIpaHN (QYHKIUU

fE)= élf—é; Ha unTepBaie x < § < 400, I[Tocrpouts rpadpuru QyHKIuit

M(x)=  sup f€®) wu m(x)= inf f).

2. IIycth
M, = sup|lf®(x)|, k=0,1,2, ....

Haittu My, M; u M,, ecnu f(x) = e™*>.
1455. OnpegenuTh HAUOOJBUIUI UJIeH MOCIELOBATEIbHOCTH:

nlo Jn
— =1,2,..); 6) ——— =1, 2, ..);
2) o (n=1 ) ) 10000 L2

B)4n (n=1,2,..).
1456. 1. Joxazars HepaBeHCTBA:
a)|8x — 2% < 2 mpu || < 2;

6)_23—1 S+ (1-x<l, e 0<x<lup>1

n n
B)x" (a—-x)'< — 24" ppu m>0,n>0u0<x< a;
(m+n)ym+n

X2 <nfgnian <x+a (x>0,a>0,n>1);

n-1

271
I)la sin x + b cos x| < Ja? + b2,
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2. lokasaTh HepaBeHCTBA
2 x4l g
3 x2+x+1
npu —0 < x < +00,
1457. OnpeileinTh «OTKJIOHEHHE OT HYJIA» MHOTOYJIeHA
P(x) = x(x — 1)%(x + 2)
ga cermesre [-2, 1], T. e. HaliTH
Ep= sup [|P(x).

1458. IIpu kaxoM BbiGope Ko3QPHLIMEHTa ¢ MHOTrOUJIEH
P(x)=x%+gq
HauMeHee OTKJIOHAeTCA OT HyJad Ha cermeHre [~1, 1], T. e.
E,= sup lIP(x)[ = min.

1459. A6conromubim ominonenuem npyx GyHxuHi f(x) u g(x)
Ha cerMeHre [a, b] HaspIBaeTCA YMCIIO

= sup [f(x) - g(x).

OnpezeauTb abCONIOTHOE OTKIOHeHUEe QYHKITHMA:
flx)=x* n g(x)=x*
Ha cermenre [0, 1].
1460. ®yarumio
flx) = x*
Ha cerMeHTe [x;, x,] IpubAMKeHHO 3aMeHNTh JuHeHHON dyHKuuel
gx)=(x; +x)x+9b

Tak, 4ToObl abcoMoTHOE oTKIoHeHue hyHruuil f(x) u g(x) (cM. 1pe-
ABLAYINYIO 3afauy) GbIJI0 HAUMEHBIUIYM, 1 OIIpefieJIUTh 3TO HaMeHb-
nlee abCcoJIIOTHOE OTKJIOHEHUE.

1461. OupemennuTs MUHUMYM QYHKIIUU

f(x) = max {2lx, [1 + xf}.

Onpefe/UTh YUCAO BEIECTBEHHBIX KODHE ypaBHEHUS U OTZe-
JINTH 5TH KOPHH, eCJIN:

1462. x° — 6x* + 9x — 10 = 0.

1463. x® - 83x? - 9x + h = 0.

1464. 3x* — 4x° — 6x2 + 12x — 20 = 0.

1465. x* — 5x = a.

1466. In x = kx.

1467. ¢* = ax?.

1468.sin® x cos x=a mpu 0 < x < 7.

1469. ch x = kx.
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1470. Ilpu1 KaxkoM yCIOBHAM ypaBHeHUE
B +px+qg=0
uMeer:
a) OJMH BEIIeCTBEHHBIA KOPEHb;
0) TpH BellecTBeHHBIX KOpHA?
H306pasuts cooTseTcTByIONE 06IaCTH Ha IJIOCKOCTH (P, q).

§ 12. Ilocrpoenue rpadgmkoB GyHKIIUMH
0 XapaKTEePHLIM TOYKAM

s nocrpoenuns rpadguka GyHkuuu y = f(x) Hy»xkHo: 1) onpexenursb 06-
JIACTh CYIeCTBOBAHUA 3TOH (PYHKUUM U HCCIENO0BATH IIOBegeHUe PyHKIUHU
B PPAaHUYHBIX TOUKAX IocaexHelt; 2) BHIACHUTH CUMMeETPUIO rpadhuka 1 I1e-
PHUOAUYHOCTb; 3) HAHTH TOYKM pa3pbiBa (PYHKLMH M IIPOMEKYTKH Helpe-
pblBHOCTH; 4) onpesesuTs Hynu GYHKUUM 1 O0JACTH IIOCTOSHCTBA 3HAKA;
5) HAITH TOUKHU 3KCTPEeMyMa U BhIACHUTHL IPOMEIKYTKH BO3pacTaHusA U yObI-
BaHuUA QyHKuuM; 6) onlpeseIuTh TOYKHU Iepernba 1 YCTAHOBUTDH IIPDOMEKYT-
KY BOTHYTOCTH OIlpejesIeHHOro 3Haxka rpaduka GyHxnuii; 7) Halttu acumn-
TOTBI B ClIyyae CYIlECTBOBAHHA MX; 8) yKasaTh Te WJIU UHble 0CODEHHOCTH
rpaduka. B yacTHBIX ciyyaax ofuiasd cxema yIpolaercs.

B sagauax, oTMEeYEHHBIX 3BE3JOUKOH, TOUKHU mneperuda onpenessarTcs
npubanKesHo.

Hoctpours rpaduky caeayomux QyHKIGNA:

1471. y = 3x - x2. 1472.y=1+x2—’-f-;.
1473. y = (x + 1)(x — 2)% 1474%. y = f;ij

1475%. y = ;z—ffg"zl:g 1476%. y = (-1—:;)%1__—&
1477. y = (—1—%):; 1478. y = (ijg

1479. y = %%122 1480. y = ZT—%Z?
1481.y = %{-}g 1482%. y = %f-?
1483.y=i—%;—§1—3%+13x. 1484. y = (x — 3)Jx.

1485. a) y = +/8x2 - x*; 6)y= S22

P
1486. y =+ J(x - 1) (x - 2)(x - 3). 1487*. y=3[x3 - x2—x+ 1.
2 2
1488.y = 3/x2 — 3/x2+ 1. 1489. y =(x+2)3 —(x—2) 2.
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2
3

2
1490.y = (x + 1)% — (x — 1)

x2./x2 -1

2x2-1

_1_ [x3
1494.y=1 x+33+x.
% ., — [x*+3

1496*. y ,x2+1'

1498. y = (7 + 2 cos x) sin x.

1492. y =

1500. y = cos x — % cos 2x.

1502. y = sin x * sin 3x. 1503.
__ cosx . _

1504. 2) y cos2x’ 0y 2+cosx

1505. y = 2x — tg x. 1506.

1507.y = (1 + x?)e=". 1508.

1491.

1493.

1495.

1497.

1499.

1501.

2 .
1509. a) y = x3e*; 6) y = e 2* sin® x.

1510. y = -
1+x

Inx

1512. y= —.
y Tx

1511.

1513.

1514. y= Jx2+1 - In(x + Jx2+1).

1515. y = arlcs_i’;’: .

+ arcctg x.

1517.y

IR

2x
+ x2

1519. y = arcsin ]

1
1521. y = (x + 2)ex.
1523%, y=1n ¥-8x+2

x2+1

1524. y = a arcsin § - Ja?-x% (a> 0).

1525. y = arccos 11 -

- 2x

1516.

1518.

1520.

1522.

1526.

y=——.
3x2_1

3

_ 11+ x2
Y= .
Jx

- x2
V=351

y = sin x + cos? x.

y=sinx+% sin 3x.

y = sin* x + cos? x.

y= sinx
. e
X -
sm( +4)
y= er—xz_
y=x+e”*.
y= 1-e*,

y=Iln(x+ Jx2+1}).

y=x + arctg x.

y = x arctg x.

1-
1+x

y= 2./x2+1—J 21,

y = arccos




144  PA3BAEJ Il JU®®D. HCUACAEHRUE ®YHKIWH OAHOW NEPEMEHHOMN

1 1
1527%, y = xx. 1528.y = (1 + x)*.
lx
& = el
1529%, y x(1+x) (x> 0).
1

1. x2
1530*%. y = f+ ; > (6e3 nccnenoBanus BOTHYTOCTH).

ITocTpouTh KPUBLIE, 3aLaHHEIE B IapaMeTpuuecKoi dhopme:
2 _ 2
1531,x:(t_+41_)_, y=§t_1_)__

4
1532. x = 2¢ — t%, y=3t—t
% v 12 _
1533*. x 1’ y ey
_ 2 _ 1
1534. x = ——, 5

1535.x =t + e, y=2t+ e
1536. x =a cos 2t, y= acos 3t (a > 0).

1537. x = cos' ¢, y = sin* ¢,
1538. x=tIn ¢, y=litt.
= __a_ - 3
1539. x eyl y=atg’t (a>0).

1540. x=a(sht~¢t),y=a(cht - 1) (a > 0).

IlpencTasuB ypaBHeHudA KPUBBIX B IapaMeTpuueckoii gopme, mo-
CTPOUTD 9TH KPUBbBIE, €CJIH:

1541. x* + y® - 8axy = 0 (a > 0).
Yxkasanue. Ilonoxurs y = tx.
1542, x® + y? = x* + y*. 1543. x%y% = x® — >,
1544. xY = y* (x> 0, y > 0).
1545. IMocTpouts rpaduk KpUBoOi:
ch?x —ch’y=1.
ITocTpours rpadpuky GyHKUN, 3alaBEHBIX B MOJAPHOI cucreMe

roopaugrar (¢, r) (r > 0):
1546.r=a +bcos o (0 <a < b).

1547. r = a sin 3¢ (a > 0). 1548. r = 2 (a > 0).
cos3o

1549%. r = a(—:%, rie¢>1 (a>0).

1550%, ¢ = arccos =1 .
r2
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IToctpoutrs rpadukm cemeiicTB KpUBHIX (@ — IepeMeHHbIN
napamerp):
1551. y = x% — 2x + a. 1552.y = x + &,
X

1553. y = x + Ja(1l - x?). 1554,y = ’-2‘ + e %,

1555. y = xe “.

§ 13. 3agaun Ha MAaKCHMYM M MHHHMYM (DYHKIMIT

1556. dokasars, uro ecnm GYHKuuA f(x) BHeoTpunareibHa, TO
byHKIINA

F(x) = Cf¥x) (C>0)

uMeeT B TOUHOCTH Te JKe TOYKH 9KCTpeMyMa, 4To ¥ PyHKIuA f(x).
1557. JokasaTk, uTo ecnant HyHKIMA G(X) — MOHOTOHHO BO3pac-
TaoIas B CTPOIOM CMBLICJE P —O0 < x < 400, To GyHKIUHU

fx) n o(f(x))
MMEIOT OJHU ¥ Te K€ TOUKY 3KCTPEeMyMa.

1558. Onpepenurs HanboNbLICE 3BAYEHYE HPOU3BEAeHUA m-H u
n-it creneneii (m > 0, n> 0) ABYX HOJOMKUTENbHBIX UHCEJ, CyMMa
KOTOPBIX IIOCTOSAHHA U paBHa 4.

1559. Ha#iTu HauMeHblilee 3HaUEeHe CYMMBI /m-ii U 7i-ii cTenesei
(m >0, n > 0) IBYX HOJOXKHUTEJbHBIX Uyices, NPpou3BeieH1e KOTOPBIX
ITOCTOAKHO M PaBHO a.

1560. B xakux cucremax JorapudMoB CYIIECTBYIOT UMCJIa, pPaB-
Hble cBoeMy Jorapudpmy?

1561. s Bcex npsAMOYrOJBHUKOB LAaHHON miomazm S ompexne-
JUTh TOT, IEPUMETDP KOTOPOTO HAMMEHBILIMIL.

1562. HaiiT npsaMoyronbHbI# TpeyroJbHuK Hamnbosblleil HJIO-
ALY, €CJIM CYMMA KATeTAa W F'MIIOTeHY3hbl er0 IOCTOSAHHA.

1563. IIpu xakux TUHEHHLIX pasMepax 3aKphITAd MUANHAPIIe-
cKadA 6aHKa JaHHOM BMecTuMocTH V OyeT UMeTh HAUMEHBIIYIO 10T~
HYIO IIOBEePXHOCTb?

1564. B a1l KPYroBOH CEeIrMeHT, He NPEeBBIIIAIONIHI II0TYy-
Kpyra, BINCATH IPAMOYTONBHUK ¢ HanboJblleil NI0nagbelo.

1565. B amnuic

2 2
@ty !
BIMCATb NPAMOYTOJBHUK CO CTOPOHAMHU, NapaJLaebHBIMU OCAM 3JI-
JIMIICA, IJIOIAaJAb KOTOPOro Hamboabiiad.
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1566. B rpeyronbHMUK C OCHOBAHMEM b 1 BBICOTOM /i BHCaTh NIPs-
MOYTOJIBHUK C HAanGONBIINM IEPUMETPOM.

MccnenoraTh BOBMOXKHOCTD pellleHUA 3TOMH 3aZauu.

1567. U3 wpyraoro 6pesna xuaMerpa d BbITeChIBaeTca Gaaxa
C IPAMOYTONBHBIM IIONEPEUHBIM CeUeHeM, OCHOBAHHE KOTOPOTO PaB-
HO b u BhicoTa h. IIpn kakux pasmepax Ganka 6ygeT uMeTh HaUOGOIIbL-
LIYIO IPOYHOCTb, €CAY NIPOYHOCTh ee IIpollopiHoHanbHa bh??

1568. B monymap pagnyca R Buucars npAMOyTOJbHEIR napaJiie-
JIenuIe]| ¢ KBaAPaTHBIM OCHOBAHMEM HAMG0JIbIIEro o6heMa.

1569. B map paguyca R BnucaTh UMANHADP Hauboabiiero oobema.

1570. B map pagnyca R BIucaTh MUIMHAD C HaubObIllel HOIH oM
IIOBEPXHOCTBIO.

1571. OxkoJ0 HaHHOrO IIapa ONMMCATH KOHYC HAaMMEHbIIEro o6mnb-
eMma.

1572, HaiiT Banboapluunii 06beM KoHyca C JasHoi obpasyomeit /.

1573. B npaAMoOil KpyroBoii KOHYC ¢ YrJIoM 20, B OCEBOM CEUYeHUH
U pafrycoM OCHOBaHMSA R BIMCATH HUIMHAP ¢ HanbGoJbliei IIOIHOR
IIOBEPXHOCTHIO.

1574. Ha#iTn kpaTuaiiniee paccrosigivie rouxu M(p, p) or mapa-
gonmt y* = 2px.

1575, HaiiTn Kparuafinlee m HauGoJbplliee PACCTOAHMA TOUYKHU
A(2, 0) o oxpyxuocTtn x2 + y? = 1.

1576. HaiiTt Han6GonbIIyIO XOPAY SJLINIICA Z—j + by—z =1(0<b<a),
npoxoasayo uepesd sepmnuy B (0, —b).

x2

1577. Yepes Toury M(x, y) annunca = + %z = 1 IpoBecTu Ka-
a

caTenbHY0, 06pasyomyo ¢ ocAMH KOODPAMHAT TPEYroJdbHUMK, IJIO-
1a4b KOTOPOTO HAMMEHBbIIAsM.

1578. Tesno npefcrasnaer coboit nPAMON KPYroBoi LUAKHLD, 3a-
BEpILIeHHBIH CBepXy moaymapoM. IIpn kakux AUHEHHBIX pasMepax
3TO Teso OyLeT MMeTh HAMMeHBIIYI0 IIOJHYIO HOBEPXHOCTb, eCcln
obwem ero paseH V.,

1579. Ilonepeuroe ceueHuMe OTKPHITOrO KaHaja mMeeT GopMy
paBHoGepenHoM Tpanenun. [Ipy KakoM HaKJIOHe (¢ GOKOB « MOKDHIIL
nepuMeTp» cedeHuA OyAeT HAMMEHBIINM, €ClU IJIOALb «KHUBOTO
CedyeHHUs» BOABI B KaHalle pagHa S, a YpoBeHb BOAbI paBeH h?

1580. H3sunucmocmeio 3aMKHYTOI0 KOHTYpa, OrpaHUYMBAIOLIIe-
ro IJIOUIaAb S, HA3bIBAETCHA OTHOLIEHUE IIepHMeTPa 3TOT0 KOHTYpa
K JJIHEe OKPYXXHOCTH, OTPaHMUYMBAIONIEH KPYT TOH Ke maowmazu S.

Kaxosa dopma pasBoGenperHoii Tpanenun ABCD (AD || BC), o6-
Jafamuieil HauMeHbIlell U3BMINCTOCTBIO, eciy ocHoBaHue AD = 2a
u ocTpelil yron BAD = a?
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1581. Kakoii cexTop ciefyer BEIPE3aTh U3 Kpyra paguyca R, uro-
6Bl U3 OCTABIIEHCS YAaCTH MOXKHO GBLIIO CBEPHYTH BOPOHKY HanlbOJb-
el BMECTHMOCTH.

1582. 3asox A oTCTOUT OT XKeNe3HOIT Joporu, uAyInei ¢ ora Ha
cesep U NMpoxoudmuii uepes ropog B, cuuTas 1o KpaTuaiimemMy pac-
CTOSIHHIO, Ha paccTosHye a. ITox KakyM yTIoM @ K 3KeJesHoit fopore
cJefyeT MOCTPOUTH MOAbEe3LHON HYTh OT 3aBoAa, UTOOBI TPAHCIOP-
TUPOBKA I'DY30B 13 A B B 6b1s1a Hanbosiee SKOHOMUYHOI, €CIH CTOH-
MOCTh IPOBO3a TOHHBI I'Dy3a HA PACCTOSHHU 1 KM COCTaBJseT I
roA’be3JHOMY IIYTH p P. IO KeJe3HOMH fopore ¢ p. (p > ¢g) u ropox B
pacmnoJioxkeH Ha paccToAHuu b cesepHee 3aBoga A?

1583. IIBa Kopabsis IJABIBYT C IIOCTOAHHBIMU CKOPOCTAMYU U U U
110 IPAMBIM JIHHUAM, COCTABJAIONIUM yroa 6 Mexay coboit. Onpene-
JIUTh HaMeHbIllee PACCTOAHIE MEXAY KOPabJAaMHU, eClIU PACCTOAH U
X OT TOUKH NepeceveHys IyTeii B HEKOTOPHIE MOMEHT ObIJM COOT-
BETCTBEHHO paBHbI @ U b.

1584. B Toukax 4 u B HaxonsiTCid MCTOUHHUKU CBeTA COOTBET-
cTBeHHO cunoit S, u S, kaHnen. Ha orpeske AB = a HaliTu HauMeHee
OCBENIeHHYIO TOURYy M.

1585. Ceranjasca TOUYKa HAXOAUTCH Ha JUHUM IEHTPOB ABYX
HemepeceKarInMXcs IapoB paauycor R u r (R > r) u pacnonoxena
BHE 3TUX IAPOB. IIpy KaKOM MoI0KEeHNN TOUKY CYMMAa OCBeIIEHHBIX
yacreil HOBEPXHOCTH MAPOB 6yneT Hanbosbuian?

1586. Ha kakoil BbIcOTe HaJ I[EHTPOM KPYIJIOTO CTONMa pagmyca
a ciresyer IMOMEeCTUTh dJeKTPUUYECKYIO JaMIIOUKY, 4TOObI OCBEIeH-
HOCTBb Kpad crona 6bina Haubosnbieir?

Y rxasauue. OCBEeI€HHOCTD BHIPAXKACTCS POPMYJIOT

rge ¢ — yroa HakJiOHa nyqeﬁ K IIJIOCKOCTH CTOJIa, r — pPacCcTOsiHUEe UCTOY-
HHKa CBeTa OT OCBemaeMOI./JI oI agKM, IO — CHJia UICTOUHUKA CcBeTa.

1587. K peke mimpuHOH @ IOCTPOEH MOJ NPAMBIM YIJIOM KaHAJ
mupuHoil b. Kakoil MakCHUMaNbHOM AJIUHBLI CYLa MOTYT BXOAMNTH B
DTOT KaHaJ?

1588. CyrouHble pacXOAbl IPU IJIaBAHUY CYAHA COCTONAT U3 ABYVX
JacTed: ITOCTOSIHHO, paBHOM a4 p., U NepeMeHHOH!, Bo3pacTramouiei
MPONOPUMOHANBHO KYy0y cKkopocT. IIpu Kakoit ckopocTH v nnapanme
cynRa 6yger Haubosiee SKOHOMUUHBIM ?

1589. I'pys, nexxamuii Ha ropu30HTANBHON LIEPOXOBATOMN IJIOC-
KocTH, Tpebyercs CABUHYTH C MeCTa IpUJIoKeHHoH cunoit. Ilpu ka-
KOM HaKJIOHE 9TOM CHJIbI K TOPU3OHTY ee 3HaueHue Oyher HauMeHb-
muM, ecan koahduuresT TpeHud rpysa paseH k?

1590. B uamky, uMerolyo dopMy Hoayiiapa paguyca a, oiyiieH
crepixeHb Anuusl [ > 2a. HaliTn nono)xeHne paBHOBECHS CTEPIKHA.
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§ 14. Kacanue xpuebix. Kpyr KpuBusHb1. IBOIIOTA

1. Kacauune n-ro nopanka. F'oBOpAT, UTO KPUBBIE
y=0x) n y=wy)
UMEIT B TOUKe X, Kacahue n-z0 nopadxa (B cTporom cmebiciel), ecan
0 (xp) =W (xp) (k= 0, 1, ..., n) mw 0" " Nxg) Z w" * D(x,). B sTom cayuae
IIpU X — X, ©UMeeM:
(%) = y(x) = OFx — xo]" " .
2. Kpyr kxpnusasl. OKpYKHOCTb
(x-8*+(y-ny=R
uMemwLas ¢ ZaHHON KpuBOI y = f(X) KacaHue He HUKe 2-r0 ITOPALKa, Ha3kbl-
BAETCA KPY20M KDUBU3HLL B COOTBETCTBYMOEl Touke. Paguyc aroro kpyra
3

(1+y2
ly"|

1 .
Ha3bIBAeTCH paduycom KpueusHbl, a BeJJUUHHA k = 7 KpUBU3HOIL.
3. 3somora. 'eomerpuueckoe mecto 1eHTpos (§, ) KPYyroB KpUBU3HBI

(4ermpwt KpuBuU3HbL)

. ‘2 r2

g=x - LA, gy L0
Yy y

Ha3bIBAETCA 960.110Mmoll JaHHO KpUBOIl y = f(x).

1591. Ilogo6paTs napaMerpsl k u b npsamoii
y=kx+b
Tak, uTo0bl OHA MMeJa ¢ KPUBOIH
y=x*-3x2+2
KacaHMe IOPAAKA BhIIIE IePBOTO.
1592. IIpu xaxom BbIGope KO03hDHUNMEHTOB a, b u ¢ napabona
y=ax+bx+c
UMeeT B TOYKe X = x, KacaHue 2-ro HopAAKa ¢ KpUBoi y = e*?
1593. Kakoit nopsiiok Kacagus ¢ ocbio Ox umMelor B Touxe x = 0

KpHUBEIE:
a)y=1—-cos x; 6) y = tg x — sin x;

B)y=e"—(1 +x+ %2)7

1
1594. Toxasats, uto kpuBad y = ¢ ** npu x # 0 y =0 mput x = 0
umeet B Touke x = 0 ¢ ockI0 Ox KacaHue 6eCKOHeUHO GOJIBIIOTO MOPALKA.
1595. HaiiTu paguyc ¥ neHTp KPUBU3HBI I'HIep6OoIh]

xy=1
B Toukax: a) M (1, 1); 6) N (100; 0,01).
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OnpeneauTs paguychl KPUBU3HBL CAEAYIOUMX KPUBBIX:
1596. y? = 2px (mapaboa).

1597. £ + ¥ =1 (a =2 b > 0) (snnumc).

a? b?
1598. X ﬁ = 1 (runepbosa).
a? b?

2 2 2
1599.x3 + y3 = a3 (acTpomzga).
1600. x = a cos ¢, y = b sin t (ssnunc).
1601. x=a (f —sin t), y = a (1 — cos t) (muxIOUIA).
1602. x =a(cost+tsint), y=a(sin¢ — ¢ cos #) (3BOJIBBEHTA KPyra).
1603. JoxasaTsk, 4TO panuyc KPHBHU3HSI JUEUU 2-TO IOPALKA

y* = 2px — g’
[IPONOPIMOHAJIEH KYyOy OTpesKka HopMaJH.

1604. Hanncars opMyny paguyca KpUBUSHBI JIUHUH, 3aJaHHOM
B IOJAPHBIX KOOPAMHATAX.

OnpenenuTs paguychl KPUBU3HBl KPUBBIX, 3aJaHHBIX B IOJAD-
HEBIX KOOpAMHATAX (IapaMeTPhI IOJOMKUTENbHLI):

1605. r = a¢ (cuupanb Apxumega).

1606. r = ae™? (norapudMudecKas CIUPATIb).

1607. r = a (1 + cos @) (kapauonza).

1608. r* = a? cos 2¢ (1eMHHUCKATA).

1609. Ha xpuBoit y = In x HaliTH TOYKY, KPUBU3HA B KOTOPOH
HamboJIbIIaA.

1610. MakcumanbHad KPUBU3HA KyOUUYeCKO mapabonsl y = l’%a

(0 < x +90, k> 0) paBna 1—01(-)—0 . Haiitu TOUKy x, B KOTOpOM foCTHI'A-

€TCA 3Ta MaKCUMaJbHadaA KPUBU3HA.

CoCTaBUTb ypaBHEHUS 3BOJIOTH KPUBBIX:
1611. y? = 2px (mapaboua).

1612. I L | (annumc).
a2 b2

2
3

1613.x3 +y3 =a

1614. x = g In 4E49 = U7 sz_z — Ja? - y? (Tpakrpuca).

1615. r = ae™® (norapudmMuueckas CIupaIs).
1616. [fokasarTh, 4TO 3BOJIIOTA IHKJIOULBI

x=a(t—sint), y=a(l—cost)

(acTponpa).

€CTh TAKKe MUKJIONA, OTIMYAIONIAACS OT JAHHOM TONBLKO HOJ0MKEHUEM.,
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§ 15. IIpnbauskeHHOE pemieHHe ypaBHEHHH

1. IIpaBujo nponopuMoHaJbHEIX Yacte (Merox xopxn). Ecnu QyHkumns
f(x) HenpepblBHA Ha cermeHTe [a, b] u

fa)f(by < 0,
npuueM f'(x) # 0 npu a < x < b, T0 ypapHeHUue
flx)=10 (1)
HMeEEeT OJJUH M TONBKO OJUH AelCTBUTENLHBII KopeHs £ B npoMexkyTke (a, b).
3a neppoe nNpubJMKeHNEe 3TOr0 KOPHA MOMKHO IIDUHATH 3HAUEHUHE
x,=a+3,
rue
S, = ~_1(a) (b - a).
(&) - f(a)
IIpumensis gajiee 3TOT cII0cod K TOMY U3 IIDOMEXYTKOB (@, x,) niau (x,, b),
Ha KOHIIaX KOoToporo GpyHKuusa f(x) pasHo3HayHa, NOAYUYUM BTOpoe NpubIu-
JKeHue X, KopHa & u 1. x. Ilns OLeHKN n-ro NpubAaMKeHUs X, cnpapefiuBa
(popmyna

(2)

rge m = inf |f’(x)], npuuem
a<x<h

n - co

2. IIpasuno Herorona (metox Kacareasubix). Ecau f'(x) # 0 Ha cer-

meHre [a, b] u f(a){”’(a) > 0, To 3a nepsoe npubaukenne &, KopHa & ypas-
HeHud (1) MOYKHO IIpUHATH 3HAYEHUE

f{a)
f'(a)’

IToBTOpAA 3TOT NpHEM, TOJyUYaeM BGBICTPO CXOAAUIHECA K KOpHIo & ro-
cieoBaTebHbIE NpubaMKenus &, (n = 1, 2, ...), TOUHOCTb KOTOPLIX OIE€HH-
BaeTcsd, Hallpumep, o hopmyne (2).

Inst rpy60il OpUEHTHUPOBKHU IIOJIE3HO HApUCOBaTh HAGPOCOK rpaduxa
bysknuu y = f(x).

Ei=a-

IMonpaysch MeTOOM HPONOPILMOHANBHBIX YacTeH, ONpPereJHTb
¢ Tousocthio 1o 0,001 KOpHM caeAYyIOMMX YpaBHEHUII:

1617. x* — 6x+ 2 = 0. 1618. x* —x - 1= 0.

1619. x — 0,1 sin x = 2. 1620. cos x = xZ.

ITonbsysacs meromom HeroToHa, onpeneinTh ¢ YKasaHHOH TOUHO-
CThIO KOPHU CJAEAYIOIMUX YpaBHEHMI:

1621. x? + ﬁ = 10x (¢ Tounoctsio go 107%).

1622. x 1g x = 1 (¢ Tou”ocThO Ko 107%).
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1623. cos x* ch x = 1 (c TounocThI0 0 107%) (Ba MOM0KUTENIBHBIX
KOpHSI).
1624. x + ¢* = 0 (c TounocThiO Ko 107%).
1625. x th x = 1 (c Tounocrsio 7o 10 ).
1626. C rounoctsio 10 0, 001 HaNtTH TPpU MEPBLIX MOJIOXKUTEIIb-
HbIX KODHS ypaBHEHUSA
tg x = x.

1627. C rounocThio o 107™% HaiiTH gBa MOJIOMXKHUTENbHBIX KOPHA
ypaBHEHUA

ctg x =

R~

x
3"
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HEOITPEJEJEHHBIA MHTETPAJI

§ 1. Ilpocreiimue HEONpeneJeHHbIe HHTerpaasl

1. ITousaTne HeompeaeaeHHoro uHterpada. Ecan Qyukuua f(x) onpene-
JICHA M HeNIPCPBIBHA Ha npomesxkyTke (a, b) u F(x) — ce neppoobpasHnas, 7. e.
F'(x)=f(x) npua < x < b, T0

J.f(x)dx=F(x)+C, a<x<b,

rji¢ C — IpOM3RBOJbLHAS IOCTOSHHAS.
2. OcHopHple CBOIICTBA HEONPEACHCHHOIO MHTErpaJja:

wd | [fdx|=r@axs o [ave = o + c;
B) J.Af(x) dx=A J‘f(x) dx (A = const; A # 0).
r) f [f(x) + g(x)] dxc = f f(x) dx + f g(x) dx.

3. Tabanua npocTeiinmx HHTErpaJon:

n+l
1. J.x”dx:x—-— - C (n#-1).
n+1

I {9 i+ e (x=0).
I dx_ { arctg x + C,

) 1+x* l-arcctg x + C.
v, {4 Ly |l+x 4

1-x2 2 1-x

v dx { arcsin x + C,

: /1 —x2 |—arccosx +C.
VI, | =~ + JEEL] 4G

x2x1

VII. J.a dx—li—--—a +C (@>0,a=1) J'e~‘(1x=o~*+c.

VIII. J‘sinxdx= -cos x + C. IX.fcosxdx =sinx + C.
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dx dx
LX — _ctgx +C. XI. =tg x + C.
J‘ sin?x clgx+C cos?x tgx+C
XII. J‘sh xdx =chx +C. XIH.J.Ch x dx=shx +C.
xiv. 4% - cithxtc xv. {4 —hxto
sh?x ch?x

4. OcHOBHBIE METOIBI HHTETPHPOBAHM L.
a) Memod @gedenus Hogo20 apzymenma. Ecnn

J.f(x) dx = F(x) + C,
TO

ff(u) du= F(u)+ C,

rie u = @(x) — HenpepslBHO JAiddepeHnpyeMas GyHKIHL.
6) Memod pasaoucenus. Ecau

f(x) = [1(x) + [s(x},

TO

J.f(x) dx = J‘f,(x) dx + J.fz(x) dx.

B) Memod nodcmanosxu. Ecnu f(x) HenpeprlBHA, TO, nojaras
= o(1),

r;e ¢(t) HelpepHIBHAS BMECTC €O CBOell npou3BomHOIl ¢'(t), noaytim
f fx) dx = f F@(e (1) dt.

r) Memod unmezpuposarus no vacmsis. Beam 1 11 v — HEKOTOPIE [[11O-
(pepeHUHpyCeMble (DYHKIIMHA OT X, TO

fu du = uv - J.u du.

Ilpumenssa TabNUIly TPOCTEAIINX IHTErPANOB, HANTH CJeayo-
1Iye UHTEerpajbl:

1628. J' (3 — %) dx. 1629. J' (5 - x)' dx.
_ _ _ (1-x S
1630. [ (1~ )(1 — 2x)(1 - 3x) dx. 1631. |[1=X]" dx.
1632. ﬂﬂ 848 ax. 1633. f“l dx.
X X X
1634. J'Mitl dx. 1635. f”“x“ dx.
1 x 3 x

1636. J' L) Jedx dx. 1637. J' L_x;:/:i dx.
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TO

1638. f 2

x2dx
1640. J‘i‘-?

1642. fA/1+x2+A/1—x2

J1 = xd

1643. J'____.______M Nx?-1 dx.

Jxi-1

x+1 x-1
1645. J‘?—L dx.

10~

1647. f(l + sin x + cos x) dx.

1648. J'A/l “sin2x dx (0< x <m).

1649. J' ctg® x dx.

1651. J'(a sh x + b ch x) dx.

1653. J'ach x dx.

1654. loxasarhb, 4To ecju

1639.

1641.

1644.

1646.

1650.

1652.

J.f(x) dx = F(x) + C,

x2dx
1+x2°

x2+3 dx.
x2-1

J'(z" + 39 dx.

J. il gy,
er+1

J.tg2 x dx.

J.thz x dx.

ff(ax+b)dx= Lr@x+ b +c @=0.

HaiiTu nHTerpasns:
1655. J' dx
x+a

1657. f%/l " 3x dx.

1659. f———,,
(5x— 2)2

1661J.232

1663. J' .
N2 - 3x2

1665. J' (e + e 2 dx.

1656.

1658.

1660.

1662.

1664.

1666.

f(2x — 3)10 gy.

dx
J2-5x
fﬁ/l - 2x+x% 5

1-x

dx
2-3x2"

dx
N3x2~2
f(sin5x — sinba) dx.
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1667. J' 1668. J' .
o 1+ cosx
smz(2x+ )
4
1669. J' 1670. J' .
1-cosx 1+ sinx
1671. J' [sh(2x + 1) + ch(2x — 1)] dx.
1672. '[ 1673. J' .
ch shl

IIyrem Hajuiekauiero npeobpasoBaHUuA nonbm'rerpanbnoro BBI-
pakeHHUs HallTH cilenyoule HHTErpasbl:

1674. J' xdx 1675. '[ x2 3T+ % dx.
l—xz
xdx
1676.f S 1677.J' L.
1678.J' xdx 1679.J‘ xa‘“.
1680. J' _dx 1681. J‘sml.d_’f
(1+x)Jx x?
dx
VikasaHue. == = 2d(Jx). 1682. J‘ .
x x,\/x2+ 1
1683J‘ : 1684. J' i
x,\,xz (224 1)2
1685-[ 1686. J' —xdx
1)2 8x*+27)5
1687. J’ . 1688.J- __dx
Jx(1+x) Jx(l-x)
1689. J' xe** dx. 1690.I erdx
2 +e”
dx
1691. J' L 1692.J' _1+—e§;'
ln X
1693. _" dx 1694. J. xlnxln(lnx)
1695.J‘ sin® x cos x dx. 1696. J. _sinx gy,
cos3x
1697. J' tg x dx. 1698. J' ctg x dx.

1699 J‘ Ssinx +cosx .
i/sinx - cosx
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sin?x + b2cos?x

1700. a) J. sinxcosx
Ja?

COosS X
B).[ — dx;
Jcost

1701. I —dx
smzxdctgx

1703. f

sin x

1705.f S

hxchx
1707.j —SAXX  dx.
Jshix + chéx

1709. f JEﬁ&ﬁ dx.

1711.I /bﬂgznilzgéﬁ dx.
1+ x2

1712.{%(136. Vxasanue.

1713.f o1 gy

xt+1
gdx
1715.f _xrdx
N1+ xne2

1717 J’ cosxdx
A2+ cos2x

973
1719.f 2.5 ax.

IIpuMeHAA MeTOZ Pa3iOMeHUA, BHIUUCIUTD CIeAyIolie HHTer-
pasnbl: '

1721.a)fx%2-—3x%2dx;

1722.f 1ex gy
1-x

1726.f QL;zE dx.

dx.
x+ 1

1728. f

dx; 6)J~ _Sinx gy

Jcos2x
r J' _shx
A/ch2x
1702.I __dx

sin2x + 2cos?x

1704. f .

cCOosSX
1706.f dax
1708. j —dx
chle/thzx

1710.] dx .
(arcsinx)2.4/1 - x2

(1+i) dx =d (x—%j

171 4J’ x4dx
(x°

1+xd
1_

1718. J' sinx cosx dx

sinfx + costx

X .

1720.j xdx .
A/1+x2+A/(l+x2)3

&fxﬂ—doL
1723.f 2 dx.
I1+x
1725.f A+ 22 gy
1+ x2
1727.f X ax
(1_ 100

1729. j __dx
Jx+ 1+ Jx—
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1730.'[ x J2 - bx dx.

1 2
N LXE-Z2(2-5x)+ 2.
KaszaHue X 5( x) =

1731. _[ _xdx 1732.

1~ 3x

dx
1733. J' et

y}{asanne.lzi[(x+3)~(x—1)].

1734. J' —dx 1735.
+x-2"
dx
1736. f T 1737.
xdx
1738. J' Rt 1739.
dx 2 2
1740.J' T @ ).
1741. J' sin? x dx. 1742.
1743. J' sin x sin(x + o) dx. 1744.

1745.J- cos 5 * COoSs 5 dx.

_T
1746. ~fsm 2x 6) cos (Bx + ) dx.

1747. J’ sin® x dx. 1748.
1749. J' sin® x dx. 1750.

1751. .[ ctg? x dx. 1752.

1753. J. sin? 3x sin® 2x dx.

1754. f

sin?x cosZ x’

Vrkasanue. 1 =sin® x + cos? x.

1755J' _dx 1756.

31113 X COSX

1757. J‘ % dx. 1758.

J. 23 3/1 + x2 dx.

_( (x2+ 1 x2+ 2)
J‘ xdx

(x+2)(x+3)"
dx

(x+a)?(x+b)?

(a=b).
J. cos? x dx.

I sin 3x - sin 5x dx.

cos® x dx.

cos® x dx.

tg® x dx.

dx
sinxcos?x

dx
costx
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1759.j dx_

1+e*
W&Lfdﬁxdx
1763. J. sh x sh 2x dx.

1765. j

shzxchz

1760.f (L+en)? gy
142
1762.f ch? x dx.

1764.J ch x - ch 3x dx.

I[Ipumensas nmogxopnsiive MOLCTAHOBKHU, HAUTHU CJIeAyIOUIAe UH-

TerpaJbl:

1766.f € 31— x dx.

1768.I dx.

J2-x

2
177O.f‘xW2——5x%5 dx.

1771. J. cos® x + Jsinx dx.

1773.f sin?x ;.

cosfx

X

1775.I dx

e? 4+ e

1777 arctgﬁ_ dx
) Jx 1+x’

ﬂenjxﬁl—mhmdx

1769.I X dx.
J1—x2

1+ cos?x

Inxdx
1774.f _lnxdx
x./l +Inx

1772.f sinxcos’x ;..

1776. j

J1+ex

IIpuMessas TpUroHOMETpUUYECKHUe IIOACTAHOBKM X = a sin ¢,
x=atgt, x=asin®t u 7. 1., HAWiTK cleAYIOLIMe WHTErpaHl (Ia-

paMeTpbl HOJIOJKI/ITeJIbeI):
1778, f

1—x2)

1780.I JT- 2 dx.

1782.I farx g
Na-x

dx
1784, | —————.
I J(x~a)b-x)

iﬂS&fAKx—aXb~a)dL

1779. [ Xldx
) =

1781, | X .
(x2+a?)?

1783.f x

x
dx.
-x

Y ka3zanue. [IpuMeHUTh NOXCTAHOBKY

x—a=(b-a)sin®t.
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IIpumeHsisa runepfosInuecKue MOACTaHOBKY X = a sh t, x = a ch ¢,
pT.O., HaWTH ciegyiouiue MHTErpasbl (Napamerpbl ITOJIOMKHU-
TeJIbHBI):

2
1786. J‘ JaZ+ 22 dx. 1787.I x2dx .

a?+ x?
1788J' ¢ dx.,
1789.[ 1790..[ Jx+ ) (x+b) dx.
A/(x+a x+Db) ( ) )

VYkaszaunwue. Ionoxurs
x+a=(b-a)sh?t.

IIpuMeHsasA MeTox MHTErpUPOBAHUA IO YACTAM, HAMTH CJenyio-
111e UHTerpasbl:

1791. J‘ In x dx. 1792. j 2" In x dx (n # 1).
1793. f (1“7’6)2 dx. 1794. J' Jx In? x dx.
1795. J. xe ™ dx. 1796. J. x%e % dx.
1797. J. xPe*" dx. 1798. I x cos x dx.
1799. .[ «? sin 2x dx. 1800. J' xsh x dx.
1801.J' % ch 3x dx. 1802.J' arctg x dx.
1803. J‘ arcsin x dx. 1804. .[ x arctg x dx.
1805. J‘ x% arccos x dx. 1806. .[ arciinx dx.
1807.I In(x + JT+2?) dx. 1808. J' xIn 12X gy
1809. .[ arctg J/x dx. 1810. I sin x - In (tg x) dx
HaiiTu cienymouiye MHTeTrpaJbl;
1811.f e dx. 1812.J' (arcsin x)? dx.
1813. f x(arctg x)* dx. 1814. J' *In 12X dx,
1815.J' xlnx+ JT+2%) g, 1816..[ _x

J1+ x2 (1+ x2)2
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1817. J' —dx 1818..[ JaZ— <% dx.
(a?+ x2)?
1819._[ JeZva dx. 1820. J' x2 Jai+ 2% dx.

1821.J' x sin x dx. 1822.J' el% dx.
1823.I xsin J% dx. 1824, [ XL gy,
(1+x2)2
1825.I e dx. 1826. .[ sin (In x) dx.
(1 +x2)?
1827. J' cos (In x) dx. 1828. J~ " cos bx dx.
1829. f e** sin bx dx. 1830. .[ e** gin® x dx.
1831. J‘ (e* — cos x)? dx. 1832. J' arcctge:
1833.f In(sinx) ;. 1834. J' xdx
sinZx coszx
xe*
1835.J' T

Haxosxpenue ciaefyioinx HHTETPAJOB OCHOBAHO HAa IPUBEIEHUU KBaf-
paTHOTO TPex4JieHa K KAHOHUYeCKOMY BHAY U IIpuMeHeHUu (opmyn:

dx _ 1 X
I. J.az+xz—aarctg;+C(a¢O).
dx 1 a+x
. —_— = + Z 0).
11 Jaz—xz 50 In e C (a#0)

xdx _ .1 24y
IIl. J‘azirxz iz In |a% + x? + C.

Iv. T = arcsin z +C (a>0).
dx
V. —=— =1In|x + Jx2%a2?|+ C (a> 0).
N [rC =0
xdx
VI. ——— =tJa*tx? +C (a > 0).
Ja?tx? ( )
VIL J- Nai-x? dx = g«ﬂlz‘xz + %2 arcsin £ +C (a > 0).
: a

VIIL. J‘ Jx?ta? dx = g.}xZiaZ t ‘—12—2 Injx + Jx2*ta2| + C (a > 0).
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HaiiTi cieAyole HHTETPAIbI:

1836. f — (@b #0). 1837. .[ —dx
x2~x+2
xdx
1838. _[ e e 1839..[ e
x+ 1 xdx
1840. [ A0y ds. 1841, | iy
x3dx x5dx
1842.]’ e 1843.]’ e
dx
1844. _[ 3sinZx - 8sinxcosx + Hcos’x
dx
1845'_[ sinx + 2cosx+3
dx dx
1846.f b # 0). 1847.f _dx
Ja+ bx? A/1—2x—x2
1848]‘ 1849. .[
x+x1 J——A’2_+—

1850. JoxasaTs, 4TO ecau

y=ax*+bx+c (a#0),

df:_lnly_ +Jay| +C npu a>0
Y
?/i_‘ =;/1—— arcsin-b—z"%l—c +C npu a <0.
y J-a o -
1
1851. J' 1852.j L
= vl
1853. a)J' _xdx . 6)I cosvdr
1 —3x2— 2x4 J1+ sinx + cos?x
1854_J’ __xldx 1855..[ _ XX gy,
m N1+ x2— x4
1856. J’ 1857.J' - —
x«/x2+ x+1 xZA/x2+ x+1
1858. J' __dx 1859. J
(x+ /x4 1 (x- 1)./x2 2

dx
1860.J’ . 1861..[ J2+ x—x? dx.
(x+2)2/x2+2x-5



162 PA3JIEJIL [1l. HEOTIPENEJIEHHBIN UHTEIPAJ

1862. J’ JZrx+ <t dx. 1863. J Jri T 2x2 -1 xdx.

1864. f Loxax? gy 1865. _[ x4l gy,
xJ1+ x-x2 xa x4+ 1

§ 2. HurerpupoBaHue palyUOHAJIbHBIX (QYHKIIUI

Ipumensaa MeTo[ HeollpeaeJeHHHbIX KO3(DPUIIMEeHTOB, HAUTH CJle-
Jyloue UHTErpajbl:

1866. (‘ﬁﬁ%’) dx. 1867.J' (x+1)(;f’;)(x+3).
1868. J' xTﬁ:cd—fé' 1869. J xs—_";ﬁ dux
1870.J’ Tgiz‘ﬁ dx. 1871.]‘ xs—_"g%.
1872. (T;TZ)—:&‘-T) dx. 1873..[ (mf dx.
1874. J. (x+1) (x+2 Y2(x+3)3°
1875. _[ x5+ x4 - Zx('fJi 2x2+x+ 1"
1876. ;42:55;1%1 o 1877. f (x+ 1)<x2+1

xdx

1878.

4x+4) x2 4x+5)" —1) (x2+ 2x +2)°

1880.

1+x)(1+x+x2)

|
= =
ey 1883. J'
[ =

1882.

4+1'

1886.

1887.

(1+x)(1 +x1)(1+x )’
1888.

x4+x3 x2+x-1"
xzdx

x4+ 3x3 + x1+3x+1

1889.

J
| =
E
J
1884. j
J =
J
J =
J
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1890. Ilpn KaxoM ycJIOBUM MHTErpas

J‘ ax?+bx+c

x3(x-1)2 dx

npelcTaBaAeT cob0li PaMOHANbHYI0 QYHKLIUIO?

IIpumenas meron OCTpOTPafCKOTO, HAWTY MHTErPAJIbL:

xdx dx
1891.-[ m . 1892- .[ '('—;3':1—)5 .
x2dx
1893. J' Tt 1894.]’ CErert
x2+3x-2
1895‘_'. m' 1896'_[ (x - 1)(x2+x+1)2

dx
1897. [

Brisennnts anredpanyeckylo 4acThb cJIeAyONUX HHTETPAJIOB:

x2+1 dx
1898. [ Ay d 1899 [ X1,
4x°-1
1900, [ T dx

1901. Haiitu uurerpaln

dx
x4+ 2x3+3x2+2x+ 1"
1902. TIpn xakoOM yCJIOBUH HHTETPA

J‘ ax?+2Bx+y dx

(ax%+ 2bx +¢)?

IIpeICTABIAET COG0H PAIOHAILHYI0 QYHKIINIO?

HpI/IMeHHH paBJII/I‘{Hble IIpYUEMEI, HATH ciaepyloine NHTerpajbl:

xdx
1903. f T 1904.f i
1905.]’ . 1906.J' LS
x6+1
xi-3 xidx
xdx x%dx
1900. [ g 1910, [ B o
xen-1 x3n-1
1911.J’ o dx. 1912.J' e
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1913. J' —dx

x(x10 4+ 2)°

1-x7
1915.J. m dx

1914. J' —dx __
x(x

104 1)2

xi-1
1916. _[x(x4—5)(x5— 5x+ l)dx'

1917.J’ L S

xt+x2+1
5
1919. | =% dx
9 _[ x8+1
1921. BriBecTy peKYpPPEHTHYIO (GOPMYAY AJA BBIUNCJIEHNA UH-
Terpaja

1918. J' x?- 1 dx.

x4+ x3+x24+x+1

1920.J' Xt 1 gy,
x%+1

I, =[—3* __ (@=0).

" (ax?+bx+c)”

Ionwsysace aTo#t hopmMysoil, BEIUNACINTD

I= [ —d4x .
(x2+ x4+ 1)3

Vkasanue. Hcnonb3oBaTh TOXAECTBO
4a (ax? + bx + ¢) = (2ax + b)? + (4ac - b?).

X+a

1922. IIpuMeHUTL TTOACTAHOBKY [ = . JIJIA BBIUMCJIEHUA WH-
X+

Terpaja

I=J’ dx
(x+a)™(x+b)"

(m 1 n — HarypanbHble umnciaa). IloabsyAacs 3T0# IMOACTAaHOBKOH,
HalTn
dx
(x-2)2(x+38)%"

1923. Briuncanrts
P.(x)
(x - a)n+ 1 ’
ecan P, (x) ecTb MHOTOUJIEH CTEIIEHH 71 OTHOCHUTEJIBHO X.
Y xasaunue. Ipumennrs popmyny Teiinopa.

1924. Ilycte R(x) = R'(x?), rae R* — panuonanbHasg QyHKINA.
Kakumu ocobenHocTaMu obiaafaeT pasyosxenne pyHruum R(x) Ha
panroHanbHble Apobu?

1925. Beruncanrs

Je

rae n — neJsoe IMoJOXXUTEJbHOE YHCIIO.



§ 3. interpnpoBanie UpPALMOHANBLHBIX GYyIKIIRil 165

§ 3. HHTerpupoBaHue MpPpPAUUOHATBHBIX (PYHKIHII

C NOMOILbI NPUBEAEHUS IOABIHTErPAJbHBIX (DYHKIIMI K paiuo-
HaJbHBIM (bymcumm HaWTH clejyolye MHTEeTPabl:

1926]‘ 1927.J’ _dxr
1+J§ x(1+ 2./x + %)
1928. f ANZH X gy 1929. J' LoyJarl gy
x+32+ x 1+3/x+1
1930.f _dx 1931.f dx+l-Jx-1 dx
(1+‘1/;c)3ﬁ AJx+ 1+./x
1932. f 1933. f (@ > 0).
3«/(x+ 1)2 x 1 ,fx3(a x)
1934.f dx (n — HaTypajabHOE YHCJO).
'V(x_a n+1(x_b)n—l
1935. f —dx
1+A/;c+A/1+x
Yrkasaune. HOJIOJKI/ITbx:(ﬁ——l)Z.
2u

1936. loka3aTs, YTO HHTErDAJ
] ¢
J'R [x, (x - a)" (x — b)"] dx,

e R — panunonanbHasd QYHKIUA A p, ¢, N — IeJble YUCJIa, ABJIA-
eTca dJIeMEeHTapHOU GyHKIHel, ecan

p+q=kn,
Tae k — Lejaoe 4ucJo.

HaiiTn MHTerpajbl OT MPOCTEHININX KBaAPATUUYHBIX HPpaImo-
HAaJILHOCTEH:

1937. J’ 1938.]’ dx .
A/1+x+x1 (x+Dyx2+x+1

1939. J’ __—1‘_——. 1940.J' NEXPH2x 2 g
(1-x2)/1-x2 x

1941. J’ — xdx 1942.J' REESE NPT
(14 x)J1-2x—x2 N1+ x - x?

Ipumenaa Gopmyny
[ =2 ax=0, @y+r |,
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rae y = Jax?+bx+c, P,(x) — MHOTOUJIEH CTelleHu n, Q, . (X) —
MHOTOUYJIEH CTerneHu n — 1 ¥ A — umceso, HAUTH cleAyoniue uHTer-
paJIbI:

1943. J' :/TT:T;_—;; dx 1944. J' %.
b : 3 2 —_
1945.J' xiJa? %t dx. 1946.]’ x S:‘Jii’; 6 gx.
d
1947..[ xTJ_xfT_l 1948. J’ xux‘z”
d d
1949.J' (x—l)ij—im“l' 1950. J' m

1951. I[Ipn xakoM yCJIOBHM MHTerpal
a;x*+b,x+¢; 24+ b,x+cy dx
Jax?+bx+c

npeacraBisaeT coboil anrebpandecKyo GyHKIuo0?

Hatitn J. Plx) dx,rpey = Jax? + bx + ¢, padnarad pallioOHaJIb-

Qx)y
HYI0 QYHKIIAIO QJ(;% Ha IIpocTeduine gpobu.
1952. .[ xdx : 1953. J' dx
(x—-1)2J1+ 2x — x? (x2- 1)A/xz
1954. J' Vx“’“; dx. 1955. J’ x
+ 1) (1+x)A/1+2x—x2
1956. J' xdx . 1957. I —dx
2-3x+2)Jx2-4x+3 (1+2x2)J1-x2
dx dx
1958..[ —_dx 1959. J’ —dx
(x24+ 1)Jx2-1 (1-x4)J1+x2

1960. J' NP A2 4
x2+1

HpI/IBOJ.UI KBagpaTU4YHbI€ TPEXYJeHbl K KaHOHHUYECKOMY BHAY,
BBIUHCJINUTE CAEeAYIOI e NHTEerPpaabl:

1961.J' dx :
(x2+x+ 1) J/x2+x-1

x2dx

—2x+x2)2+ 22— x2

1963. J' (x+1)dx .
(x2+x+ 1)u/x2+x+1

1962. J'
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1964. C nomomsio ApobHO-mHHefHON mogcTanosxn x = StB?

1+t
BBIUMCIUTD UHTErpas
J‘ dx
(x2—x+D)Jx2+x+1
1965. Haiitu
J' dx
(x2+2)J2x2-2x+5
[IpuMeHAA NoACTaHOBKH Jilaepa:
1) Jax?+ bx +c¢ = +.Jax + z, ecan a > O;
2) Jaxt+bx+c =xz+ JE, ecau ¢ > 0;
3) Ja(x —x))(x - x,) = 2(x ~ x,),
HAUTH cne;ny}oume I/IHTeI‘paJIbII
dx
1966. J' 1967. J’ _dx
x+A/x2+x+ 1+J1-2x-x2
1968. .[ xJXE_2x12 dx. 1969. J' Yo a2t 3x+2 gy
X+ Jx2+3x+2
dx
1970. I —
(1+Jx(1+x0)°
IIpuMeHaAa pasanuHble METObI, HAUTH CJAEAYIOINTEe UHTErPAJILI:
dx . xdx
1971. J' —r 1972. -[
Sl Jai-1 ~x)T-xt

1973.J' dx 1974.j xtylyxsx? g

A/§+~/l—x+«/1+x‘ 1+x+ 1+ x+ x2
1975.1' Ax(x+1) oo 1976. J. (x*-lydx

Jr+ Jr+ 1 (x2+ 1)+ 1
1977. J' (e l)dx 1978.J' —_dr

(x2- DJxt+ 1 xafxt+ 2x2-1
1979,J' (x*+ Ddx

xJxt+x24 1

1980. [foxasarhb, UTO HaXOXK/IeHIEe HHTEerpaga

J.R(x, Jax+b, Jex+d)dx,

rae R — panuoHaabHaa PYHKINA, CBOAUTCA K UHTETPUPOBAHMIO pa-
IUOHAJBLHON QYHKIHH.
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Humezpan om dugphepenyuanvhozo GuHoma
j x™(a + bx")* dx,

rAe m, n U p — palMOHAJbHbIE YUCJa, MOMKET BbITh NPUBCAEH K MHTETPH-
POBaHMIO PALLUOHAJILHBIX (DYHKIHMH JINIIB B CJAEAYIOUIUX TpeX ciayuasax (meo-
pexna Yebviuwesa):

Cayuait 1. Ilycts p — nenoe. Torga nonaraem x = zV, rae N — 06-
i 3HaMeHaTelb Apobeit m u n.

m+ 1 N

— nesoe. Torpa mosaraem a + bx" = 2%,

Cnyuai#t 2. Ilycrs

rae N — obwmunit 3HaMeHaTeb Apodu p.

m+1

Cnyuaii 3. Iycrs + p — uenoe. Torga npuMeHsieM 10oAcCTa-

HOBKY ax™" + b = 2%, rge N — 3HaMeHaTeHD apodu p.
Ecau n =1, To 3T ciayuau 9KBHUBANEHTHbI CACAYIOUIVM:
1) p — uenoe; 2) m — uenoe; 3) m + p — uenoe.

Haiitu ciregyroiine nHTETpabl:

1981.J’ ST rx dx. 1982..[ g,

(1+¥x)
1983. J _xdx 1984. J x0dx
/1 +3 2 1- x2
1985. J' 1986. [ —4x_ .
1987. I 1988. f dx
xr:/1+x" 14l
X

1989.J' 3/3x - x? dx.

1990. B xaxux cayyagx UHTErpaj
J' N1+ xm dx,

rae m — pallMOHaJIbHOE YHCJO, IPEeACTABIAET CODOM BIeMEHTAPHYIO
GyHKIINIO?

§ 4. HHTerpUpoBaHMe TPUTOHOMETPUYECKUX (PYHKIIMIL
Wurerpans! Buga
sin™ x cos" x dx,

rae m v n — 1edble Y1cia, BHIUYUCAAIOTCA C HOMOLIbIO MCKYCCTBEHHBIX NIpe-
obpasoBaHuii UM NpUMeHeHUEM (POPMYJ IOHMKEHUA.
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HaiiTit MHTeIpaJIbi;

1991. f cos’® x dx. 1992. J. sin® x dx.
1993. J’ cos® x dx. 1994. .[ sin? x cos? x dx.
1995. J. sin? x cos® x dx. 1996. .[ sin® x cos® x dx.
1997..[ Sitx gy, 199s.f COSIE gy,
cos'x sin®x
1999. J' dx 2000. J' dx
sin‘x COs° X
2001. f —dx 2002.J' S —
sintxcostx sindx cos®x
2003. J' _dx 2004. j tg® x dx.
sSINnXcos*x
2005. f otg® x dx. 2006. j sin’x
cos®x
2007. J'__ﬂ—_ 2008. J' g9
Jsindxcos®x cosx 3/sinZx
2009. [ 4. 2010. J' dx_
tgx tgx
2011. BriBectu (hopMyanl TOHUMKEHUA AJIA UHTETPAJIOB:
a)l, = J' sin” x da; 6) K, = .[ cos" x dx (n> 2)

1 C UX ITIOMOIIIbIO BBIYMCJIUTH

I sin® x dx n '[ cos® x dx.

2012. BrisecTit GOpMYy bl IOHUIKEHNAA JJIS UHTETPAJIOB:
a)I,,=J’ dx ; 6)K,1=J’ dx (n>2)

sin"x cos" x

11 ¢ UX TIOMOIIBIO BBIUHUCJINUTE

dx dx
—T n — .
sin’x cos’x

Creayouiye MHTErPaJIbl BHIYKUCISIOTCS C IOMOLIBI0 IpUMeHeHUA (opMyJI:

I. sinasinf = é[cos(a - ) - cos (a + B)].
II. cos at cos 3 = %[cos (o0 — B) + cos (a + P)].

I sin a cos B = é[sin (ot = B) + sin (o + B)].



170 PABEJ 111. HEOTIPEJEJIEHHBINA UHTEI'PAJI

HaiiTy MHTerpaJbl:
2013. | sin 5x cos x dx.

o

2014. j coS X cos 2x cos 3x dx.
2015. | sin x sin J—ZC sin ’é dx.

2016. j sin x sin(x + a) sin (x + b) dx.

2017. [ cos? ax cos?® bx dx.

2018. J sin® 2x - cos? 3x dx.

Creaymooue HHTErpaibl BHIUUCIAIOTCA IyTeM MPUMEHEHUA TOXACCTB:
sin (o — ) =sin [(x + o) — (x + )],
cos (a0 ~ B) = cos [(x + o) ~ (x + B)].

HaiiTu naTETPANBL:

2019.j ax

sin{x + a)sin(x +b)

2020.[ dx

sin(x + a)cos(x +b)
2021.[ dx .

cos(x + a)cos(x+b)

2022.J dx

sinx — sina ’

2023.[ dx

COsSX + cosa

2024.Itg;xtg(x-+a)dx.

BrryucneHue MHTETPaJIoOB BUAA
.[ R (sin x, cos x) dx,

rae R — paunonaJspHas (pyHKLI KA, B 061ICM Cayuae NpUBOANATCA K MHTErpU-
. X
POBAHUIO pallMOHaAbHbIX (DYHKIUHU C ITOMOLULIO IIOACTAHOBKHU tg § =1t.
a) Ecin BBINTONTHEHO paBeHCTBO

R(-sin x, cos x) = —R (sin x, cos x)

W
R (sin x, —cos x) = -R (sin x, cos x),

TO BBII'OJHO NPUMEHATH [I0ACTAHOBKY COS X = { UJIU COOTBETCTBEHHO sin x =t.
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6) Ecaiu BBIITOJIHEHO PABEHCTBO

R (—sin x, —cos x) =

R (sin x, cos x),

0 TIOJIE3HO TIPUMEHATH IOJCTAHOBKY tg x = t.

Haiitu I/IHTeI‘paJIbI'

2025.

2027.

2028.

2029.

2031.

2033.

2035.

2037.

2039.

J e
J
J
J
J
J
J
J

J

2s1nx— cosx+5 "

sinx
sinx + 2cos x

dx
1+¢ecosx

sin®x
14 sinZx

costxdx

(a%sin?x + b2cos?x)?

dx
(asinx + bcosx)2

dx
sintx + costx
sin®x — cos®x
sintx + costx

dx
sin® x + cos®x

2041. HaiiTu unTerpan

dx

ZOZG.J

npu: a) 0 <e <1;6)e> 1.

2030.j
zo32.j
2034.j
2036.J
2038.I

2o4o.j

T T
_[ asinx + bcosx

dx
(2 + cosx)sinx

dx
a?sin?x + b?cos?x

sinxcosx
sinx + cosx

sinxdx
sin3x + cos®x
sin?x cos?x
sin®x + cos®x
sinxcos x
1+ sindx
dx
(sin2x + 2cos?x)?

NpuBenA 3HaMeHaTelb K Jorapu@MuiyecKoMy BUAY.
2042. IJoxasaTp, uTO

a,sinx +b,cosx d
asinx + bcosx

roe A, B, C — 1nocTosiHHBbIE.
Vrkaszsanue. ITonoxurs
a, sin x + b, cos x = A (a sin x + b cos x) + B (a cos x — b sin x),
rae A u B — 110cTOSTHHBIE.

HaiiTu BHTErpaibt:

2043.a)j

2044.

J &5

§inx—cosx dx; 6) : sinx
sinx + 2cosx sinx - 3cosx
—ax 2045.
3+ 5tgx _[

x=Ax + Blnla sin x + b cos x| + C,

a,sinx + b,cosx
(asinx + bcos x)?
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2046. Moka3aTs, YTo

a,sinx + b, cosx + ¢ .
1= ! ! dx =Ax + Blnlasin x + b cos x + ¢| +
asinx + bcosx +¢

X
+C __L____ ,
asinx + bcosx + ¢
rae A, B, C — HeKOTopble NOCTOAHHBIE KO3(DMOUIIUEHTHI.

HaiiTu nuuTErpans:
2047 J‘ sinx + 2cosx - 3 dx

sinx ~2cosx + 3

2048. -[ —sinx gy
fé + 8inx + cosXx

2sinx + cosx
2049. dx.
9 J‘ 3sinx + 4cosx -2 ¥

2050. [JoxasaTs, 4TO

a,sin?x + 2b;sinxcosx + ¢, cos?x dx =
asinx + bcosx
. dx
=Asinx+ Bcosx +C | ————m= ——,
asinx + bcosx

rae A, B, C — nocrosHHbIle KO3DHUIIMEHTHI.

HaiiTu nHTErpasbl:

sin?x — 4 si + 3 cos?
2051. X 4§111xcosx X dx.
sinx + cosx

sin?x — + 2cos?x
2052. sinxcosx dx
sinx + 2cosx

2053. TokasaTs, uTo ecnu (a — ¢)® + b* % 0, To

J' a;sinx + b cosx _AJ‘ du1 +BJ‘ _duy
k

in2 ] 2
asin®x + 2bsinxcosx + ccos?x Jud ek k2u2+)\z

rage A, B — HeonpepneneHuble KO3M(UIMEHTDI, A, A, — KOPHH ypPaB-
HeHusa

a—h b =0 (A # Ay),
b c-A
u,=(a—-A)sinx +bcosx u k= a—_l— (i=1,2).

i
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HaiiTu nHTerpaub:
2054. J‘ 2sinx — cosx dx

3sin?x + 4cos?x

2055. J' _ (sinx + cosx)dx

2sin®x — 4sinxcosx + 5cos?x

1+ 4sinxcosx

2056.." sinx — 2cos x dx

2057. JokasaTs, 4TO

dx _ _Asinx+ Bceosx
(asinx + bcosx)" (asinx + bcosx)"-1

+C dx
(asinx + bcosx)r-2’

roe A, B, C — "HeonpeneireHHbie KOs)HUIIHEHTHI.

2058. Haiiru dx

(sinx + 2cosx)?
2059. Joxkasarb, 4TO

dx — Asinx +B dx +
(a+bcosx)" (a+bcosx)r1 (a+bcosx)r-1

+ C j ((TQ-T?_C_—‘_ (lal = b)),

osx)n-2

1 onpenenuTb KoadhdunnenTel 4, B u C, ecnid n — HaTypaJbHOe UHC-
J10, 6oabiiee eqUHMIIBI.

HaiiTi uHTErpassl:

. oy
2060.." —_sinxdy 2061.-[ St gy,
cosx 1+ sin?x cos?x . /tgx

2062. J‘ sinxdx )
N2+ sin2x

dx
2063.j m (0 < g < 1)

Cosn,1x+a
2
2064._[ — 2 4.
sinn+1X_4
xX+a
cOS ;
Vkasauune. ITonoxurs t = gl
sin==

2
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2065. BripecTu (hOpMyJTy MIOHMIKEHUS IJIA UHTErpana

n
. —-a
Sin X

I,l:J‘ dx
. x+a
2

Sin

(n — HaTypaJIbHOE UMCIO).

§ 5. Uurerpuposaune
pasaMuHbIX TPAHCHEHIEHTHBIX (QyHKui

2066. [ToxkasaTs, yTo ecnyu P(x) — MHOrOYJEH CTeleHH N, TO

[ P = e [F2 - £ s B v

2067. fokasaTh, 4TO ecinu P(X) — MHOTOUJIEH CTEIEeHH 72, TO

P(x) cos ax dx = S—inﬂ[ P(x) - Bx) 4 PI(x) } +
a a? at

v co.&;ax{ P(x) - P( 1_’_"_2 } +C
a? a?

j P(x) sin ax dx = - —c—ozﬂc{ P(x) — i (x) + Px) J +

at

4 snaxf pryy  Px) 4 P T e,
a? a? at

Haiitu uHTErpasib:
2068. [ x%¢* d 2069. I (x% - 2x + 2)e—" dx

2070. | x° sin 5x dx. 2071. I (1 + x%? cos x dx.

2072. e dx. 2073. I xZed* dx.

2076. | xe* sin x dx. 20717. J. x%e* cos x dx.

2078. [ xe* sin? x dx. 2079. j (x - sin x)® dx.

2080. [ cos? J/x dx.

J =
J
e
2074. I * cos? bx dx. 2075. I e sin® bx dx.
J
I
]
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2081. [TokasaTh, uTo ecn1u R — parnuoHalbHad QyHKIUA U YUCIA
@y Gys «++s @, COMBMEPUMBI, TO UHTETPAT

j R (e, 0", ..., %) dx
BHIPAYKAETCA B BU/E 3JIeMEHTapHON PYHKIIHAN.

Haiitu nHTerpanm:

2082. I Tt 2083.j 2 dx.
2084. j _;—————_ 2085. j —dx
et - 2 r oz
1+ez+e + e
1+eg dx
2086. [ 1% gx. 2087.j .
2 Jex—1

=

2088. j 1 e 2089.jAﬁﬂx+4ex—1 dx.

2090. j
A/1+(’f+A/1—ef

2091. Toxa3aTb, UTO HHTETPA
'[ R(x)e®™ dx,

rme R — pamuoHanbHas (PyHKUus, 3HaAMEHaTelIb KOTOpPOoH mMmeeT
JUHIb AelcTBUTENbHDbIE KOPHHU, BBIpa)kaeTcda depe3 dJEMEHTapHbIE
(QYHKIUH ¥ TPAHCIEHOEHTHYIO QyHKIIUIO

j e gx =1i (&™) + C,

rue

lix=] =.
Inx

2092. B xakoM cjyuae UHTerpan
j P(l) e“dx,
X

a, a
e T x—: u ay, @y, ..., @, IOCTOAHHBI, Ipe[-

roe P (1) = ay
x

cTaBiAeT coboll 3JIeMeHTapHYIo PYHKIUIO?
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Haiity HHTErpanbl:
2093.J‘ (1-3) "ot dx. 2094. f (1-1) e ax.

2095. j ‘_‘ém dx.

x E 2x
2097. _[ s d.

HaiiTu muTerpansl, cogepxkainue pyukuuu In f(x), arctg f(x),
arcsin f(x), arccos f(x), rme f(x) — anre6panuyeckad QyHKIMA:

2098. j In” x dx (n — marypajbHO€ UHCJIO).

3
2099. .[ x* 1n® x dx. 2100.J' (%ﬁ) dx.

dx

x+a x+b
2101.J‘1n[(x+a) SR e ETe

2102. _[ In? (x + JT+x2) dx.
2103. j In(JI—% + JT+x) dx.

2104. [ —2% gy, 2105. j x arctg (x + 1) dx.
(14 x2)2

2106._[ Jx arctg Jx dx. 2107. j x arcsin (1 — x) dx.

2108. | arcsin Jx dx. 2109. .[ X arccos l dx.

arcsin 2“/; dx. 2111. I arccosx dx.
(1- xz)2

(1- 2)2

2112. J‘ xarccosx dx.

2113. | x arctg x In (1 + x?) dx.
2114.'[ xln LE2 gy, 2115. J‘ InCx ¢ o/Te P
1-
(1 +x2)2

HaiiTy nHTerpanbl, cogeprkaliue runepbonudeckue QyHKIIUMT:
2116. J' sh? x ch? x dx. 2117. .[ ch* x dx.

2118.]‘ sh? x dx. 2119. _[ sh x sh 2x sh 3x dx.
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2120.[ th x dx. 2121. _[ cth? x dx.
2122.j Jthx dx.
. dx .
2123. 2) j shx+ 2chx ®) j sh?x — dshxchx + 9ch2x’
. __chxdx
?) J. 0,1 +chx ’ ) j 3shx - 4chx
2124. J‘ sh ax sin bx dx. 2125. J. sh ax cos bx dx.

§ 6. Ilpumepsl HA uHTErpUPOBaHHe QPYHKIUIA

Hatitu HHTeraJIbI:

—_dx__ x2dx
2126. J- (‘(1+x2) 2127. Tk
2128. I —_— 2129.
1+ x4 +x8° Y
2130.]‘ ® |- dx. 2131,[ x+2
- x2,J1 - x2
2132.j 2133 J‘ xbdx
1-x./x J1+ x2 T a2
2134. J 2135, j _
2136. I 2137. j dx.
xW
2138.f M . 2139. J‘ +x+x2 dx.
X+ X+ X2 (1+x)2
2140. I (2x + 3) arccos (2x — 3) dx.
2141. -[ xIn (4 + x4) dx. 2142. j arcs;nx o1 +x2 dx.
X 1= x2

2143_." xIn(l+ J1+x%) 4.

J14+x2

2144.-‘. x Jx2+ 1 Infx2-1 dx.

X x dx
2145.I I - dx 2146.J' Tt

sin4x dx
.| ——— dx. 2148, | ——————.
2147 _[ sin®x + cos®x o f sinx/1+ cosx
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2149..’- g%z_t_b arctgx dx. 2150. J- ax +b In dx,
x2+1 x+1

x Inx x arctgx

. . 2152, | =—=—==2=d

2151 DL dx 152 s x
2153. _sin2x 4. 2154. x3arccosx ;.-

A1+ costx J1 - x2
2155._[ starolgx gy, 2156. _[ arcctg

+x

2157. j M dx. 2158._[ A/1—x2 arcsin x dx.

2159. J. x(1 + x%) arcctg xdx.

2160. I x*(1 + In x) dx. 2161. J' aerane-r dx.
2162. J‘ _arctge? dx.
(1 + e¥)

2163._[ dx . 2164.-[ Jth?x+ 1 dx.

(ex+1+ 1)2_(ex71+ 1)2

2165._[ 14sind ox gy, 2166. j x| dx.

1+ cosx

2167. _[ x || dx. 2168.-[ (x + |x])2 dx.
2169.." N+ -1 -l de.  2170. '[ e dx.

2171. f max (1, x?) dx.

2172, j @(x)dx, roe @(x) — paccTosaHME YKUCTIA X 10 61K aiiniero
I1eJIOTO Yucia.
2173. j [x] |sin mtx] dx (x > 0).

1—-x? mpulx <1
1 - |x| npu |x|> 1.

2174. j f(x) dx, Tme f(x)={

1, ecnm—00 < x <0,
2175. j f(x)dx, rne flx)=<x+1,ecnru0<x<1;
2x, ecau 1l <x < +00,

2176. Haiiti |' xf"(x) dx.
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2177. Haittu I (2x) dx.
2178. Haiitut f(x), ecnu f'(x%) = %C (x > 0).

2179. Haiitn f(x), ecnu: a) f'(sin? x) = cos? x;

6)f’(1nx)=41‘1p1’10<x< 1;

£(0) =
anpn1<x<+OOH'(0) 0-

2180. Ilycts f(x) — MOHOTOHHAH HenpepbiBHAasA (QYHKUUA U
f (x) — ee obpatHaa QpyHKIMA. [[0Ka3aTh, YTO €CNH

I (x) dx = F(x) + C,
TO

j £73(x) dx = xf 7} (x) = F(f(x)) + C.

PaccmoTpers npumepsl: a) f(x) = x" (n > 0); 6) f(x) = e%;
B) f(x) = arcsin x; 1) f(x) = Arth x.



PA3JIEJ IV

OIIPEIEJIEHHBIH WHTEI'PAJI

§ 1. OnpegeneHubiii MHTErpaJs KaK npemell CyMMBbl

1. Hurerpan (8 cmuicne Pumana). Ecau pyHknus f(x) onpeaesneHa na
la, bljua=x, < x, < x5 < ... < x, = b, ro unmezpanom Gyuxuuu f(x) na
cermenre [a, b] HasbIBaeTCA YUCIO

b
n-1
f(x)dx = lim 2 f(E)Ax;, (1)
nmx|Axl| 0 4
i=0
a
e x; SES % M AX =Xy X
Ins cymecrsopaHus npefena (1) Heob6xoJUMO U AOCTATOUHO, UTOOGBI
HUXHAA UHMezPANbHAL CYMMA
n-1
S= z mAx,;
i-0
U 8ePXHASL UHMEZPANLHAA CYMMA

S’ = z MAx,
i=0

ruge
m; = inf f(x) u M,= sup f(x),

n<x< g NS a<x,
umenu obmuii npegen npu max jAx| — 0.

@yukuuu f(x), A1 KOTOPBIX 1peses B Npaeoi yactu paBeHcrea (1) cy-
HIeCTBYET, HA3LIBAIOTCH UHMezpupyemuimii (COGCTBEHHO) HA COOTBETCTBYIO-
meM npomMexkyTKe. B uactHocTH, a) HenpepbiBHAS (DYHKIUS; 6) OrpaHUYEH-
Has QYHKIUA, MMeIoliasd KOHeUHOe YKCIIO0 TOYEK PA3PBIBA; B) OrpaHuueHHas
MOHOTOHHas1 GYHKIIMS, — UHTerpupyeMa Ha J060M KOHEYHOM CerMeHTe.
Ecnu ¢pyurnus f(x) He orpanuyeHna Ha cermeHre [a, b], To oHa co6eTBEHHO
HeuHTerpupyema Ha [a, b].

2. Ycaosue narerpupyemoctu. Heo6X0oaMMbIM U JOCTATOUYHBIM YCIOBU-
€M UHTEerpupyeMocTH Ha JaHHOM cerMesre [a, b] QyHKuuu f(x) aABasercsa
BBINTOJIHEHHE DABEHCTRA

lim o Z wAx; = 0,

nmx{Axil-

rae w; — rKojebaHus QpyHkuuu f(x) Ha cermenre [x;, x;, {].
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2181. HaiiTu ngTerpasbeyo cyMmmy S, Ais QyHKIUH
flxy=1+x

Ha cermesTe [~1, 4], pazbuBasi eT0 Ha n PaBHLIX NPOMEKYTKOB U
BHIOUpast 3HaueHus aprymesnra &, (i=0, 1, ..., n — 1) B cepegunax
3TUX IPOMEMKYTKOB.

2182. Ina nannuelx QysKIui f(x) BalTH HUKHIOW S, ¥ BEPXHIOK

S, HHTErpajJbHbBIE CYMMBbl Ha COOTBETCTBYIOIIUX CerMeHTaX, Aejas
11X Ha 1 PaBHLIX UacTel, eCaH:
a) flx) =x* [-2< x<3];

6) f(x) = Jx [0< x<1];
B) flx)= 2% [0 < x<10].

2183. HailT HMKHIOIO HHTErpaILHYIO CyMMy MJs (QyHKIIAM
f(x) = x* ma cermenre [1, 2], pasbuBas 3TOT cerMeHT Ha n ydacTeil,
JUTMHBI KOTOPBIX 006pa3yioT reoMeTpuuecKylo nporpeccuio. Yemy pa-
BEH IIpeJes 3TOU CyMMBI IIpu n — ©0?

2184. Ucxonsa us oupegesesus uLarerpalia, HaiTu

T

I (UO + gt) dt)

0

rae T, vy, € IOCTOAHHHI.

Brruncnures onpenenesHble HHTErPAJbl, PACCMATPUBAs KX Kak
IIpefiesibl COOTBETCTBYIOIINX UHTETPAJLHBIX CYMM U IIPOU3BOMISA pas-
fnenue NIPOMEXXYTKA UHTErpaun Hamiexauum obpaszom:

2 1
2185, J' x? dx. 2186. j a* dx (a > 0).
-1 0
; .
2187.J' sin x dx. 2188._" cos t dt.
] 0

x2

2189.-" dx (o < g < p).

Yrasaune. Homoxkurs &, = Jx,x,,;, (i=0,1,..,n).
b
2190. J- x™dx (0 <a<b;m#=-1).

Y kasdanue. BpbpaTh TOUKH JejeHHUA TaK, UTOOBI UX aOILMCCHI X; 00-
PA30BBIBAIA T€OMETPHUECKYIO IPOTPECCHI0.
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b
2191. _[ dx_x (0 <a<b).
2192. Buiuucuauth uaTerpat Ilyaccona
f In (1 — 20 cos x + 0?) dx

V]
npu: a) o < 1; 6) o) > 1.
Y kaszanue. Bocnoas3osaThca pasioykeHneM MHorowresa o — 1 Ha
KBaJipaTHble MHOXKHUTEJH.
2193. 1. TIycTs pysxuuu f(x) u ¢(x) HenpepslBHLI Ha [a, b]. Ho-
KasaThb, UTO

b
n-1
lim Y 7G00)8x = [ [0 dx,

maxjax| = 0 4
1
e X; S E <X, 60, <x,,(i=0,1,...,n=-1)ulAx,=x;, , —

—x; (xg=a, x, = b).
2. IIyeTn q)ymcmm f(x) orpanuuena u MoHoTOHHa Ha [0, 1]. o-

Ka3aTh, UTO
1
[roae-1 5 (2 -of2).
0 k=1

3. llycTts dpyHKuUs f(X) orpaBUUeHa U BBHIIIYKJa cBepxy (cM. 3a-
nauy 1312) na cermenre [a, b]. JJlokazaTs, 4TO

b
(b~ a) LaL2 L) <ff(x)dx<(b-a)f(9_;ﬂ)_

4. TIycts f(x) € C®[1, +00]u f(x) > 0, f(x) 20, f"(x) < 0 npu
x € [1, +00). JJlokazaTs, UTO

Y =3 fm + [ f) dx + 0)
k=1 1

Ipu n — 0,
5. ITyers f(x) € CV [a, bl u

j: ) dx = =2 if(a+kb;a).

k=1

il

Haiitu lim nA,.

n— o
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2194. ITokasars, YTO pa3pbiBHaA QyHKIUA
_ in I
f(x) = sgn (sm x)

pHTErpupyema Ha npomexkyrtxe [0, 1].
2195. IlokasaTh, 4To PYHKUUA PuMaHa

0, ecau x UppalOHAILHO;
=<1 m
0(x) -, ecau x = —,
n n

rremun (n>1) — B3alMHO IIPOCTHIe LJIble UNicTa, UHTerpupyeMa
Ha JI000M KOHEUHOM IIPOMEXKYTKE.

2196. ITokasaTb, YTO (PyHKHIUSA

f(x)=glc~[ﬂ, ectu x # 0

11 f(0) = 0, unrerpupyema sHa cermesnre [0, 1].
2197. Hoxkasars, uro pysruusa Hupuxie

(x) = 0, ecnu x UppanoHaILHO;
xx 1, ecnu x panuoHanIbHO,

He MHTerprupyemMa Ha JIO000M IIPOMEMKYTKE.
2198. Ilycry pysruusa f(x) naterpupyema Ha [a, b] u
fux)=sup f(x) mpm x; < x < x4,
riae

[=a+-i— b-a) (i=0,1,...,n;n=1,2,...).
n

JloxkasaTb, 4TO

n oo

b b
lim J. fu(x)dx = '[ f(x) dx.

2199. loxasats, uro ecau Qpyskuus [(x) uaTerpupyema Ha [a, b],
TO CyIIECTBYET IIOCJIEOBATEILHOCTh HEIIPEPLIBHEIX QPyHKIUN @,(X)
(n=1, 2, ...) Takada, 4TO

c c
.[ f(x) dx = lim I @, (x)dx nmpu a<c<b.
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2200. JoxazaTh, 4TO €clu OTpaHudYesHas Oysruua f(x) uHTer-
pupyema Ha cermenre [a, b], To abcomoTHas BesuunHa ee |[f(x)| Takke
nuarerpupyema ua [a, b], npuuem

j f(x) dx| < :r lf(x)| dx.

2201. Tlycts Qysrius f(x) abcoMIOTHO UBETETPUPYEMA HA CETMEH-
h

te [a, b]l, T. e. usTETpAN J‘If(x)[ dx cymectByer. dBiaAeTcs AU BTa
dyBKIAa uHTErpUpyemont Ha [a, b]?
Paccmorpers npumep:

1, ecnu x pauuoHaIbLHO;
f(x) —1, ecam X UPpALMOHATIBLHO.

2202. ITycts pynxuusa f(x) uarerpupyema Ha [a, bju A < f(x) < B
npua < x < b, apyarmus Q(x) onpenesesa 1 HeNpepblBHA HA CETMEH-
te [A, B]. loxazars, uro Gyuxuud ¢(f(x)) usrerpupyema Ha [a, b].

2203. Ecau ysruuu f(x) 1 @(X) HBTErpHpyemMbl, TO 065132 TENHHO
au pysruust f(P(x)) rakke uaterpupyema?

PaccmoTpers npuMep:

| 0, ecnnr x = 0
f(x) = ﬂl ecau x # 0,

u ¢(x) — Qyuxuida Pumana (cm. 3agauy 2195).

2204. lIycty dysruusa f(x) usrerpupyema sa cermenre [A, B).
Hoxazars, uro Qpysxuus f(x) obnagaer cBOMCTBOM UMMeEZpALbHOL
HenpepvieHOCMU, T. €.

lim I f(x + h) = f(x) dx=0
h-+0

rae [a, b] C [4, B].
2205. ITycrs pynkunsa f(x) unrerpupyema Ha cermenre [a, b].
IloxaszaTs, 4TO paBEHCTBO

jlfz(x) dx =0

UMeeT MECTO TOrj[a U TOJBKO Torfa, ecau f(x)= 0 BO Bcex TOuKax
HEeNIPepbIBHOCTU (DYHKIUM f(X), IPHUHAAJEKAIIUX cermeHTy [a, b].
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§ 2. BeruucaeHue ONMpeeJeHHbIX MHTErPaJIoB
¢ MOMOIILIO HeoNpeaeieHHbIX

1. ®opmyna Herwrona—Jleibunna. Ecnu Qyuxknus f(x) onpegeneHa u
HelpepbIBHA Ha cermente [a, b] 11 F(x) — ee nepsoodpasiias, t. e. F'(x) = f(x), 10
K

’ b
f(x) dx = F(b) — F(a) = F(x)| .

b
OnpesesieHHBIN HHTErpaJ J. f(x) dx npu f(x) 2 0 reoMmeTpuUeCKI NIPCA-

w
crapiser coboir mioulafb S, orpaHHueHHyo Kpusoil y = f(x), ocvlo Ox u
AByMsA NepueHauKysaapamil k ocit Ox: x = a it x = b (puc. 9).

[

Puc. 9

2. dopmysaa nuTerpupoBanns 1o yacram. Eean f(x), g(x) € CYa, b}, ro
b

—Immmndm

a

b

a

b
fﬂ@gunu=ﬁmmm

3. 3amena nepemennoit. Eciu: 1) Gyaknua f(x) HenpepbIBHA HA CEIMEH-
te [a, bl; 2) Gyukuus ¢(¢) HempepbIBHA BMECTE cO CBOei NPoU3BOaAHO ¢'(1)
Ha cermente [0, B], rae a = @(a), b = @¢(); 3) cnoxxnas Qpyuknua f(¢(t)) ou-
pezesnesa u HempepbisHa Ha [, ], To

b B
Iﬂﬂdx:fﬂmmwmdt

Hpumenss Qopmyay Hpiorona—JlelibBuna, HalUTH CAeRyOLKe
ollpe/leieHHbIe UHTEI DAl ¥ HAPUCOBATh COOTBETCTBYIONIHNE KPUBO-
JIMHEeNHBIe NII0IaLM:

8 b4
2mm.wadL ZmW.IMnxdx
-1 0
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1
y 2
dx dx
2208. ! e 2209. [ et
_f;{ "2
sh2 2
dx
2210. . 2211.J' 11~ x| dx
shi 1 + xa 0
2212. dx 0 < o < m).

x2-2xcosu+1

—4X__ (0<e<1).

2213.
1+¢€cosx

e, o'——ﬁg L~

2214. dx (al < 1, |bl < 1, ab > 0).
g J(IT-2ax+a?)(1-2bx+b?)
3
dx
. # 0).
2215 .[ a’sin’x + bZcos?x (ab=0)

<

2216. O6bsiceuTh, OueMy (dOpManbHOe IpHMeHeHNe OPMYAbI
Hriorona—JleiiGBua IpuBOAUT K HEBEPHLIM PE3yJbTaTaM, €CJIH:

2n 1

dx , seclxdx a 1

2) I X’ 0) J- 2+ igex’ B) j dx(arctg x) dx.
0 21

-

2217. Haiiru J' 4 ( 1 J dx.
dx 1
-1 1+ 2%

100n

2218. Haiiru f J1= cos2x dx.
0

C oMoIIBI0 O peleIeHHBIX NHTErPAIOB HAMTH I Pefebl CAe Iy Io-
UIUX CYMM:

2219. lim (-;1-2 + % + .+ Il—l).
7

n— n?

—

2220. lim (

n-— oo

TR S 1).
n+1 n+2 n+n
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.l n_o4 I et —-”—)
2221 ”hn}n (n2+12 n?4 22 + n?+ n?
2222, lim 1( sin & + sin 2% 4 ... + sin Ln_—_l_)lr)
n-—o0 n n n n
2223, lim TEE ot (5 0),
n—r ner
2224. lim 1( el /1+2 ot /1+E)
n—o0 N n n n
Haritu:
. n/n! . 1 < b-a
. wnl 1 1 ( + _) .
2225 }1}1})0 p 2226 lim [n Zf a+k - ]

k=1

Or6paceiBasi paBHOMEPHO GECKOHEYHO MaJble BBICHIUX IIOPA-
KOB, HaWTU NIpeAesibl cIAeAYIOIINX CyMM:

2227.

2228.

2229,

2230.

2231.

2232.

lim [(1+l) sinﬂz+(1+ )51n%+...
n n

+(1+ n'l) sin (2= 1)n].
n n

n
lim sin & - 1

— n k'
nee =1 2+ cos=Z
n

i Jnx+k)(nx+k+1)

lim &=1 5 (x > 0).
n— oo n
1 2 n
lim 2”1 + 2”1 + ...+ 2"1
noeo | Lt n+= n+ =
2 n
Hatiru:

b b
%J' sin x? dx, (TdEJ. sin x? dx, % f sin x? dx.

Haitiru:
cosXx
d 2
B) — cos (Tt*) dt.
dx

sinx

a) —J'A/1+t2dt 6) m-
+



188 PA3JIET IV. ONPENEJIEHHBIV UHTEI'PAJ

2233. Haiitu:
X X
cosx2dx (arctgx)?dx
a) lim &4—uw— —; 6) lim &ou———;
x—0 X x — +00 241
x 2
[jexzdx] .
B) lim Loy r) lim | f(nx)dx,
x — +0o0 n— oo

0
et dx

ecan f(x) € C [0, +Og] u f(x) > A npu x — +00,

2234. JIoxazaTb, UTO
x
Jexzdx dx ~ L=
2x
0

opu x — O,

2235. Hanitu
'[ Jtg xdx
lim LL————— .
x — +0 &X
J. Nsinxdx

[

2236. IlycTs f(x) — HeupephIBHAA IOJOXKHTENbHAA (QYHKIHA.

Hokazarp, uTo hyHKIUA
X

tf(t)dx
P(x) = L
J‘f(t)dx
o
Bo3pacraeT npu x > 0.
2237. Haitru:
2
_x? npu0< x <1,
a)"‘f(x)dx,ecnnf(x)—{z_x npu 1 < x< 2;
0
x npu 0 < x <t,

1
6)jf(x) dx, ecnu f(x)= 9 t- 1-x nput< x<1.
0
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2238. BeIuncauTh ¥ HOCTPOUTH Ipaduky usTerpanos I = I(a),

paCCManHBaﬂ X KakK CI)YHKLU/IPI napamMeTpa o, €cJan:
1

a)l = J. xlx — of dx; 6)I = '[ __sinfx ..

1+ 2qcosx + a?

B) I = J’ __ sinxdx
J1-20cosx + az

TIpumessaa GopMyJly UHTErPUPOBAHUA 110 YacTAM, HAWUTHU clle-
QyIOl¥ie olipe/ieJieHHble UHTErpaibl:
In2 n

2239. J' xe™® dx. 2240. j x sin x dx.
0
2n 4
2241. J' % cos x dx. 2242, J In x| dx.
1
%
2243. j arccos x dx. 2244. '[ x arctg x dx.

0
[lpuMeHsas NOAXOAANIYIO 3aMeHy IIepEMeHHOM, HAWTH cieayio-
1[1ie oIpeaeNeEBble NHTETPAJbI:

2245, I _xdx 2246 fx%/az—xz dx.
Jh—4dx

7 In2

2247. J' . 2248. I Jer -1 dx.
0 (x+1 Jxzi )

2249-“ rcsta_c
0

1
1+ x2

1+x

2250. BpiuviciuTe, MHTETPAJ '[ - dx, mojiaras x —

R

-1
2251. O6'bsacBUTL, 1I0UeMy GopMaibuad 3aMeHa X = (¢(f) Ipuso-
[T K HEBEDHLIM peayJbTaTaM, eCcJu:
1

: dx 1
a)jdxyrﬂet:x(}; 6)j—_’ Tane x = ~;
1+ x2 t

-1

B) ——-——d? , rnetgx==t.
1+ sin?x
0
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2252. Mo»XHO U B HHTerpaje
3

j x31 - x2 dx
0

IIOJIOKUTE X = sin t7?
1

2253. MosxHO 71U B HHTErpaie f J1 - x%2dx npu samesne nepe-
0

o . n
MEHHOHU X = Sin { B KaUecTBE HOBBIX IIPEJIEJIOB B3AThL YUcjaa T U 5 ?

2254. JToka3ars, 4TO ecnu f(x) HenpeprIBHA Ha [a, b], TO
b 1
f f(x) dx = (b - a)J' f(a + (b - a)x) dx.
a 0

2255. [loxasaTb PABEHCTBO

a ltz

J' () dx = % f xf(x) dx (a> 0).

0
2256. IIycty f(x) — HeupepwisHasd QYHKHUS Ha CcerMeHTe
b

[4, B] > [a, b]. Hatitu dix J' f(x + y) dy npu [a - x, b - x] ¢ [4, B).

2257. JlokasaTs, uTo ecnu f(x) senpepsiBHa Ha [0, 1], To

2 2
a) l’ f(sin x) dx = 1’ f(cos x) dux;

6) }[ xf(sin x) dx = g'{!‘ f(sin x) dx.

2258. Joxkasars, 4TO AJid HeNpephlBBOH Ha [~, [] hysrnuu f(x)
UMEeeM:

! {
) | f(x)dx =2 f(x)dx,
frerae=2]
ecau pysKIuA f(x) UeTHas, u

{
2) I f(x) dx = 0,
b

ecnu pyBKnusa f(x) HeuerHas. JlaTh reoMeTpuUUeCKyIO UHTEPIPETA-
LHMIO 3TUX (PAKTOB.
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2259. [TokasaTh, 4TO OAHA U3 IEePBOOOPA3HBIX YeTHON GHYHKIUN
ecTh PYHKIUA HeyeTHAdA, @ BCAKAA [TepBooOpa3Hasa HeueTHON PyHK-
gu¥ eCTh PYHKIUA YeTHAA.

2260. BeruncnuTs UHTETPA

2

1 x+l
J(l-kx——-)e * dx,
X

1

2

_ 1

BBEIA HOBYIO IepeMeHHYIO { = x + =.
X

2261. B unrerpaJe
27
j f(x) cos x dx
0
BBIIOJHUTH 3aMEHY NEPEMEHHOTO sin x = t.
2262. BLIUNCINUTL UHTETPA

1
| cos<(md)
cosx| In=
x

e-2nn

dx,

rje n — HATypaJbHOE YHCJIO.
2263. Hajitu unrerpana

xsinx
— - dx
_[ 1+ cos?x
0
2264. HatiTi nHTerpal

3

f ()
I T

eciin

f(x) = (x+ D)¥x-1)
3(x-2)

2265. JokasaTb, 4yTo ecau f(x) — HempepblBHAS Nepuouye-
ckadg PYHKINA, onpeAeleHHad Ipd —00 < x < +00 n umemolad ne-
puon T, To

a

-,[ f(x) dx =!f(x) dx,

rge a — Jio60e YUCio.
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2266. loxasars, 4yTO NpU /1 HEUETHOM (HYHKIUN
X X

F(x) = Jl sin" xdx n Gx)= .[ cos" x dx
[ [

repuofuyecKUe ¢ MepruofoM 27; a IpU N YeTHOM Kadkaas U3 3THX
$yHKIUA ecTh CYyMMa JUHEHHON U NepuoaNUYecKod PYHKIIUH.

2267. NoxasarTk, 4TO QYHKIINA
F(x) = j f(x) dx,

rae f(x) — HenmpepblBHaA nepuoiuveckad GyHKUIUA ¢ nepuogom T,
B 0011[eM CJIyUae ecTh cyMMa JUHeHHOH (PYHKIINY 1 IepUOANUECKOM
¢dbyakuuu nepuoga 7.

Brryucaurs NHTEerpalbl:

x +x+1

2268. _[ x(2 - x3)'2 dx. 2269.

-1

14
2270. I (x In x)? dx. 2271. I x 31-xdx.
1
0

dx
2272. I - 2273. [ x¥./1+ 328 dx.
xx2-1
3 n
2274. J‘ arcsin |- dx. 2275. I dx .
1+x (2 + cosx)(3 + cosx)
[4} 0
2n 3
2276. J' S S— 2277. j sin x sin 2x sin 8x dx.
SIn?x + cos*x
0 4

2278. I (x sin x)? dx. 2279. | e* cos? x dx.
o

S,

In2

2280. J sh® x dx.
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C nomo1pio HOpMYJ MOHUKEHUS BHIYKUCINTL UHTEI'PAJbl, 3aBU-
cAlMe OT IapaMeTpa n, NPUHMMAIOLIEro IeJible IIOJIOXKHUTEJIbHBIe
3HAYCHU:

? 2

2281.1, = J' sin” x dx. 2282. 1, = J’ cos” x dx.
0 ) 0
: 1

2283. 1, = I tg® x dx. 2284. 1, = J’ (1 - x) dx.
0 0
1 1

ndx

2285. 1, = J' ndx 2286.1, = J' x™ (In x)" dx.
0 1 - xz 0
i

2987. 1. = (sinx-cosx)z’“‘dx

T sinx + cosx ’

0

Ecnu f(x) = f,(x) + ify(x) ecTb KoMILIeKCHAA (PYHKUMA OT ASACTBUTENb-
HOM mepemeHHOf x, rxe f,(x) = Re f(x), fi(x) = Im f(x) u i?= -1, To no
onpeseNeHuIo NoJaranT:

If(x) dx = jfl(x) dx + ijfz(x) dx.
OueBuaHO, YTO

ReJ.f(x) dx = IRe f(x) dx,

Im'[f(x) dx = .[Im f(x) dx.
2288. Iloapsysacek popmysoil Jitnepa

e* = cos x + i sin x,
MOKAa3aTh, 4TO

2n
inzgrimz g 0, ectmm #n,
je e X¥=%2n, ecnmm=n

(n 1 m — nensie).
2289. IlokasaThb, 4TO
b

e(a + iB)xdx - eb(a+iP) - .eu(aHB)
o+if

a

(0. u B — mocrodaHHbIE).
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ITonbaysck popmynamu Jitaepa:
cos x = %(e"" + e¥), sinx= El-i(e"" - %),

BBLIYMCIUTL HHTErPAJbI (/M U N — Iiejible MTOJOXKUTENbHbIE YHCIA):

n

2 n
2290. J' sin®™ x cos®" x dx. 2291. J' sinnx ;.
sinx
0
2292. J. Eﬁf—:s-:—ll-’f dx. 2293. J. cos” x cos nx dx.
0

2294. I sin” x sin nx dx.
0

Haiitu nHTerpansl (n — HATYpaJabHOE YHUCJO):

2295. I sin” ! x cos (n + 1)x dx.
cos" ! x sin (n + 1)x dx.

2296.

2297. | ¢ cos®” x dx.

1A Oty ¥ Oty 3 ©

2298. J. In cos x * cos 2nx dx.
0

2299. IIpuMeHAs MHOTOKPATHOE HMHTEIPDHMPOBAHUE IO YACTAM,
1

BBIYUCJIUTD UHMezpanr iinepa: B(m, n) = J x™ (1 - x)" ' dx, rae
0

m ¥ n — Iejble MOJOMXUTEeAbHbIE YHNCA.
2300. Mrozounen Jlemcandpa P, (x) oupenenserca ciefyiouiei

1 = 1 _g"_ 2-— n =
dopmymoii: P,(x) Frniden [(x*—-1)'] (n=0,1, 2, ..)).

Jlokasarp, 4TO
0, ecaum#n,

, €CJIL m = n.

J'Pm(x)P,,(x) dx=4{ _2
J +1
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2301. ITycts pysruusa f(x) cobcTBeHHO MHTerpupyeMa Ha [a, b]
u F(x) — dynxuus takas, 4ro F'(x) = f(x) Bciogy B [a, b], 3a uck-
jodyeHueM, ObITh MOXKeT, KOHEUHOr'0 4HCJa BHYTPEHHHUX TOYEK
e,(i=1,...,p)urouexr a u b, rae Ppynxkuus F(x) repnut pa3puis
1-ro pona («o000IiIenHaa nepBoobpas3Hasi»). JlokasaTs, 4TO

_[ f(x) dx = F(b — 0) — F(a + 0) — zp: [F(c, + 0) — F(c, - 0)].

i=1

2302. ITycts pyuxuus f(x) co6CTBeHHO MHTerpHpyeMa Ha Cer-
menTe [a, bl u

F(x)=C+ j £(&) dE

— ee Heollpe/leJIeHHLIN MHTerpaJ.
IoxazaTh, uTo hyHKUMA F(x) HempepblBHA ¥ BO BCEX TOYKAX He-
IIPEPHIBHOCTHA PYHKIUHU f(X) UMEeT MeCTO PAaBEHCTBO

F'(x) = f(x).
Y10 MOKHO CKA3aTh 0 IPON3BOAHOMN hyHKIMNM F(x) B TOUKAX pa3-

puiBa dyukuu f(x)?
PaccmoTpers npuMepsI:

a)f(}li) =1 (n=%1,%2,..) u f(x)=0 npu x # ',1;;
6) f(x) = sgn x.

Haiitu HeonpefieleHHbIe HHTErPaJbl OT OI'PDaHNYeHHbIX Pa3phbIB-
HBIX (QYHKIIMN:

2303. .[sgn x dx. 2304. jsgn (sin x) dx.
2305. J‘ [x]dx (x > 0). 2306. jx[x] dx (x > 0).
2307. J'(—l)m dx.

1, ecom |x| < I,
0, ecnm |x] > 1 .

2308. J‘ f(x) dx, rae f(x) = {

Boruncaurh onpeieseHHble WHTErpajbl OT OTPAHHUYEHHBIX pa3-
DPBIBHBIX (DYHKIIMI:
3

2
2309. j sgn (x — x%) dx. 2310. J' [e*] dx.
0

0

6 n
2311. I [x] sin 2 dx. 2312. '[ x sgn (cos x) dx.
0 0



196 PASJIEN 1V. OIPEJEJIEHHBIN HHTEPAJI

n+1
2313. .[ In [x] dx, rie n — HaTypaJIbHOE YHUCIO.

1

1
2314. J' sgn [sin (In x)] dx.
0

2315. Haiiru j |cos x|/sinx dx, rae E — MHOMXeCTBO Tex 3Haye-

E
umit cermenra [0, 47], 119 KOTOPBIX NOABIHTEIDANbLHOE BHIpAXKEHME

umeeTr CMBICII.
§ 3. TeopemsI 0 cpeanem

1. Cpeanee 3HaueHHe ¢yHkumu. Yuciao

Mif = -

5 | o ax

2 S >

Ha3bBIBAETCA CpedHUM 3HaveHuem DyHKUUH f(x) HAa npomexkyTKe [a, b].
Ecnu ¢yskuua f(x) senpeprlBHa Ha [a, b], To HaligeTca TouKa ¢ € (a, b)
TaKas, 4To

MI[f]= f(c).

2. IlepBana teopema o cpexnem. Ecau: 1) pynruuu f(x) u ¢(x) orpanu-
YeHBI U COOTBETCTBEHHO MHTEIPUDYEMEI Ha cerMeHTe [a, b]; 2) Gpyrruud ¢(x)
He MeHAeT 3HaKa npu a< x < b, To

b

b
j f(x)o(x) dx - j o(x) dx,

a
raem <pu<Mum= inf flx), M= sup f(x);
a<x<b a<x<b

3) ecnu, cBepx Toro, PyHKmuaA f(x) HenpepripHa Ha cermexTe [a, b], To

w=f(c), rme as<c<bh.

3. Bropas Teopema o cpennem. Ecnu: 1) dyuruua f(x) u ¢(x) orpauu-
yeHs! ¥ COGCTBEHHO MHTErpUpyeMul Ha cermente {a, bl; 2) byuxuusa ¢(x) mo-
HOTOHHA 1Ipu a < X < b, TO

b 13 b
‘[ f(x)p(x) dx = @ (ot + O)'[ f(x) dx + o(b — O)I f(x) dx,
a a 3

rae a < § < b;
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3) ecau, ceepx TOoro, GyHKIMA ((x) MOHOTOHHO yOBIBAOIad (B LLIMPOKOM
cMbIcae!) ¥ HeoTpUIATeNbHASA, TO

b g
J' f(x)0(x) dx = ola + O)J' f(x) dx (a <E < b),

a ecnd QYyHKUMA ((Xx) MOHOTOHHO Boapacramolas (B IIMPOKOM cMbiciael) u
HEOTpHUIaTeXLHad, TO

b b
j Ax)p(x) dx = (b — O)J' f(x) dx (a <E < b).
a 3

2316. OnpeneanTh 3HAKH CIE[YIOIMX ONpefeleHHbIX MHTerpa-
JIOB:

2n 2n
a)jxsinxdx; 6)J‘ % dx;
) 0
2 1
B) I 232" dx; r) I x21In x dx.
b 1

2
2317. OnpefenuThb, KaKOH HHTErpaJ foablle:

a) | sin'® x dx wuam sin? x dx;

O, o1

1
e* dx wnmm je‘xzdx;

0
2n

B)

e**cos? x dx wam I e**cos? x dx.

=)
A
Oy B Oy = O Sy, o1

n
2318. Onpepenurs CpeJHNE 3HAUEHUA NAHHBIX QYHKUAHN B yKa-
3aHHBIX IPOMEXYTKAX:

a) f(x) = x* na [0, 1};

6) f(x) = J/x wa[0, 100];
B) f(x) =10 + 2 sin x + 3 cos x Ha [0, 2x];
r) f(x) = sin x sin (x + ¢) wa [0, 27].
2319. 1. Haittu cpenHee 3HaueHWE IJMHBI (DOKAJBHOIO pajgu-
yca-BeKTOopa dJLIHICca

r=—=L _ (0<e<]l).

1 -ecos@
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2. Haiitu cpefiHee 3HaueHNEe CKOPOCTH CBOOOJHO MaJAI0IIero Te-
Jla, HayaJbHAsl CKOPOCTH KOTOPOr'0 PaBHA V.
2320. Cuna nepeMeHHOr0 TOKA U3MEHAETCA 10 3aKOHY

2nt
i=i, sm( T + (p)
rhe i, — aMmnauTyna, ¢t — spema, T — nepuoj 1 (¢ — HavyaJdbHAd da-
3a. Hajitu cpenHee 3spaueHNe KBaJpaTa CUJBI TOKA.
2321. lIyers f(x) € C[0, +°)u lim f(x) = A. Haiitn
x = o0
X
1
o I f(x) dx.
0
Paccmorpers npumep f(x) = arctg x.

2322. Ilycrs I f(t) dt = xf(6x). HaitTu 6, ecau:

0
a) f(t) =t" (n>-1); 6) f(1)=1Int;
B) f(1) = €.
Yemy paBHbl lim 6u lim 6?
x— +0 x — -+

ITonp3ysack meppoil TeopeMOii O Cpe/HEM, OH,eHPITb MHTEerpabl:
2n

2323. j 1_;‘6"5_05?; 2324. j A= dx
100
e—x
2325- J. m dx.
2326.1. HoxasaTh paBeHCTRA:
1 3
a) lim X dx = 6) lim sin"x dx=0
n— oo 1+x n— oo
0 0
2. Haiitu:
1 be
. dx . dx
1 —_ ax
a) ,[ gx3+ 1’ %) 51_13110 J. i) x’
at

rnea>0,b>0mu f(x) € C[O, 1].
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2327. Ilycre f(x) HenpephiBHA Ha [a, b], a @(x) HenpeprIBHA Ha
[a, b] 1 nuddepennupyema na (a, b), npuuem

¢ (x) > 0npu a <x <b.

JloxasaTh BTODYIO TEOPEMY O CDefHEeM, NIPYMEHAS UHTEerpupoBa-
HHE 10 YaCTAM WU UCIIOJb3Ys MePBYIO TeOPEeMY O CpeJHEeM.

ITons3ysAck BTOpo# TeopeMoOil 0 CpegHEM, OLLEHUTh UHTEIDAJILL:

200n

2328. I Si—zﬁdx.

100x
b

2329.I£;sinxdx (@>0;0<a<b).

b

2330. J' sin 2% dx (0 < a < b).

a
2331. Ilycrs dyuknuy @(x) ¥ (x) UHTErpUPYEMBI HA IPOMEKYT-
ke [a, b] Bmecre co cBomMmu KBaaparamu. J[oxasaTe HepaserHcmaeo
Kowu—Bynakosckozo

{j @) y(x) dx} I oX(x) dxj ¢*(x) dx.

2332. HYCTb (bymuma f(x) Henpepmnﬂo ,undxpepenunpyema HaA
cermenre [a,b] u f(a) =
Hoxasath HepaBeHCTBO

b
MZ< (b- a)J' (%) dx,

rne M = iugh]f(x)].
2333. [loxasaTh HEPABEHCTBO

n+p

lim Si—;”fdx=0 (p > 0).

n— o

§ 4. HecoGcTBeHHBIEe MHTErPAJIBI

1. Heco6cTsennan unterpupyemocts ¢hyHkumi, Ecan dyukoua f(x)
coOCTBEHHO MHTErpHpyeMa Ha Ka’KJOM KoHeyHoM cermexrte [a, b], To, 1o
omnpefieieHHIO, TOJAraoT

+00

J‘ f(x) dx = hm J‘ f(x) dx. (1)
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Ecnu ¢pyHkuua f(x) He orpaHHYeHa B OKPECTHOCTH TOYKHU b M cobCT-
BEHHO MHTErpUpyeMa Ha KasKJoM cermente [a, b — €] (€ > 0), To npuHM-
MaloT

b-¢

b 3
J.f(x) dx = lim J' f(x) dx. @)

Ecnu npepesns! (1) unu (2) cylecTByIOT, TO COOTBETCTBYIONUIA HHTErpan
HA3RIBaeTCA CX00AUUMCSA, B TIPOTUBHOM CIay4dae — pacxodswumcs (B ane-
MEHTApPHOM CMBICJIE).

2. Kpurepnii Komn. [{na cxoguMoctu unrerpana (1) Heo6xoaquMo u 10-
CTaTOYHO, 4TOOHI A4 aw6oro € > 0 cyuiecTBoBaso yucko b = b(€) Takoe, UTO
11pu J106b1x b’ > b u b’’ > b 6bL10 GbI BLITOJHEHO HEPABEHCTBO

< E.

b
l J. f(x) dx
4

Amnanoruyuso popmynupyerca kpurepuit Kowuu aas uarerpania runa (2).

3. Hpusnaku a6comotHoi cxopumoctu. Ecnu |f(x)| neco6eTenno un-
Terpupyema, TO COOTBETCTBYIOL U anemeHTapHblit uHTerpan (1) uau (2) or
dyHKuY f(x) HABEIBAETCA A6CONIOMHO CXOAAUWUMCA U SABIAETCA UHTErpa-
JIOM 32BEIOMO CXOLAIUMCH.

Ipusnax cpasnenua 1. Iycts |f(x)] < F(x) npu x > a.

+00 +00
Ecau j F(x) dx cxogutcsa, To uHTErpan J. f(x) dx cxoaurca a6co-
a a
JIIOTHO.
Hpusnax cpasnenus I1. Ecau y(x) > 0 u ¢(x) = O*(y(x)) npu x — +00,

400 +00
TO HHTErpaJsbl J‘ ¢(x) dxn J‘ Y(x) dx cxomsaTCA UM PACXOAATCA OZHOBpE-
a a

MeHHO. B yacTHOCTH, 8TO UMeeT MecTO, ecau ((x) ~ y(x) nmpu x — +00,
Ipusnax cpasnenus 111, a) Ilycts

f(x) = O* (3};}) npu x — +00.

B Takom cnyuae uHTerpan (1) cxoautcs, ecnu p > 1, ¥ pacxoauTcs, ecan
ps 1.
6) ITyctn
1

f(x) = O* ((—b—_x)P) mpu x — 0.

B TakoMm cayuae uHTerpan (2) cxogutcs, ecau p < 1, u pacxoguTca, ecau
p=z1.
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4. CnenuansHbIif Ipu3Hax cxogunoctu. Ecau: 1) pyuxnusa ¢(x) MmoHo-
TOHHO CTPEMUTCA K HyNIO IPH X — +° u 2) hyHKuua f(x) umeer orpasu-
yeHHYI0 IepBoo6GPasHYI0

Hﬂ=jﬂ®%,

TO MHTErpan

+00

j fx)p(x) dx

cXoAuTcA, BooOlle roBops, He abCONIOTHO.
B yacTHOCTH, UHTErpANbI

oo +00
c s
cosx dx n sinx dx (a > O)
xP xP
a a

cxopgarcs, ecau p > 0.

5. F'nasroe amauenue (8 cmpicae Kown). Ecau dpysrnusa f(x) rakosa,
4TO IIPH N1060M € > 0 CYHIECTBYIOT COGCTBEHHbLIE MHTErPAib]

J' f(x) dx u '[f(x)dx (a<c<b),

TO IOJ 21A8HbIM 3HaAYeHUeM 8 cmblcae Kowu (v. p. ) MOHMMAETCA YHUCIIO

V. p. '[ f(x)dx = hm [ '[ f(x) dx + f f(x) dx:|

c+e

AHnanoruulo

00

V. D. '[ flx) dx = hm J.f(x) dx.

Beruucauts HHTEerpanbl:

400 1
2334. J' (a > 0). 2335. J' n x dx.
0
40 1
2337.
21
+00
2338, f T 2339. f R Eay
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+00
dx
2340. J‘ et
0
1 +00
dx ___dax
2342, [ — 4% . 2343. I
.[ (2-x)J1~-x xA/1+x5+x10
400 +co
2344, J' T dx. 2345. J' AroBE Gy,
X
( (14 x2)?
400

2346. J' ¢ cos bx dx (a > 0).
0

400

2347. J‘ ¢ sin bx dx (a > 0).

C nomoibio GopMy.J1 OH MMKeH A BRIUNCJIUTD Cleyloniue Hecob-
CTBeHHBIe MHTeTPAJIH (11 — HaTypalibHOe YHCJIO):

+00

2348. I, = J' e dx.

- Y
2349.1, J’(ax”%“c)n (ac - b* > 0).
_ dx
2350. 1, = ,[x(x+1)...(x+n)‘
1
1
2351.1, = | —%dx
° J(1 - 2)(1 +x)
+00
_ dx
2352. I, = J' —d

[}

T id
2

2353. a) J. In sin x dx; 0) I In cos x dx.
0

)
2354. Hajitu

J‘ e‘; |sinx - cosx| dx,
H sinx
riae E — MHOMecTBO Tex snauenuil x nuarepsaja (0, +00), niua KoTo-

PBIX MOALIHTEr'PAJIbHOE BLIpaXXeHHUe MeeT CMbICI.
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2355. JlokasaTb paBEHCTBO

400 +o00

'[f(ax+ ]dx— jf(M)dx,
0

rae a > 0 u b > 0, npeamosiarad, yTo HHTErpas B JIeBOI YacTH paBeH-
cTBa MMeeT CMBICJI.

2356. Cpednum snavenuem yurxyuu f(x) Ha uurepsadie (0, +00)
Ha3bIBAETCH YHCIO

= 1 1
Mif| = Jim 2 [ ) de.
(4

Haiitu cpeaHie sHaueHUa CJAeAYIOMINX pyHKITMI:
a) f(x) = sin? x + cos? (x /2 ); 6) f(x) = arctg x;
B) f(x) = Jxsin x.

2357. Haitru:

x

. J'./l Ttidt
a) lim x cost gy, 6) lim &
x— 12 x— o x3
X
+co
t-le-tdt 1
B) lim - ; r) lim x® mdt,
x—0 l x—0 tu+1
n-— "
X

rae o > 0 u f(t) — HenpepniBHas pyHKIua Ha cermenre [0, 1].
HcenenoBath CX04MMOCTh MHTEIPAJIOB:

+00 ‘oo
x2dx
2858. [ Eot. 2359. '[ —
0
2 +00
2360.J‘i£. 2361. J' 2P le dx.
Inx
0
1 +00
2362. J' 2 In? Ldx. 2363. J X" dx (n3>0)
x 14 xn
0

+00

2364. J' Arcl8ex g (a % 0). 2365. '[ In(+2) g,
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+0 400
2366. J‘ zrarctgx 5. (> 0). 2367. '[ COSAX Gy (> 0).
2+ xn 1+ x"
0 0
T
$oo 2
2368. I sin’x 5, 2369. I —dx__
X sin? xcos?x
¢
1 +00
ndx dx
2370. a)J' xidx . ) J’ .
0 1 - x¢ Jx3 + x
+00 1
2371.J' dx_ 2372.J Inx_ g
xP 4+ x9 1-x2
0
4
E +00
2373. [ In Smx In(sinx) 5. 2374.
xFl ax’
0
4 o0
dx
2375. _[ xr(Inx)e(Inlnx)"’
dx
2376. a J‘ a, <a,<..<a,)
) |x = a|Pt|x - ayl|’z.. |x—a @ 2 )

+00

6) J' 2x — 1 dx.

2371. .[ ,,,((x)) dx, rge P,(x) u P,(x) — B3aUMHO I pocTbhie MHO-

rouJieHbl COOTBETCTBEHHO CTEIIEHEe! m U n.

HccnenoBaTh Ha aGCOMIOTHYIO M YCIOBHYIO CXOAMMOCTH CAEIYIO-
11e NHTerpaabl:
400

2378. | ZXdx.
x
Yxasaune Jsin x| > sin? «.

A/;ccosx
2379. J‘ Lx008X g,
0
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n
+00 2

2380. a) f x? sin (x9) dx (¢ # 0); 6) j sin (sec x) dx;
0 0

+00

B) '[ x% cos (e*) dx.
0

Heo ) oo sin(x+ 1)
2381. J' X0SINX gy (g > 0). 2382. I — X dx.
1+ x9 xn
0 [}

+ 00
2383. J- ng(:F) sin x dx, rue P,,(x) u P,(x) — uesble MHOrOYJIEHBI

uP,(x)>0,ecnmx >a > 0.
+co

2384. 1. Ecan I f(x) dx cxogurcsa, To obazarensHo au f(x) — 0

a
npu x — +00? PaccMoTpeTh IpUMeEpHI:

oo +oo0

a) '(|: sin (x)? dx; 6) 1!‘ (-1)1#*1 dx.

2. Iyers f(x) € CD [x,, +0), |[f(x)) < C mpu xy< x < +0 n

+00

f |f(x)| dx cxopurca. lokasaTs, uro f(x) — 0 mpu x — +00,

*o
+00

Y kasauue. PaccMoTpersb uHTErpan '[ f(x)f'(x) dx.
]
2385. MOKHO JIM CXOAAUUICA HeCOOCTBEHHBINM UHTErpaa

b
'[ f(x) dx

OT HeorpanwdyeHHod ¢pyHkuum f(x), ompeneseHuot Ha [a, b], pac-
CMaTpHUBaTh KakK iIpefiel COOTBETCTBYIONIEC NMHTErpaibHoil cyMMEl

n~1
Z f(€)Ax;,
i=0

rme x; <& <x ., nu Ax=x,,,— x?

13
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2386. Ilycts

400

j f(x) dax )

cxoaurcea u GYHKIUA QO(x) orpaHuyeHa. O0643aTenbHO JIM CXOAUTCA

UHTerpas
4o

j fx)p(x) dx? (2)

IIpmBecTH COOTBETCTBYIOIWI IIpHUMeED.
Y710 MOXKHO CKa3aTh 0 CXOAMMOCTH HHTerpaa (2), ecan nHTerpaa
(1) cxogurca abconoTHO?

+ o0

2387. lokasaTb, UTO eclu J- f(x) dx cxopurca u f(x) — MoHo-

ToHHada QyHKIuA, To f(x) = O Gj .

2388. I1ycrs pysKIuA f(xX) MOHOTOHHA B IpoMeKyTKe 0 < x < 1
M He OrPaHuYeHA B OKPECTHOCTH Touku X = 0.
Ioxkasarb, YTO €CJIM CYIIeCTBYeT

! f(x) dx,

TO

lim = z f f f(x) dx.

2389. [loxasaTb, UTO e€ClH q)ymcupm f(x) MoHOTOHHA U OT'paHu-
yeHa B nHTepBase 0 < x < a u CyliecTByeT HeCcOOCTBEHHBII MHTerpaa

a

j x? f(x) dx,
0
TO

lim x?*! f(x) =
x— +0

2390. IToxasars, uTO:

a) v. p. j gf = 0;

+00

B) V. P. I sinx dx =0
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2391. Noxkasarb, uro npu x 2> 0 cymec'rByeT

i x=v.p. _[ln?,

Haiit; cienyionjye mHTerpabl:

+00 2
dx
2392. v. p. f _371‘2‘ 2393. v. p. I A
1
2
400 +00
2394. v. p. I 1+x dx. 2395. v. p. J. arctg x dx.
14 x2

§ 5. Berunmcaenue maomaneiu

1. Ilnomans B npAMOYTroJbpHbIX KoopauHaTax. Ilnomans S naockoi dpu-
rypsl A,A,B,B, (puc. 10), orpannueHHO [BYMA HENPEPLIBHBIMH KPHBBIMH
Y=y, 1y = yylx) (Yo%) > y,(x)) 1 ABYMA IPAMBIME X = a B X = b (a < b),
paBHa

S - j [y:(x) - y,(2)] dx.

2. Ilnowans Gurypsl, orpaHMueHHON KpUBOH, 3aJaHHOH B mapamer-
puueckom supe. Ecan x = x(t), y = y(t) [0 < t < T] — napameTrpHueckHe
ypaBHEHMs KYyCOUHO-TNaJKOit MpOoCcTOH 3aMKHYTO# KpuBoil C, npoberaeMoii
NIPOTHUB X0[a YacOBOI CTPENKU M orpaHuuuBaiouieil ciaesa or ceba urypy
¢ maouazasio S (puc. 11), To

T T
S= —I y(H)x'(t) dt = '[ x(t)y’(t) dt,
0 0
y y
A, B,y =y (x)
A Bl: ¥y =y (x) ‘
0 a b x 0 x

Puc. 10 Puc. 11
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niaun

Nh—‘

j [x()y'(8) — 2 (D)y(t)] dt.

3. Ilnowmans B moaapHbix KoopauHarax. ITnowmans S cexropa OAB
(puc. 12), orpaHMUEHHOTO HENPEDPLIBHOI KpUBOH r= r(¢) U AByMsa
HoAynpaAMBIMH ¢ = 0. H @ = f (a0 < B) paBHa

I () do.

o

1
2
2396. [loka3arb, UTO IJIOMIAAb [IPAMOTO NapaboJIMUYecKoro cer-

MeHTa pPaBHa

S = Zbh,

win

rge b — ocHOBaHmMe B I — BbBICOTa cermMesra (puc. 13).

B

/S h
A
)
0 o P .
Puc. 12 Puc. 13

Haiiti miomanu Gpuryp, orpaHMYeHHbIX KPUBLIMHU, 3aJaHHBIMHI
B IPAMOYTOJIbHBIX KOOpAMHATax.!)

2397. ax = Y%, ay = x%.

2398.y=x%, x +y=2.

2399.y=2x —x%, x +y=0.

2400.a) y=lg x|, y=0, x= 0,1, x = 10;
6yy=2%y=2,x=0;
Bly=(x+ 1), x=sinnmy,y=0(0< y<1).

2401.y=x;y~x+sm x(0< x<m).

2402y— YT 0.

) Bce mapaMeTphl B 9TOM M cneAyloliMx naparpadax pasgena IV cunra-
I0TCA MONOKUTENbHBIMH.
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xz 2_
2403.5 +£é-2 =1.

2404. y? = x*(a® - x?).
2405. y* = 2px, 27py* = 8(x —p)°.
2406. Ax? + 2Bxy + Cy? =1 (4 > 0, AC — B% > 0).

2407. y% = 5

(zuccoupa), x = 2a.

2408.x=a ln ‘L*LZ_L Ja?-y?, y= 0 (rpakTpuca).

2410.y = e ¥sin x|, y = 0 (x > 0).

2411. B xakom orsomeHuu napadona y? = 2x AEJMT ILIOMWAAbL
kpyra x? + y? = 8?

2412. BripasuTh KoopAuHAaTH Touky M (x, y) runepbons: x* — y? =1
Kak GYyHKIUHN IJIoLanu runepboaudeckoro cekropa S = OM M, orpa-
HUYEHHOro Ayroi runepboast M’'M u asyma ayuamu OM u OM’, rae
M’(x, —~y) — Touka, CUMMeTpuYHaa M oTHOCHUTeabHO ocu Ox.

Haittu naomaan ¢puryp, orpaHNYeHHbIX KPUBBIMU, 3aAaHHBIMH
rapaMeTpUyecKu:

2413.x = a(t — sin t), y = a(l — cos t) (0 < ¢t < 2m) (UUKIOMZA)
ny=0.

2414. x = 2t — ¢, y = 2t - 13,

2415.x=a (cos t + t sint), y=a (sint — tcos t) (0 < t < 2m)
(pasBepTka Kpyra)u x = a, y < 0.

2416.x = a (2 cos t — cos 2t), = g (2sin t — sin 2t).

2417. a) x = —cos t, y— s1n t (c? = a® — b?) (eBoITIOTA BJUIMIICA);
2¢
0) x = a cos t, = ﬁL .
) y 2 + sint

Hatitn nioiagu ¢puryp, orpaHn4eHHbBIX KPUBLEIMHU, 3aJaHHBIMH
B HOJIAPHBIX KOOPAUHATAX:

2418. r? = a® cos 2¢ (1eMHUCKATA).

2419.r=a (1 + cos @) (kapAnona).

2420. r = a sin 3¢ (TPUIUCTHHUK).

=P =0 =
2421. r g (mapa6ona), ¢ 1@

N1
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2422. a)r= —L—— (0 <& < 1) (3nnumnc);

1+ ecos®

1 1 1
— 4 . = <
6)r 3 2 cos (0H Byr==,r - (0(({) —2).

2423.r=a cos ¢, r=a (cos ¢ + sin @) (M (g,o) ES).

2424. HafiTu mIonjagb CEKTOPa, OTPAHNYEHHOI'0 KPUBO#

@=rarctgr

" AByMA adydaMu ¢ = 0 u @ = z.
J3
2425, Haiitu nnomalb purypbl, orpaHuYeHHOM:
a) kpuBoit r? + ¢? = 1;
6) nemecTKOM KpuBoii ¢ = sin (nr) (0 < r<1);
B) muHuAMu ¢ = 4r — ré, ¢ =0;
T) IUHUAMHU ¢ = r — sinr, ¢ = T;
2at 113

3aMKHYTOH KPUBOH r = -2—— | 0 = —— .
R) y P 1+ t2 ¢ 1+¢

Ilepeiina K [TOJNSAPHBIM KOOpAMHATaM, HailTu miomanu ¢uryp,
OrpaHUYEeHHEIX KPUBBIMHU:

2426. 1% + y® = 3axy (amecr Hexapra).

2427. x* + y* = a?(x* + y?).

2428. (x* + y»)? = 2a’xy (n1emuumCKaTa).

IIpuBens ypaBHeHN K IapaMeTpUYecKoOMy BHIY, HAWTH IO~

au Gpuryp, orpaHHuYeHHBIX KPUBBLIMHU:
2 2 2
2429.x% + y?® = a?® (acrpouna).

2430. x* + y* = ax?y.
Vrkasauue. Ionoxurs y = tx.

§ 6. Boruncaenne nJauH nyr

1. [auxa gyru B npsiMOYrolbHBIX KoOpAMHAaTax. [nuHa Ayru oTpeaka
raagaxon (senpepbiBuo auddepesnupyemMoil) KpuBoi
y=yx) (a<x<b)

paBHa

b
§= IJI +y'3(x)dx.
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2. lnauHa XYrM KPHBOI, 3agaHHO# napamerpuuecku. Ecau xpusasa C
3afaHa ypPaBHEHUAMMU

x=2x(t), y=y(t) (tp<t<T),

rae x(t), y(t) € CY [t,, T}, To gnuna xyru xpusoii C paBHa
T
§= JJx'z(t) +y'2(t) dt.
10

3. JauHa Ayru B NOJAPHBIX KoopauMHarax. Eciu
r=r{g) (@<o<p),

rae r(@) € CV [, B], To AAMHA AYTU COOTBCTCTBYIOIIETO OTPE3KA KpPHUBOIl
paBHa

B
5= jJﬂ(m) ¥ %(g) do.

JIMuHEL fyr IpOCTPAHCTBEHHBIX KPUBLIX cM. B pasx. VIII.

Hafitu A1UHLI AYT CAEAVIOUMX KPHUBLIX:

3
2431 y=x2 (0< x < 4).
2432, y* = 2px (0 < x < xp).

2433.y=a chg or rouku 4 (0, a) no rouxku B (b, h).
2434. y = €* (0 < x < xyp).
2435. x = iyz— %lny(l <y<e).

2436.y=aln—“— (0< x< b <a).

at-x

2437.y=1ncosx(o<x<a<g).

2438. x = a In4EN4 Y “ayz—z - Jat-y? (0<b<y<a)

3 = x3 < <§ )
2439. y oy (O x<zaj.
2 2

3

2440. x5 +y

catns

= a3 (acTpoupa).

2441, x = & cos® t,y= Cfsins t, ¢*=a’?—b? (aBOMIOTA BANHUICA).
a

2442, x = cos* t, y=sin’ t.

2443. x=a (t —sint), y=a(l —cos t) (0 < ¢ < 2m).

2444. x = a(cos t + tsint), y=a(sint —tcost) npu 0 < ¢t < 2n
(pa3BepTKa OKPY)XHOCTH).
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2445. a)x =a(sht—t),y=a(cht-1)(0<t<T)
6) x=ch®t,y=sh®t(0<t<T).
2446. r = ag (coupaab Apxumena) npu 0 < ¢ < 27,

2447.r=ae™ (m > 0) upu 0 <r <a.
2448.r=a (1 + cos @).

- _p '<1_r)_
1+ cosQ (.(Pi 2

2450. r = a sin® %’ .

~

2449.

2451.r=atg§ (0 < ¢ < 2m).
2452. a) ¢ = %(r+ %) (1< r<3);
6) ¢ = Jr (0<r<5);

B)@=J%de(0<r<R);
0

r)r=1+cost,(p=t—tgé (0<t< T <m).

2453. [lokasaTh, YTO AJIMHA LYTH dJLIMICA

x=acost, y=bsint
paBHa AJUMHE OOHOMH BOJIHBI CHHYCOURLL I = C sin’—; ,raec = Ja?-b2.

2454. TTapa6ona 4ay = x® katurcs no ocu Ox. JJokasars, 4To ¢o-
Kvc napaboJibl onuChIBaET 1IeMHYIO JHHUIO.
2455. HaiiTu oTHOlIEeHMe IJIOLAAM, OIPARHITUEHHOI IeTeil KpUBOit

y= t(l - x) Jx,
3
K ILJIOLIaAU KpyTa, JJAUHA OKPYXHOCTU KOTOPOTO PaBHa AJUHE KOH-
Typa 3To# KPUBOIi.
§ 7. Boiunciaeune od6'neMoB
1. O6seM Tena o H3BECTHHIM MOMNeEpevHbIM cevyeHusaM. Ecau o6bem V

Tena cymec:iByet u S = S(x) [a € x < b} ecTh nN0MAAL CEYEHUS TEJIA MJIOC-
KOCThIO, NEPIEHAUKYNAPHON K oc OXx B TOYKe X, TO

V= jl S(x) dx.
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2. O6sem Tena spauens. O6bem Tena, 00pazoBaHHOIO BPallleHUEeM BO-
kpyr ocx Ox KPUBOJHUHERHOH TPanenuu

a<x<b O0<y<yx),

rie y(x) — HempepbiBHAA ONHO3HAUHAA (DYHKIHA, paBeH
b

V,=mn f yi(x) dx.

B 6onee obuieM cayuae o6beM KONblla, 00pa3soBAHHOTO BPallleHHEM BO-
kpyr ocu Ox durypsl a < x < b, y,(x) < y < yu(x), rae yi(x) u yy(x) — He-
pepbIBHBIE HEOTPHULIATENbHbIe (PYHKIIUH, DaBeH

b
v=r j CHORNROS

2456. Haittu o6beM yepraka, oCHOBaAaHHE KOTOPOTO €CTh HPAMO-
yrOJABHUK CO CTOPOHAMHM a U b, BepxHee pebpo paBHO ¢, a BbICOTa
paBHa h.

2457. Hauirnu o6beM obenicka, napaaieabHble OCHOBAHNA KOTO-
poro ¢yTh OpPAMOYTOJBHUKH co cTopoHamu 4, B u a, b, a BbIcoTa
paBHa h.

2458. Haittu o6beM yceueHHOro KOHyCa, OCHOBAHHUA KOTOPOrO
CYTh DJIMIICH ¢ moxyocamu 4, B u a, b, a BeicoTa paBHa h.

2459. Hauitu 06meM napabosyionfa BpalleHHsd, OCHOBAaHUE KOTO-
poro S, a BeicoTa paBHa H.

2460. ITycrs pna kybupyeMoro tena miouniandb S = S(x) ero no-
MEPeUHOTO CeUeHNA, NePIeHAHKYAAPHOro k ocu Ox, U3MeHAETCA 110
KBafipaTUYHOMY 3aKOHY:

S(x)=Ax?>+ Bx + Cfa < x < b],

raoe A, B u C — noCTOsIHHbIE.
IoxasaTs, uTo 06H€M 3TOrO TEJNA PAaBEH

V= %’[S(a) + 45(%_1)) + S(b)],

roe H=b ~ a (¢popmyara Cumncona).

2461. Teno npexcraBaser coboii MHOMKeCTBO TodeK M(x, Y, 2),
roe 0< z2< 1, npuueM 0 < x < 1, 0 < y < 1, ecnut z pallHoHAJILHO, U
~1<x<0,-1<y<0, ecnu z uppanoHaibHo. [lokasars, uro o6beM
3TOr0 TeJa He CYILECTBYET, XOTS COOTBETCTBYIONIMN MHTerpas

1
J-S(z) dx=1.
0
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Haiiru 06beMEI TeJl, OTpaHYeHHbIX CAEAYIONHMU IOBEPXHOCTAMMY:

2462. X2 + 12 =1,z=£x,2=0.

2
a? b?

2463. £ + £ + Z = 1 (a;tmncoun).
a bz c?

xZ 2 22 _ .
2464. = + %5 -5 =Lx=tc
2465. x? + 22 = a?, y? + 2% = a®.
2466. x2 + y? + 22 = a?, x* + y? = ax.
2467.2%2=b(a — x), x> + y* = ax.

2468. X +§=1(0<z<a).

aZ
2469.x +y+22=1,x=0,y=0,2=0.
2470. x* + ) + 2% + xy + yz + zx = a®.
2471. [lokasars, uTo 00'b€M TeJIa, 00Pa30BAHHOTO Bpalle HUEM BO-
Kpyr ocu Oy Na0cKoi PuUrypst

as< x<b, 0<y<yx),

roe y(x) — ogHo3HauUHad HelpepbIlBHAA (PYHKIINA, paBeH
b
V= 2njxy(x) dx.
a

Haiiru o6beMsbI Tes, OrpaHUYEeHHBIX TOBEPXHOCTAMH, HOJTYyYeH-
HBIMU NPU BPanieHUH OTPe3KaMU CIERYIOINX JHHHA:

2
2472,y = b(i)s (0 < x < a) Bokpyr ocu Ox (Heitmonz).

2473. y = 2x — x?, y = 0: a) Bokpyr ocu Ox; 6) Bokpyr ocu Oy.
2474.y = sin x, y = 0 (0 < x < 7m): a) BOkpyr ocu Ox; 6) BOKPYT
ocu Oy.

2
2475.y = b(’é) Y= bl_’fl : a) BOkpyT ocH Ox; 6) BokpyT ocu Oy.
a

2476.y =€, y = 0(0 < x +00): a) Boxpyr ocu Ox; 6) Bokpyr ocu Oy.
2477. x% + (y - b)® = a® (0 < a < b) Bokpyr ocu Ox.
2478. x% — xy + y? = a? Boxpyr ocu Ox.

2479.y=e*.Jsinx (0 < x < +00) BOKpyr ocu Ox.

2480.x=a(t —sint), y=a(l —cos t) (0 < ¢t < 2m), y=0:
a) Bokpyr ocu Ox; 6) Bokpyr ocu Oy; B) BOKPYT npaMoii y = 2a.

2481. x = a sin® t, y = b cos® t (0 < t < 27m): a) Bokpyr ocu Ox;
6) sBoxpyr ocu Oy.
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2482. 1. Ha#iru o6beM Tena, 06pa3oBaHHOr0 BpaujeHueM nJolna-
AH TIeTIY KPUBOX
x=2t-1t%, y=4t-1¢t
pokpyr: a) ocu Ox; 6) ocu Oy.
2. okasars, uro obbem Tena, obpasoBaHHOro BpallleHHEM BO-
KkpyT TOJIAPHOH oCu MIOCKOHA hUryphl

0<a<o<pB<w, 0<r<r(e)

(¢ ¥ r — NONApHbIE KOOPAMHATHI), PaBeH
B
J'r3((p) sin ¢ dg.
o
Hatitu 06beMbI Tes1, 06pa30oBaHHBIX BpallleHHeM IIJTOCKUX QUTyYD,
3afaHHbIX B MOJAPHBIX KOOPAUHATAX:
2483. 1.r=a (1 + cos @) (0 < ¢ < 27m): a) BOKPYT NONAPHOI1 ocH;
a

6) BOKPYT NIPAMOH 1 COS ¢ = 1

2. (2 + y?)? = a¥(x? — y?): a) Boxpyr ocu Ox; 6) Bokpyr ocu Oy;
B) BOKPYT NpAMOHR Y = X.

Yrasanue. IlepeiiTu K NOaAPHBIM KOOPAUHATAM.

2484. 1. Haittu o6meM Tena, oOpasoBalHHoro BpallleiueM ¢hury-
pHI, OrpaHHYeHHOIl OJYBUTKOM cIupann ApxuMesna

2n

V=21
3

r=a¢ (a>0;0<¢<mn),

BOKPYT HOJSpHOH ocH.
2. HaiiTu o6beM Tesa, o6pa3oBaHHOrO BpallleHHeM (GUIypsl, or-
paHU4YeHHON JUHUAMMU:

e=nr}, ¢=mn,

BOKPYT NOJAPHON ocu.
2485. Haittu o6beM Tesna, o6pasoBanHoOro BpaujeHueM QUIYDHI:

a <r<a.2sin2¢

BOKPYT NOJAPHON OCH.

§ 8. Beluscaenue mjomageil MOBEPXHOCTEH BpameHus

I nowade noeepxnocmu, obpasoBaHHOMH BpauleHUEM rIagKoH KPUBOH
AB Bokpyr ocu Ox, paBHA

B
P=2n J‘ 1yl ds,
A

rae ds — pgugdepeHiiuan Iyru.
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HaiiTu niomasu MoBePXHOCTeM, 06pa30BaHHBIX BpallleHHEM Clle-
AYIONUX KPUBBIX:

2486.y = xA/E (0 < x < a) Boxpyr ocu Ox.
a
2487.y=a cos% (lx] < b) Boxpyr ocu Ox.

2488.y = tg x (‘0 < x< jit) BOKpYT ocu Ox.

2489. y? = 2px (0 < x < x,): a) BoXpyT ocu Ox; 6) Bokpyr ocu Oy,
2490. Z—z + %—2— =1 (0 <b< a): a) Bokpyr ocu Ox; 6) BOKpyT ocu Oy,

2491. x® + (y — b)® = a® (b > a) Bokpyr ocu Ox.
2

2492. x3 +y

2 2
3 3

= a3 BOKpyTr ocu Ox.

2493.y=a chg (lxl < b) : a) BokpyT ocu Ox; 6) Bokpyr ocu Oy.

2494, +x = a In&+AE -y _ Ja?-y? Bokpyr ocu Ox.
y

2495.x =a(t—sint), y=a(l —cost) (0 <t < 27n): a) BOKpyr
ocu Ox; 6) Boxpyr ocu Oy; B) BOKPYT npaMoil y = 2a.

2496.x = a cos® t, y = a sin® ¢ BOKpPYr npamoi y = x.

2497.r = a (1 + cos ¢®) BOKpPYT NOJAPHON OCH.

2498. r? = a® cos 2¢: a) BOKPyT NOMAPHO# ocH; 6) BOKPYT oCH (¢ =

R

B) BOKPYT OCH (¢ = TZ‘ .

2499. Teno ob6pasoBaHo BpaleHHeM BOKpyr ocu Ox uryps,
orpaHmYeHHoM napabonoit ay = a® — x? u oceio Ox. Haiitu orHO1IE-
HHe MOBEPXHOCTH TeJa BpallleHusi K NOBePXHOCTH PAaBHOBEIUKOIO
mapa.

2500. ®urypa, orpannuenHaa napabooit y? = 2px u npamoit

x = 123, BpalllaeTcAd BOKPYr npaMoi y = p. Halru o6seM ¥ HoBepX-

HOCTb TeJjia BpallleHuAd.

§ 9. Boruncaenue momenToB. KoopamuaTsl meHTpa mace

1. MomenTsl. Eciiu Ha nnockocru Oxy Macca M niorHocTH p = p(y) 3a-
MOJIHAET HEKOTOPBLIA OrpaHUYeHHBIM KOHTHHYYM Q (IMHMIO, IJIOCKYIO 00-
Jacth) U 0 = W(Yy) — COOTBETCTBYIOWAA Mepa (AJMHA AYrd, IIolAagb) ToOH
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yacT¥ KOHTHHYYMa £, OpAUHATBI KOTOPOH HE NPEBBIIIAIOT Y, TO K-M MOMEH-
moxm Macchl M orHocuTeabHO ocu Ox HA3BLIBAETCA UUCIO

maxAy, —~ 0

M= lim S p @)yl do(y) = f oyt doy) (k= 0,1, 2, ...),
i=1

Q

roe AY; = Y~y -y 1 Ao(y) = oly) — oy, - 1)-

Kax yacrHble cnyuay, nonydaem npu k = 0 maccy M, npu k=1 — cma-
muueckuil momenm, Npu k = 2 — MoMeHmM UHepYUU.

AHaNOrMYHO ONIPEAEAIOTCA MOMEHTHI MACCHI OTHOCHUTEIbHO KOOPAUHAT-
HBIX [JIOCKOCTEI.

Ecnup =1, To COOTBETCTBYIOLINI MOMEHT Ha3LIBAGTCA 2E0MEMPULECKUM
(MOMEHT JTUHUM, IJIOCKOH (DUrypEl, Tesa U T. 4.).

2. Henrp macc. KoopauHaTs! 1ieHTpa Macc (X, Y,) OAHOPOAHOI ILIIOCKOH
(purypsl maomagu S onpegenaaloTes no (HpopMynaM

(
_ Ml.‘l) ~ M({V)
o= =g YT g
x
roe M ﬁ-”’ , M (1 - reoMeTpuuecKHue CTATUYECKHEe MOMEHTH! (PUrypsl oTHo-

cureabso oceil Oy u Ox.

2501. 1. HaiiTu craTudecKil MOMEHT U MOMEHT MHEPIUU RYTrHU
MOJYOKPYXHOCTH Pafiyca ¢ OTHOCUTENbHO JUaMeTpa, IpoXoadlie-
Io yepes KOHIIbI 3TON AyrH.

2. Halitu craruueckuil MOMEHT Ayru napa6ossl

y2=2px(0<x<g)

OTHOCHTEIbHO MPAMOI X = g .

2502. 1. Hajitu craTHu4YeCKU MOMEHT 1 MOMEHT HHEPIUH OJHO-
POAHOU TPEYroJbHOH NNACTHHKY C OCHOBaHUeM b U BBICOTOM h 0THO-
CUTENBHO OCHOBaHudA (p = 1).

2. Haiiri MoMeHTHI HHepium [, = My u I =M ¥ orHOCHTEND-

HO oceil Ox u Oy napaboaudecKoro cerMeHTa, OrpaHUYEeHHOro Kpu-
BBIMHU

ay =2ax-x* (@a>0) u y=0.

Yemy paBHBI paduycol UHepYuUU r, U ry, T. €. BEJIUYHHBI, Opejeisie-
MBbI€ COOTHOUICHUAMHU

I,=Sry,1,=Sr;,

rae S — miaoumagb cermMeHTra?
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2503. HaifTu MOMEHTHI HHEPIIMM OJHOPOAHOHN SIJLIMNTHYECKOH}
IJIACTHHKY C TIOJIyOCAMH a U b oTHOCHTEIbHO ee IJIaBHBIX ocelt (P = 1),

2504. 1. Haiity craTudyecKUi MOMEHT ¥ MOMEHT MHEPIIUH OLHO-
POAHOTO KPYyroBOro KOHyca C pajlycoM OCHOBAHUSA I U BLICOTOMH b
OTHOCHUTENbHO ILTOCKOCTH OCHOBaHMsA 3TOro Konyca (p = 1),

2. Ha¥itt MOMeHT UHePIIMH OXHOPOAHOTO 11apa paguyca R u Mac-
cbl M OTHOCHTEJLHO eTo AHUaMeTrpa. ,

2505. [Tokasare nepsyio meopemy I'yavdena: nioujans HOBer-‘
HocTH, o6pagoBaHHON BpalljeHueM Iockoi nyru C BOKpyr He mepe-
ceKkapIeil ee ocH, JeKalleldl B IJIOCKOCTU Lyrd, paBHa AJIUHe 9Tol
AYyTH, YMHOXXE€HHOH Ha AJMHY OKPYXKHOCTH, OTIUCHIBAEMOU IIEHTPOM
macc gyru C.

2506. Toxaszars 6mopyio meopemy I'yavdena: obvem Tena, obpa-
30BaHHOT'O BpallleHHeM IJIIOCKOH (hurypsl S BOKPYr He NepeceKalo-
el ee 0CH, PacIoJOXKeHHOHN B MI0CKOCTH (GUI'ypPhl, PABEH NIPOU3Be-
JeHUIO mjolfaau S Ha ANHUHY OKPYXKHOCTH, ONHCHIBAEMOM IIEHTPOM
Macc aTo# hUrypsl.

2507. OnpeneniiTh KOODAMHATHLI IIEHTPA MAacC KPYyroBOH IAyru:
x=acos ¢, y=asin@ (o< a<m.

2508. OnpexenTh KOOPAUHATEHL LeHTPa Macc obmacTu, orpanu-
uenHOH Mapadoaamu ax = y%, ay = x% (a > 0).

2509. OnpegennTs KOOPAUHATHI HeHTPa Mace obnacTu

4L <1 (0<x<a, 0<y<b).
a b2

2510. OnpegenuTs HEHTP MAacC OGHOPOAHOrO NOAYIIApa Pafuyca a.

2511. Onpegenurek KoopAuHATH 1eHTpa Macc C (¢, rp) xyru OP
norapupmMuueckoi cnupanu r = ae™® (m > 0) or rouxku 0 (-0, 0) go
touku P (¢, r). Kakyo KpuBylo onucbiBaet Touka C 1py ABHXKeHUU
Touxku P?

2512. OnpegenTe KOOPAMHATH HEHTPa Macc o6gacTu, orpaHu-
YeHHON KpuBoi#l r = a (1 + cos ¢).

2513. OnpenennTh KOOPAMHATHI IIeHTPa Mace obiacTi, orpaHu-
YeHHOH NMepBoil apKOR MUKJIOUAB X =a (t ~sint), y=a (1 — cos t)
(0 £t < 2m) u ocsio Ox.

2514. OnipesilennuTh KOOPAMHATHI IIEHTpa Macc Teja, obpasoBaH-
Horo BpaueHnem muaomazu 0 < x < a; y? < 2px Bokpyr ocu Ox.

2515. OnpegenuTs KOOPAMHATHL IgHTpa MacC Hoaycdepsl
2+ y*+22=a% (22 0).
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§ 10. 3agaun u3 MEXaHMKM H (PU3HKH

CocTaBassi COOTBETCTBYIONME MHTEerpajlbHbie CYMMBbL M HaXORA
yux IPEefebl, PelNuTh CaefyIou|e 3afadmn:

2516. Onpepenurs Macey CTep X Hs AauHbl [ = 10 M, ecny TuHeH-
pad TJIOTHOCTb CTEPKHA MeHsieTCA 10 3aKoHy 8 = 6 + 0,3x (kr/m),
rie X — PacCTosgHUE OT OJHOTO U3 KOHIIOB CTEpPXKHA.

2517. Kakyo pabory Hafo 3aTpaTUTL, 4ToObI T€JI0 MacChl M HOA-
HATH C IOBEPXHOCTH 3eMJH, pagnyc KoTopoi R, Ha BeIcoty h? Yemy
paBHa ara pabora, ecnu tesno yAandercd B 6eCKoHeYHOCTH?

2518. Kakyio pabory Hazo 3aTpaTuTh, 4TOOBI PACTAHYTH yIpY-
rywo npyxkuny ua 10 cm, ecnu cuna B 1 H pacrsiruBaet sty npysxuHy
Ha 1 cm?

Yxasanue. Hcnonb3osars 3akoH I'yka.

2519. HunuHap suaMerpa 20 cM u gauHbI 80 cM 3aN0IHEH TapoM
nox gaBaenueM 10 ITa. Yemy pasua pabora mapa npu yMeHblIeHUN
ero ob’bema B ABa pasa, €CJIHU TEMIEPATypa Iapa OCTAeTCA HOCTOAH-
HO?

2520. OupefennuTb CUIY AaBJIE€HUSA BOABL HA BEPTUKAJNBbHYIO CTEH-
Ky, UMelolllyIo (hopMy HOJyKpPYyra pajuyca a, ALaMeTp KoToporo Ha-
XONUTCS HA MIOBEPXHOCTH BOJbI.

2521. OnpegennTs CUJly AABJIEHNAS BOABI HA BEPTHUKAJIBHYIO CTEH-
Ky, HMelOmyl0 (opMy TpaneniH, HH)XHee OCHOBaHHEe KOTOpOH
a =10 M, BepxHee b = 6 m u BbicoTa h = b M, ecjiu ypoBeHb MOTpy-
JKeHUS HHUXKHero ocHoBaHud ¢ = 20 M.

CocraBnaa auddepeHnyaabHble YpaBHeHUA, DEUINUTH CHERYIO-
1Me 3aauu.
2522, CKopoCTh TOYKH MEHAETCH 110 3aKOHY

v =Uv, + at.

Kaxkoit nyrs npoiifer ara Touka 3a npoMe)XyTox BpeMenu [0, T]?

2523. OgHoponHLIN wap paguyca R M INJOTHOCTH O Bpallaerca
BOKPYT CBOEro AHaMerpa ¢ yriaoBoH CKopocTbio 0. OnpenesuTs Ku-
HETHYEeCKYIO DHepPruio 1iapa.

2524. C xaxkoil cunoit MmarepuanbHas GeckoHeUHad npsaMas IoO-
CTOAHHON JHMHEeHHON NJIOTHOCTHU |, IPUTATHBAeT MaTepHaJLHYIO
TOYKY MACCHI M, HAXOAAIIYIOCA HA PACCTOAHAH @ OT 3TOM mpaMoi?

2525. Onpenenntb, C KakoH cuiaoi Kpyrjas IJIaCTHHKa pa-
AUyca @ U MOCTOAHHOM MOBEPXHOCTHOMH IJIOTHOCTH O, IPUTATUBAET
MaTepHaJbHYI0 TOUKY P Maccel m, HaxoAAIYIOCS Ha NepIeHJHKY-
Jsipe K NJIOCKOCTH IJIACTUHKH, IPOXOAAILEM Yepes ee IeHTP @, Ha
KpartyaiineM paccroannun PQ, pasHom b.
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2526. Cornacuo 3axony Toppuueann CKOPOCTb HCTEYEHHUSA XKup.-
KOCTH U3 COCYZa paBHa
v=-c.2gh,

rae £ — yCKopeHHe cBoOOnHOTO nafeHus, A — BBICOTA YPOBHA Xup-
KocTH Hajg orBepereM u ¢ = 0,6 — onbITHHIN Ko3DhULIEeHT.

3a Kakoe BpeMs OIODPOMKHUTCA HANONHeHHasd JOBEPXY BEPTH-
KanpHas INMAMHApHUYecKas Gouxka puamerpa D= 1M ¥ BBICOTOl
H = 2 m uepes KpyrJjoe OTBepcTHE B AHEe OO0UKHU, €CaAU JUaMeTp Or-
Bepcrusa d = 1 cm?

2527. Kaxkyio popMy HoJKEH KMETh COCY A, IPEICTaBIAIINN Co-
6oii TeJio BpauieHus, 4ToObl HOHMIKEHIEe YPOBHA KUAKOCTHU IIPU UC-
TeyeHUn OBIJIO PABHOMEPHEIM?

2528. CxopocTs pacnajia pagia B KaXXAblil MOMEHT BpeMeHH I1po-
[OpIMOHAaNbHA ero HaJMuYHOMY KojudecTBy. HaliTi 3akoH pacnaja
pajnsd, ecau B HauaJdbHbI MoMeHT ¢t = 0 UMeJI0oCh KOJHYECTBO pagusa
@, a uepes BpeMa T = 1600 yieT ero XOJIUYECTBO YMEHBIINTCA B IBa
pasa.

2529, Jlna mpouecca BTOPOro NMOopAgKa CKOPOCTh XUMHUeCKOH
peaKIluH, ilepeBoadileil BemecTBo A B BelllecTBO B, nponopnioHainb-
Ha IIPOU3BEAeHMIO KOHILEHTPAINY dTUX BenlecTB. Kakoi NpolieHT Belle-
crBa B Oymer comepskarsca B cocyae depe3d £ = 14, ecau upu £ = 0
umenock 20% Bentectsa B, a npu ¢t = 15 mun ero crano 80% ?

2530. Cornacuo 3akonwy I'yka oTHocuTenbHoe YyAJHNHEHUEe €
CTEPYHS IPOHOPIMOHANIBHO HAIIPAMXKEHNIO CAJIBL G B COOTBETCTBYIO-

LeM NOoNepedHOM CeYeHHUU, T. €. £ = % , rge E — Mopynas Oura.

Onpenenurs yAJUHEHHE TAMXKENOro CTEPKHA KOHHYecKol dop-
MBI, YKPEILJIEHHOI'0 OCHOBaHUEM U 06palleHHOTo BepPIUINHOM BHUS, ec-
JIM pagduyC OoCHOBaHHUA paBeH R, BeicoTa KOHyca H u miaoTHoCTs p.

§ 11. IIpubanikedHoOe BRIUMCICHUE ONPENEICHHBIX NHTEIPAJIoOB
1. ®opmyna DpsaMOYroJbHUKOB. Kciau dyHKuusa y = y(x) HenpepbriBHA
u guddepeHIupyeMa AOCTATOYHOE YHCA0 Pa3 Ha KOHeYHOM cermMenrte [a, b]
uh= Q%),x,:aJr ih({i=0,1,..,n)y=y(x) T
b
[v@ax=n v+ vv, 0+ B,

a

rae

R,=C=8hy) @<e<).
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2. ®opmyaa Tpaneumit. IIpu rex xe 0603HaAUEHUAX UMeeM
b

J‘y(ac)dx=h(5i‘%ﬂ +y1+yz+---+yn-1) + R,
a
rae
R

n

- -y @<E <)

3. [IapaGoanueckas popmyna (dopmyna Cumncona). Ilonaras n = 2k,
MOJIYYHM
b
/
[y v = gl + vad + 4 4y b o) ¢

a

+ 20y + gy + oo +y2k_2] +R,,

rae

— _!b" a),l‘tf]\l(&/r) (a < &rr < b).

R 180

2531. IIpumenss GopMyJly IpAMOYTroOIbHUKOB (n = 12), npubin-

JKeHHO BBIYNCIHUTD
2n

J‘xsinxdx

0
" pe3yabTaT ¢cPABHUTHL C TOYHBIM OTBETOM.

C nomoisio GopMyJIsl Tpanenuil BEIUYMCIUTL HHTErpajsl U ole-

HUTHh UX INOTrPEIIHOCTH, €CJIHU:
1 1

dx  (p=8). 2533. J‘ _dx (= 19).
+x 1+x
0

1 3

3
2534.I ,I—isinzxdx (n = 6).
0

C nomoisio ¢popMyasl CUMIICOHA BBIYHCIUTE HHTEIPAJIbI:

2532. J‘
0

9 n
2535. J‘ Jx dx  (n=4). 2536. J‘ J3+ cosxd (n=6).
1 0

1

3
sinx - xdx -
2537. J‘ 0% Gy (n=10). 2538. J' et (n=6).
0 0
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2539. IIpunumas n = 10, sBaruucaurs koncmanwmy Kamanana
1
G= I arctgx ;..
x
0

2540. ITonsayacs bopmynoit

dx
1+x2’

EE
It
O,

BHIUMCIIATD YUCJIO0 T ¢ TOYHOCTBIO Jio 1075,
1

2541. Beraucaurs J. e** dx ¢ Toynoctsio mo 0,001.

0
1

2542. Beruucianrs I (e“-1) lnj—lc dx ¢ TounocThIO 10 1074,

0
2543. BRIuucauTs ¢ TOUHOCTHIO 10 0,001 uHTErpat BepoATHOCTEH

+o00

J. e-** dx.

0

2544. IIpubnuixeHHO HAUTH JIUHY 3JINUICA, TIOJYOCH KOTOPOTO
a=10u b= 6.
2545. IlocTpouTs Mo ToukaM rpaduk GyHKIUM

y= %dt (0 < x < 2m),

© S ¢

-

npuHsas Ax = 1/3.



PABIOEJ V

PSITBI

§ 1. Yucaossie paasl. IIpu3Haku CXOQUMOCTH
3HAKOIMOCTOAHHBIX pSIJIOB

1. O6mue nmousTns. Yucaosoi psaj

o0
a1+a2+...+an+...=2a,, (1)

n=1
Ha3blBaeTcAa cxo&nu;umc;l, €CJIM cylecTByert KOHEuHBI# npepgen

lim S,= S (cymma pada),

rge S, = a; + a; + ... + a,. B npotuBHOM cayuae paj (1) HassIBaeTCA pacxo-
daujumea.

2. Kpurepnit Komn. [Ins cxoagumoctu psaga (1) HeobxoauMo 1 focTaTou-
HO, uTo6BI A a0boro € > 0 cywecToBasio yuciao N = N(g) rakoe, uTo Ipu
n>Nup>0(nup— HarypanbHble yuca) Ob1710 BHITIONHEHO HEPABEHCTBO
n+p

S

i=n+1

|Sn+p_snl= <E.

B uactHOCTH, €CJIU PAJ CXOAUTCA, TO

lim a,=0.

n— o
3. IIpn3HaKN CXOUMOCTH
ITpusnax cpasrenusa I. Ilyers kpoMe paga (1), umeem pag
by +by+ .. +b, +.... 2)
Ecau npu n 2 ny BBIIONIHEHO HEPABEHCTBO
0<a,<b,
To: 1) u3 cxoguUMocTH paaa (2) cneayer cxoguMmoctsb pajga (1); 2) na pacxo-
aumoctH paga (1) cnegyer pacxogumocTts paza (2).
B wacrtHocTH, ecnu a, ~ b, Ipu n — 00, TO pAABI C 3HAKONOJOMXKHUTEb-
HeIMH wiieHamu (1) u (2) cxoasaTca WU pacXogATCA OJHOBPEMEHHO.
ITpusnax cpashnenus II. Ecnu
1\"
0= 0(15)

To a) npu p > 1 pag (1) cxoaurcsa u 6) npu p < 1 pacxogurcs.

Y Brauenue cumBosna O* cM: pasgen I, § 6, n.1.



224 PABEJ V. PAABI

ITpusnax Janambepa. Ecnmua,>0(n=1,2,..)n

lim 221 =gq
n—o @, ’

to a) npu ¢ < 1 pax (1) cxopurca u 6) npu ¢ > 1 pacxogurca.
ITpusnax Kowu.Ecina,>0(n=1,2,..)u

lim 2fa, =gq,
n— oo

to a) npu ¢ < 1 pax (1) cxoaurca u 6) npu ¢ > 1 pacxogurcA.
ITpusnax Paa6e. Ecnina,>0(n=1,2,...)un

lim n( n —1)=P,

no oo apia

To a) npu p > 1 pax (1) cxogurca u 6) npu p < 1 pacxogurcA.
ITpusnak Taycca.Ecnna,>0(n=1,2,...)n

a

o=+ By
Apiy n

rae |0l <Cue>0, o: a)npul> 1 paa (1) cxonutea; 6) mpu A < 1 pag pacxo-
mutca; B) npu A = 1 pag (1) cxofures, ecnu P> 1, u pacxogutes, ecau | < 1.

Humezpanvusiii npusnax Kowu. Ecnu f(x) (x > 0) — HeoTpuLiaTenbHad
HeBo3pacramouaa GyHKIUA, TO DAL

3 i
n=1

CXOQUTCA UJH pacxogUuTCA OJHOBpDEMEHHO C HHTEerpajaiom

I f(x) dx.
1

JlokasaTh HEMOCPeACTBEHHO CXOAMMOCTH CIEeAYIOUIUX PANOB U
HAHTH UX CYMMBI:

2546.1—%+1—1+...+%+....

18
2547. (% + %) +(§1§ + 315) + +(§1-; +%)+....
2548.%+§3—2 +% + +2;;1 +
2549. 11—2 + 51—3 + 51—4 + n(n1+1) ..
2550. T1—4 + 2_1-7 + (3n—2)1(3n+ 1)
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2551. a) q sin o + ¢ sin 20 + ... + ¢" sin na + ...;
6) g cos o + g% cos 20. + ... + q" cos no. + ... (|q} < 1).

2552. i (Jn+2-2Jn+1 + Jn).

n=1

0
2553. MccnenoBaTh CXOAUMOCTD PAAA Z sin nx.
n=1
Yrkazanue. Ilokazars, uto npu x # kN (kE — 1es0e) HEBO3MOXKHO,
yrobbl sin nx — 0 npu n — 0}

o
2554. [TlokazaTh, 4TO €CJIH PAL z @, CXONUTCA, TO PAX
n=1
Py~ 1

i An’ rae Au: Z a; (pl= 1’ P <p2< "')!

n=1 i=p,

DOJy4YeHHBIH B pedyjbTaTe I'DYINMPOBKY YJIeHOB JaHHOTO pana 6es
HapyUIeHUs NOpAZKA UX CIeJOBAHUA, TAKXKe CXOAUTCH U UMeeT Ty
e cymmy. O6paTHOE HeBEpPHO; IPUBECTH IIPUMED.
o0
2555, JlokasaThb, 4TO €CJIM UJeHbl PAAA z a, TOJOXKUTENBHBI U

n=1
o<

pan Z A,, IONYy4YeHHBIH B pe3ybTaTe TPYINNUPOBKU YJI€HOB 3TOTO

n=1 o
pAanxa, cxoguTcda, TO JaHHbIMN DA TAKXKe CXOAUTCA.

HccaenoBarh CXOMUMOCTD PAJOB:
2556.1-1+1~-1+1—-1+....
2557.0,001 + /0,001 + 3/0,001 + ....

1 1 1 1
2558.1—!4—2—! +3—!+...+;-! + ...

1,1 ,1 1
B S S = S

2559. 1 3 5+7 +2n_1

1 1 1 1
2560. 1001 + 2001 + 3001 ot 10000 + 1 +

2561.1+2 +3 4+ ...+ 1

3 5 2n-1

1 1 1
A+ = =
2562. 1 + 25 + =5 TTESE

1 1 1 1
2563. — + — + — + ...+ + ...
J2 2./3 3.4 nJyn+1

1 1 1
2564, —— + ——— + ...+ +.
J1-3 /35 Jen-D)(2n+ 1)

+.o..

+ ...
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—

2565. [lokasaTs, 4TO pAA uucesk, oOpaTHLIX YJeHaM apudmern-
YeCKOH Iporpeccuy, pacXOAUTCA.

2566. [fokasaTs, 9TO eCJIU PAALL Z a,(A)u z b, (B) cxonarcs

n=1 n=1

(o)
na,<c,<b,(n=1,2,..), T0pan z ¢, (C) rakoxe cxogurcsa. Yro
n=1
MOJKHO CKa3aTb 0 cxozumocTu psaga (C), ecnu paast (A) u (B) pacxo-
narca?
2567. IlycTs gann! [Ba pacxomdalmiuxca pAja
fee] o0
Z a, n z b,
n=1 n=1
¢ HeoTpUIllaTeJLHBIMH YJeHaAMH.
YT0 MOXKHO CKa3aTh O CXOAUMOCTHU PANOB:

a) i min(a,, b,) u 0) i max(a,, b,)?

n=1 n=1

2568. [TokasaTh, UTO eCJIU pAL Z a, (a 2 0) cxoxurcs, TO pax

n=1

o0
2
Z a, TaKXe CXoAuTcAd. OGpaTHOQ YTBepKAeHne HeBepHO; IpuBec-
n=1
TH IIpHMephL.

o0 o0
2569. [lokasaTs, UTO €CJH PAJILI Z a,2, u Z bi cxomarcs, TO
n=1 n=1
CXOAATCA, TAKIKE PALBI
> labih Y > Lo
a,b,l, (a, + b,)?, s
nz=:l ngl ngl n

2570. Toka3aTs, YTO eCIHU

lim na,=a # 0,

n— oo
o0
TO pAf z a, pacxomuTcA.

n=1
0

2571. JlokazaTs, 4TO eCJIU PAL z a, C TOJIOXKUTeIHLHBIMH U MO-
n=1
HOTOHHO YOBIBAIONIUMH WIeHAMM CXORMTCH, TO

lim na,=0.
» n— oo
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2572, fIsnserca JM CXOAALMMCS DAX z a,, eciu
n=1

lim (@, ,;+a,,p+... +a,,,)=0

n— o
mpup=1,2,3,...7
INonssysacey kpurepnem Kouim, moxasars CXOAMMOCTL ClefyIO-
UAX PANOB:

4 n
2573. a, + ottt T (a,| < 10).

2574. —Sigx + —-—Sigf" o+ —Sigf" ¥

2575. 1. cosx—1c052x + c032x5c0s3x ..

o+ cosnx—cos(n+1)x + ..
n

SX cosx2 cosx™

9. fosx | gosx_ ., 4 fosxX 4 |
12 22 2

Y kaszanue. Ucnons3oBars HepaBeHCTBO
1 1 _ 1

1
_— < ——— = -2 (n=2,3,...).
n2<n(n~1) n-1 n(n )

Ilonsaysacs kpurepuem Koiu, A0KaszaTh pacXoauMOCTh CJIeAYIO-
IIUX PAJOB:

2576.1+ L +1 4+ . +1 4 .
2 3 n
1_1,1,1_ 1, .
25771+ 3 -1+l l oL
6) —— + L 4+ .+ —L 4.,
12 J2-3 Jn(n+1)

Ilons3ysacs npusHaKaMu cpaBHeHuA, anambepa unu Koy, uc-
CNe/i0BaTh CXOAUMOCTD PANOB:

2578, 1900 1 1000% . 1000% 1 .+ 10’?!0" +o..
2579.&2!!12 +%‘!L2 +...+%2)3! I

2580.1?’- +§2-é +§-§+...+:——i + .

2581.a) L1 4+ B2 2B, 2y

3.1 , 32.2! , 83.3! 3np!
+ -+ -+ F ==+ ...
6) 1 22 33 nt
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2582.

2583.

2584.

2585.

2586.

2589.

(2 @b @Y 4@
2 24 29 gn?

1000 , 10001001 . 1000.1001-1002 ,
1 1-3 1-3-5

4-7 . 4-7-10
+ 2L+

2. 2.6-10

a)i (J2 = 32)J2 - 3/2) ... (J2 - 2+ W2).

n=1

DO

l, ecm n = m?,

e n
6) > a,rae a,=9

nol ,ecrmn;tm

{m — HaTypaJbHOE UHNCJIO);

sm2ka
B nx
) Z H 1+ x2+ cos?ko

1
oo nz 00 nrt+;
. 2587. . 2588.
,,Z::l (2+ln nzz:x (,H__l_)n Z "A/lnn
n n
a) o ntl . 6) -t .
Z n+1? Z 9n 4 3n’
n=1 (2ﬂ2+ﬂ+1) 2 n=1

ad _q\nr-1)
0y ()
D2 HFN2-2 N2 2+ 2+A/2~~/2+A/2+ 2 +....

Vikasanue. 2 =2cos§.

2590. [lokasaThb, YTO €CJIH

lim = 2221 = g(a, > 0),

n—

T0 @, = 0(q}), TAe q; > q.

o0

2591.1. ITycTh fJig YIeHOB 3HAKOIOJOMKUTEILHOTO pAAA Z a,

n=1

(a, > 0) BBINOJIHEHO HEPABEHCTBO

a-&
-;—-‘<p<1 npu n > ng.

n
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JloxasaTh, YTO AJA OCTATKA pAAA
R,,=a,l+1 +a"+2 + ...
uMeeT MeCTO OIICHKAa

n-ng+1

R, < a , €CIM 1 2= n,.

g ’ 1_‘)

2. HaiiTu, CKOJbKO YJIEHOB psaja

— [(2n)!1]?
Z (4n)1!

n=1
rae (2n)lt = 2+ 4...2n, 1O0CTATOYHO B35ATh, UTOOL! COOTBETCTBYIOLIAA YaC-
THYHAA CyMMa S, OT/IMYANach OT CYMMbI PAa S MeHbllle, ueM Ha £ = 1075,
2592. TokasaTb, 4TO €CJIH
r_ an+l —
im 21 =g<1 (a,>0),
n—oo a®
o0
TO PAL Z a, cxonurea.
n=1
Ob6paTHoe yTBep)KJeHHe HeEBepHO. PaccMOTpeTs IIpuMep

Lyl 11, 1,1

N
2 3 22 32 28 33

2593. Jlokazarh, 9TO €CJIM AJNA PAAA Z a, (a, > 0) cymecTByer

n=1

lim 22l =g (A)
n—oo Q,

TO CYLIECTBYET TaKXe
lim t/a, =gq. (B)

n-— o

OOpaTHOe yTBep>KJeHNEe HeBePHO: eCJU cyllecTByeT npezne (B),
70 mpezea (A) MOXKeT M He CyLIeCTBOBAThH. PaccMOTpeTs nipuMep

3 Bl

n=1
2594. IlokasaTb, 4TO €CJIU

im 4/, =¢ (a,>0),

n— oo

TO: a) npu q < 1 pax Z a, cxopurcd; 0) npu q > 1 aTOT pAA pacxo-
n=1

nurca (o606wennblii npusnax Kowu).
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HcenegoBath CXOAMMOCTD PAJOB:
21T

- o ACoSs
2595. 3 2Ll 2596. 3
n=1 n=l
2597. a) Z} = ; 6)"2 (2+cosn :

ITonnsysicy npusHakamu Paabe u I'aycca, ucciemoBaTthk cxoau-
MOCTD CJIEAYIOIUX PALOB:

2598. (l)” + (l__3)" + (1~3-5)" +

2 2.4 2:4-6
a a(a+d) a(a+d)L+_)
2599, ¢ z o+ b rd) T e rdbad . (@>0,b>0,d>0).
[e] ‘ n (o] ’
2600. ne . 2601. J/nl )
,; note S 2+ 12+ 42). 2+ Jn)
2602. 5 —2nC (4> 0).

) q(g+1)...(g+n)

2603. i p(p+ 1)..,.5p+n—1) L1
n=1 :

ne’

— [(1:3-5..(2n-1)7 . 1
2604. n;[ 2'4-6...(’;n) ] ne’

— p(p+1)..(p+n—1)°
2605. ;l B LnfP A= (p >0, 9> 0).

2606. Jokasarh, 4YTO €CAM A 3HAKOIOJOXXHUTEJILHOrO pAAa

o0
Z a, (a,> 0) npu n — OO BRINOJIHEHO YCJIOBUE

n=1

il —1+B+o(1)

Qp .,y

a, =o( 1 )
ne-

rae € > 0 npou3BOJIBLHO MaJso; IpudeM, ecau p > 0, to a, | 0 upu
n— oo, T . e.a,n0pun > n,, MOHOTOHHO YOLIBAasA, CTPEMUTCA K HY-

TO

JII0, KOrZia n — 00,
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Onpejenns MOPAKOK yObIBAaHHMA 0O0llero 4jeHa a,, UCCAeJOBATH

o0
CXOAUMOCTD 33IaHHOI'0 pAAa Z a,, ecau:

n=1

nP+anP-l+...+a -
L 2, rpen?+bn? '+ ... +b,>0.
nf+bni-l+ . +b, 4

2608.a, = Lsin®.
ne n

2609.a, = (J(n+ 1) - J?z)pln%;—} (n>1).

2607.qa, =

i

2610. a, = In? (sec %J .
2611. a
2612. a, = [e - (1 + ,11)]"

2613.3) a, = 1k; 6)a,= 1

14— 1+

n Inn n
2614. [loka3aTs npu3drax Jlams: 3HAKONOJOXHUTENbHBIH DA

=logbn(1 + %) (@>0,b> 0).

=

EXI

o0
Z a, (a, > 0) cxogurea, ecau

n=1
(1~ 4/a,) L1 2 p>1unpmn>n,,
Inn
¥ PacXOAMNTCA, €CIn

(1—Ma_n)%l < 1 1mpu n> n,.

2615. JToka3aTb, 4YTO PAXR Z a,(a, > 0) cxoaurcd, ecJIM cyllecT-

n=1
ln_l.
a,

I > 1+ o npu n 2 ny, 1 pacXoJUTCA, eClIu
nn

ByeT 0. > 0 Takoe, 4TO

lni

a,

7 < 1 npu n > ny (n0zapugmuneckuii npu3nakx).
nn

HceteoBaTh CXOAMMOCTD PAAOB C OOIMM WIEHOM:
2616.a, = n'"* (x > 0).

_ 1
2617. 0, = s (0> 1),

2618.a,= —L _ (n>1).

(lnn)lnlnn
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Ilonb3yscs HHTErpaJdbHbIM Npu3nakom Kon, uceieosaTs cxo-
JMMOCTh PAJOB C OOIMM UJIEHOM:

- 1 . - 1
2619. 2) a, nlnfn (n>1); 0 a, n(lnn)?(Inlnn) (n>2).
2620. UccnenoBaTh CXOAMMOCTb pAna:
— In2-In3..In(n+1) > 0)-
a) ’;1 @) . mBip) . nmiisp &0

o0
0) Z ﬁn%) , ’ie v(n) — uncio nudp 4ymucaa n;

n=1

1
B) ’;2 In(nh)
2621. IIycts A, (n= 1, 2, ...) — DoCJeROBaTeJbHbIE HOJOMKH-
TeJbHBLIE KOPHU YPABHEHUA
tg x = x.

HccnenoBaTh CXOQMMOCTE PAXA

o0

-2
An

o0
2622. lokasaTtb, 4TO pAf z a,, € NOMOMKUTEJbHLIMA MOHOTOHHO
n=1
y6bIBAIOIMMHE YJIEHAMH CXOAMTCS MJIM PACXOAHUTCA OAHOBPEMEHHO

o0
n
¢ pAfoOM Z 2"a,,.
n=0
2623. ITycTs f(x) — MOJOMKHUTENLHAA MOHOTOHHO HEBO3PACTAlO-

(o)
masa GyHknud. [JokasaTsb, YTO €CJIH pAJ Z f(n) cxonurca, To pag
n=1
OCTaTKa ero

R,= S f(h)
k=n+1
CIipaBenJINBa OIlEHKAa

+00

J f(x)dx < R, < f(n + 1) + J' f(x) dx.

n+1 n+1

[o0)
IlonbaydAch 3TUM, HAHTH CYMMY PA#A Z L ¢ rounocrsio no 0,01.

n3

n=1
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2624. [loxasaTb npusnak Epmarosa: ecnin f(x) — nonoxuresnb-
Hasd MOHOTOHHO yOhIBawOIasas QYHKIMUA X

X — ©

0

exfgexl _
f(x)

TO PAL Z f(n) cxonurea npu A < 1 u pacxoaurcs npu A > 1.

n=1

2625. [loxkasaTtb npusHa

o0
Kk JloGaueacko20: pan Z a, C MOJOXKH-

n=1

TE€JIbHbBIMHN MOHOTOHHO CTPEMAINUMHACA K HYJIO WIE€HAMH CXOAUTCA
NI PacXoauTCA OMHOBPEMEHHO C pAAOM

3 Pm " 27"

rae p,, — HauboJabIINH HOMEp UJIEHOB 4,, YAOBJIETBOPAIOIINX Hepa-

BEHCTBY
a,>2™"

(n=1,2,..,p,-

HccnenosaTh CXOOUMOCTD CAENYIOIINX PARKOB:

2626. z _________V'Hzr; Jn-2

2627. i (Jn+a —4/n2+n+b).
n=1

2628. i (

— In(n!)

Zne“”.

alnn+b
eclnn+d |

nmn
ctg4n
2630.

2632.

2634.

Mo I

2636.

2638.

1
_br+c

1

)

2640.

I~ sin 25:‘1).2629. i (

1 1
)
2631. i

i nn2+1 — 1)

2
= lnz(sm )
n

n

ch=

n
cosk
n

2633.

2635.

2637. i

n=3

In

ninr

2639.

(a>0,b>0,c
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2641. i (n - 1).

n=1

2642. i [1n ;1- ~1In (sin ;1;)]

n=1

2643. Z aq-(bInn+cin?n) (a> 0)

n-'l

nan
2644. 2 o (@a>0,b>0).

+b(n+b)n+a

8

n-l

[§n+ 1)!7
2645. Z e

HccnenoBaTh CXOAUMOCTD PANOB Z U, CO CJAEAYIONIUMHU OOLIH-

-1
MH UIeHAMMU: "

1
2646. u =J' ff; 2647. 1, - — L
° J“A/1+x4dx
(n+1)n n+l
2648. u, = J im?zzdx, 2649. 1, — J‘ o5 dx.
2650. un=J. mdx_ 2651. u, = 1!+2!+...+n!.
l+x (271)!
0
y In2k
2652, u, = E=1——

nu
3aMeHHB IOCJIEA0BaTENIbHOCTH X, (n = 1, 2, ...) COOTBETCTBYIO-
LMY PALAMH, HUCCIeN0BaTh CXOAHUMOCTL MX B pAfe:
2653.x, =1+ L +...+ L -2./n.
2 Jn

2654. x, = “‘Tk - L‘%)f

k=
2655. CKOIbKO IPHUMEPHO HAJO B3ATH UJICHOB PAJA, UTOOLI HANTH
ero CyMMy ¢ TOYHOCTbIO Ko 1075, econ:

- 1. - 2" . < 1
LW 6)21 e P ;1 ek

n=1
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§ 2. IIpusHaxy CXOZUMOCTH 3HAKONEPEMEHHEBIX PAXOB

1. AGconroTHas cXoaMMOCTSH paga. Pax

> e, ¢);

n=1

HA3bIBAETCHA A6CONLIOMHO CXO00AUUMUCA, €CIN CXORUTCA DALR

D lad 2

n=1
B stom cayuae pax (1) taxske cxoaurca. Cymma aGCoMIOTHO CXOXAUErocd
pAAa He 3aBUCHUT OT [IOPAXKA CjlaraeMbiX.

Ilna onpegesnenus a6coytoTHoM cxoxuMocty paxa (1) xocrarouHo Mpu-
MEHUTb K PARY (2) M3BeCTHBIE NPU3HAKY CXOAMMOCTH AJ1A 3HAKOIIOCTOAHHBIX
pAOB.

Ecau pan (1) cxoaurcs, a pan (2) pacxoaurcs, To pax (1) saswiBaerca
ycao6Ho (He abconiomuo) cxodauumca. CyMMy yCIOBHO CXOAALIErocsa pAAa
IIyTeM TEPECTAHOBKHU CJIaraeMbIX MOXKHO CAeJaTh PaBHOMH JIOGoMYy YUCHY
(meopema Pumana).

2. IIpnanax Jleii6nuna. 3HaKouepeRyOUINNACA PAL

by—by+by—by+...+(-1y"1p, + ...
(b, = 0) cxopurca (Booble rosopsd, He abcouoTHO), ecau: a) b, 2 b, , |
(n=1,2,..)u 6) lim b, = 0. B aTom cayuae pid ocTaTKa pana

Ry= (1), + (1" 0,0 + o
¥MeeM OLEHKY
R,=(-1)"0,b,,,(0<0<1).
3. llpnanak Abensa. Pax

n0n (3)

cxoauTcs, ecau: 1) panx Z a, cxoaurcd; 2) uucaa b, (n =1, 2, ...) o6pasyior
n=1
MOHOTOHHYIO ¥ OFPAHMYEHHYIO I10CAEXOBATEABHOCTD.

oo

4. pusnak Jdupnxae. Pas (3) cxoxgurca, ecan: 1) cymmer 4, = Zal
i=1

orpaHUYeHbl B COBOKYITHOCTH; 2) b, MOHOTOHHO CTPEMUTCH K HYJIIO IpU i1 — 0.

2656. lokasaTb, UTO YJeHH He abCOJIOTHO CXOAALIeroca pAjaa
MOX<HO 0€e3 IepecTaHOBKH CrpyINHupOBaTh TAK, UTO IOJYy4eHHBIH HO-
BBl pax 6yneT a6COMIOTHO CXONAIIKMCH.
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o0
2657. loxasaThb, UTO paAj Z a, ABJISAETCA CXONSALIUMCA, €CJIHU BhI-
n=1
MIOJIHEHBI YCJIOBUA: a) OOIINH YJIEH 9TOTO PAAa a, CTPEMUTCA K HYJII0
o0
npu n — ©0; 6) pan ZA,,, MMOJIVYEHHbIH B Pe3yabTaTe IM'DYINHIPOBKHA
n=1
YJIEHOB JAHHOTO pAfa 6e3 HapyIlIeHUA UX TIOPALKA, CXOOUTCA; B) YHCIIO
Poia~ 1
cJlaraeMbIX @;, BXOAAWIUX B YieH A, = Z a;(1=p, <p,<..),
i=p,
OrpaHMYeHo.
2658. [loxa3aTh, YTO CyMMa CXOLAIIETOCs pAAa He U3MEHUTCH,
€CJIX YJIEHBl BTOTO Psifia IEPEeCTABUThL TaK, YTO HU OUH M3 HUX He
VIJIAETCA OT CBOErO IPEXKHET0 NOJOKeHNA O0JIbIe ueM Ha M MeCT,

rae m — HEeKOTOpoe 3apaHee 3afaHHOE YHNCJIO.

JokasaTh CXOAUMOCTD CAEAVIOINX PAJOB M HANTH UX CYMMBI:

3,5 _17
2659.1- 2 +2 -1 4+ |
659. 1 s t1 8
11,1 .1 _1
R R R T P M
2660 2 4 8 16 32
1,1 _1_.1_1
-2+ =-2 42 -2 4
2661. 1 513 4+5 6+

Ykasasnye. IIpumenurs Qpopmyay 1 + % R 1_ C+Inn+e,
n

rae C — nocrosiHHas Jiisepa n lim g, = 0.
n -+

e — n+1
2662. 3nasd, uto Z (_lnl__. = In 2, maliTH CyMMBbI PALOB, MOJY-

YEHHBIX M3 NAHHOTO :;:pleaym,fra're [1ePECTAHOBKH €0 UJIEHOB:
a)1+—é———é—+%+%—i—+...;
O1-2 -3 %—é—%Jr....
2663. Unenn! cxogamierocs paaa
Z K;l_EL.‘

nepecTaBuTh TaK, yToOBI OH CTAaJ pacxoaAamuMc.
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HccnenoBaTh CXOAMMOCTb 3HAKONIEPEMEHHBIX PAXOB:

. n{n-1)
-1) 2
2664 Z Q—_—zn .
o, _1ya [ 20+ 100\",
2665. a) ;( 1) (_____3“1) ;
1,1 1 1t 1,1 ,1_
6)1+3+z -3 stztgts
2666. Ilycts
> 1)'b, 1)
n=1

rae b, > 0 u b, — 0 mpu n — oo, Crexyer au orcona, uro pax (1)
cxonutca? PaccmoTpeTh puMep

Z (-1)" - _ﬂ:llf_
n=1

HccnenoBaTh CXOAMMOCTD PAJOB:

— In'%p . nn o 1y sin®n
2667. ,,Z::l ——"sin’E. 2668. ,,21 (-1) -
ll ( 1 i
2669. ”ZI( n+100' 2670. Z ——L—J'_l+( v
i iJn}
2671. 3" sin (n J/n? + £?). 2672. Z tl;_
n=1 n=1

2673. 2) Z __L, 6) Z

n=1

an n+ 1

2674. [loka3aTh, 4YTO 3HAKOUEPEAYIOUIUICA paAg
by — by + by — by + . +(-1)" "0, + ... (b,>0)

cxonuTcA, €Cau

rae p > 0 (cm. 2606).
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HccnenoBath Ha abconoTHYIO (kpoMe 2690) 1 yCa0BHYIO CXOAH-
MOCTH CJAEAYIOUMe PALbI:

2675. Z -t 2676. Z iy
ne psl
= n=1 n
- -1 ad n-1 2nsin?ny
2677. g [1 + LL] 2678. ,;( T A
oo (o] _1 n
2679. zl f—L 2680. Z -—(—L[H( N
oo 1 n-1 oo sinﬂ
2681. 3 —(:—L‘rp 2682. & ——4 |
2 Wi (-1 no1 zft"whsin-';—ft
= nn-1 nd B mn-1) 100
2683.n=]( 1" 2=l IOQ/_. 2684. ”Z::l( 1) -
0 n o0 sinﬂ
2685. 3" et 2686. 12
=~ "i/r_l =, Inn
had [Jn} had nn}
2687. 3 LT 2688. 3 Gl
n=1 ne n=1 n
— (_qy-1[1:3-5..(2n-1)7
2689. Z -1 [ 2-4-6...(2n) J )

2690- i sinn - sinnz .

2691. z sin n2.

VYxasauwue. Jjokasars, uro lim sin n? = 0.
n— oo

2692. Ilycts
Qox?+ 4, xP-1+ ... +a,
boxT+bxd-1+ .. +b,

R(x) =

— pauyoHanbHasA QYHKUEA, rae ao % 0, by # 0 u |box? + b;x?™ 1 + ...
..+b,/> 0 mpu x > n,.
HccnenoBaTs Ha a6COMIOTHYIO U YCIOBHYIO CXOAMMOCTH DAL

i —1)"R(n).

n=ngy
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HccanenoBaTb CXOOQUMOCTD PAJOB:

1 _ 1,1 1,1 1
2693. & — ot - Lt e ot

1 _1,.1,1_1
2694.1+ = — 2 + o+ 2 - o+

11111 11
2695a)1+~; 1p+5p+7p 3p+gp+11p 5p+ ;
_2,1 4,1 2,1 .1 2 1

6)1 2q+3p+4p 5q+6p+7p 8"+9P+”.

2696. JoxasaTp, YTO pAALI

a) sin x + === Sin2x | Gin3% 4
T2 3
cos 2x + cos3x +

§) +
) cos x 5 3

He abCoIOTHO cXxoaaTca B uutepsage (0, n).
2697. Ina panos

[o 0] o0

cosnx sinnx 0

Losnx auaa <x<m
z ne Z ne ( )
n=1 n=1

ONpeNeNnuTs 41 COBOKYITHOCTH MapaMeTpos (p, x): a) o6sacthb abco-

JIIOTHOU cxoxuMocTH; §) 061acTh HeabCOMIOTHON CXOOUMOCTH.

2698. HcenenoBaTh CXOAUMOCTE PAJOB:
. 1
o Lynn n o sinf n+ ,—1)

(-1) 6 )
3) Z Inn ) Zz In(lnn) ’

n=

__sinn
B) Z n+10sinn

2699. ,U.JIH pﬂzxa

i (-1~ (Lp)2+p)...(n+p)

nlna
n=1

ONIpese/INTh: a) 00J1aCTh a0COMIOTHOM cxoquMocTH; 0) 06/1acTh yCI0B-
HOH CXOZUMOCTH.
2700. UccenosaTh CXOAUMOCTE PALA

> (1)

n=1

e (’:) _ m(m-— 1)..,ﬁm—n+ 1) .
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2701. Ecau pan Z a, CXORHNTCA M

n=1
lim 22 =1,

n—oo Q,

oo

TO MOXXHO JIM YTBEPXXKAATh, UTO PDALR Z bn TaKXXe CXO}IPITC&I?
n=1

[a'e]
PaccMoTpeTs IpUMEPHI: z Z [ ]

n=1 n=1

2702, 1. Ilycrs Z a, — He abCOMIOTHO CXOAAINIICA PAL K

n=1

> la) + a N = la;
2 "_Z 2

Hoxasatb, 4TO
n— oo n

2. loka3aTh, YTO CyMMa PAAa

o (_1zn+1
Z nt

n=1

O KaXKJoTo p > 0 JIeXKHUT MEXAY 3 nl.
2703. CKOJIBKO YJIEHOB pAfa CJeyeT B3ATb, YTOOLI MOJYYHTh €70

CYMMy € TOUHOCTBIO Jo € = 10™° B paze:

a)zﬁll_l':.l 6)21%1?

n=1

2704. [loxa3aTh, UTO €CJIN YJIEHBI pAJA

1-L 41 1,1
2 3 4 5

MePEeCTaBUTh TAK, YTOOLI TPYNIY P MOCAEROBATEILHBIX OO MUTE b~
BIX YJIEHOB CMEHSJIA IPYNIa ¢ TOCHENOBATENbHBIX OTPHUIATEIBHEBIX

YJeHOB, TO CymMmMa HOBOTIO pAna 6y11e'r

n2+ im2.
2 q
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2705. [JokaszaTh, YTO FapMOHNYECKHI DAL

1+1 41414
2 3 4
OCTAaHETCA PACXOTAIINMCA, €CJIH, He IePeCcTaBJIAA ero YJeHOB, U3Me-
HUTb MX 3HAKH TaK, UTOOBI 32 P IIOJOKUTEJIbHBIMY YJI€HAMHU CJIEA0-
BaJio 6bl ¢ oTpuIlaTeNbHBIX (P # ¢). CxonumocTh 6yAeT UMeTh MeCcTo

JIMIUB TIPH P = q.

§ 3. JleiicTBus HAL PARAMU

Cymma n npounssenenne panos. Ilo onpepesnenuio nosaraior:
o 0 o0 o0
a)z A—Zb~2(a £b,); 6) Y a, Y b, Z w
n=1 n=1 n=1 n=1 n=1 =
rae
c,=ab,+azh,_,+..+ayb,.
o0

PaBencTBo a) uMeeT HeOopPMAJBHBIH CMBIC], ecau ofa psaaa Z a, u
n=1

00

z b, cxomarcs, a paBeHCTBO 6) — ecnM, cBepx TOro, IO MeHbIIEH Mepe

n=1
OAMH U3 3TUX DAJOB CXOAUTCA abcosITHO.

2706. Uro MOXKHO CKasaThb O CyMMe ABYX DANOB, M3 KOTOPBIX:
a) OMMH PAX CXOXUTCA, & APYrou pacxopurcsa; 6) oba paza pacxo-
parca?

2707. HaiTu cymmMy ABYX PAROB:

> [L Ly RS i)
Z [3!1 + z 3n+1 +
n=1 n=

HaiiTi cyMMBI ez yiomux pALOB:

2nxw
o« COS——

2708. Z [_ + ii)_] 2709. %

n=1

n+1

2710. i x g]y[T] (lxy|< 1).

2711. TlokasaTk, uTO Z i, 3 (G2
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£

2 e}
2712. TloxasaTsb, 4TO (Z q") = Z (n+ )g" (|q| < 1) .
n=0 n=0
2713. IlokasaTh, YTO KBaJPAT CXONAIIEroca pAna

z (_12”1

€CThb PsAJ pacxoaAaunics.

2714. [Joxazarh, YTO IPOU3BeAEHHNE ABYX CXORAIIUXCA PALOB

hasd n-1 e _qyn-1
Yy U @>0n Y EH@>0
n% nb

n=1 Con=1
eCTh PAM CXOAANiics, ecau o + B > 1, u pacxogamuiica, ecian
o+ B <1.

2715. IIpoBepuTh, UTO HIPOMU3BEAEHME ABYX PACXOZAIIUXCH

pAnoB

[ee}

_ 3\ g 3 n-1 n 1
1-y (2) nl+ Y (2) (2 +2M)

n=1 n=1
eCTb aBCONIIOTHO CXORANINICA DAL,

§ 4. DyHKOMOHAIBHBIE PIIBI

1. O6macrts cxogumocru. CoBOKYNHOCTL X TeX 3HAYEHUH X, AJ KOTO-
DBIX CXOAUTCA PYHKYUOHAAbHBLIL pAd

Uy(x) + uy(x) + .o+ u(x) + .., 1)

HasbIBaeTca 00.1acmyvio cxXo0uMoCmu 3TOTO PAAA, a QYHKIUA

S(x) = lim zn: u(x) (x €X,)

i=1

~— ero cymmoil.
2. PaBHomepuas cxoaumoctb. ITocaenoBaTelbHOCTD PYHK LU

F1(x)s (%), <ovy Ful2),s... *)

HA3BIBAETCS PABHOMEPHO cxodaujeilca Ha MHOXKecTBe X, eciu:
1) cyuecTByer npefienpHas GyHKIUA

fx)= lim f,(x) (x €X);

2) nna noboro uuena € > 0 mockHO yxkasars yucao N = N(g) Takoe, 4To
‘f(x) - fn(x)| <E
npun>NuxeX.
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B cnyuae paBHOMEDHOM CXOAMMOCTH I1ocjeaoBaTenbHOCcTH (*) K f(x)
ucroab3yT obo3HavueHne:

Fu(x) = f(x).

PyHxkuMOHaAIbHBIM pax (1) HasbpIBaeTCA pAGHOMEPHO cxodawumcs Ha
MHOXKecTBe X, eCM PaBHOMEDHO CXOAMTCA HA 9TOM MHOKECTBe I10cje08a-
TeJbHOCTh €r0 YACTUYHBIX CYMM:

n

S, (x) = Zui(x) (n=1,2,..).

i=1

3. Kpurepuit Komm. [Ina pasBHoMepHo# cxogumocTu psaaa (1) va muo-
sxectBe X Heo6X0AMMO M AOCTATOUYHO, UTOOH AJA Kaxkaoro € > 0 cyurecTso-
paso yucjo N = N(g) Trakoe, uro 1ipu n > N u p > 0 6B110 BBITOJHEHO Hepa-
BEHCTBO

1S, + () = Sy(x)] = nzp u;(x)j <& pnsscex x € X.

i=n+1

4. IIpnaunak Beiiepurpacca. Pag (1) cxogurcsa abConOTHO U paBHOMED-
HO Ha MHOecTBe X, ecjii CyLIeCTBYET CXOAAUIUACA YUCIOBOM Py

citeyt oot + (2)
TaKoH, 4TO

fu(x)<c,mpuxeX (n=1,2,..).

5. lIpn3nax Abens. Pan

D anx)by(x) ®)
=1
[e o]
CXOMUTCH PAaBHOMEPHO Ha MHoxkectsBe X, ecau: 1) pan Z a,(x) cxozurca
n=1

paBHOMEPHO Ha MHOXKecTse X; 2) dyHruuu b,(x) (n =1, 2, ...) orpaHuyYeHsl
B COBOKYIHOCTH U IPH KaXI0M X 00pasylT MOHOTOHHYIO I10CJIel0BATEb-
HOCTb.

6. [Ipusnak JQupuxae. Pax (3) cxofAuTca paBHOMEPHO HAa MHOXKecTBe X,

N
ecau: 1) yacTHMYHBIE CYMMBI Z a,(x) B COBOKYIHOCTH OI'DAHHYEHBI;
n=1

2) mocsenoBaTeabHOCTh b, (x) (n= 1, 2, ...) MOHOTOHHA AJNA KAMXIOIO X H
paBHoMepHO Ha X CTpeMHTCS K HYJIIO IpH n — OO,

7. CpoiicrBa ¢yHKUMOHAIBbMBIX PAAOB. a) CyMMa paBHOMEPHO CXOZs-
Lieroca paaa HenpepsIBHbIX GYHKUMHI ecTh GYHKUUA HellpePbIBHAA.

6) Ecan ¢yHxumoHanbHBIM pag (1) cxoguTca paBHOMEPHO Ha KaXXI0M

[a, B] C (a, b) ¥ cylecTBYIOT KOHEUHBIE MPEIebl

lim u(x) =4, (n=1,2,..),
x—a
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o0
To: 1) pan Z A, cxoauTcs; 2) UMeeT MeCTO PABEHCTBO
n=1

i {Ii_{n u(x)}.

n=1

liin {i u,,(x)} =

n=1

B) Ecnu unens! cxopsauierocs pazga (1) HenpepriBHO quddepeHnupyemMst

o0
npu a < x < b ¥ psAg IPOU3BOTHBIX z w (x) cxoauTCA PABHOMEDHO Ha
n=1
uHTepsane (a, b), To

d%; [gaun(x)] = i w(x) Tpu xE€ (a,b).

n=1

r) Ecau unenst psga (1) HenpepblBHBI U 3TOT PAA CXOAUTCA DABHOMEPHO
HAa KOHEUYHOM CerMeHre {a, b], To

f [Z w(x)} dx- 3 f () dx. @

n=1 n=17%

b
Boo6mie dopmyna (4) sepHa, ecnu J.R,,(x) dx — o npu n— 0, rge

a

oc
R, (x)= Z u/(x). 9To nocaeaHee yCJOBUE TOAUTCA TAKMKE U AJIA CIydast
i=n+1
6ecKOHEUYHbIX IPENeJ OB MHTErpamuu.

OmnpenenuTsb 06/1aCTH cXOZUMOCTH (26COTIOTHOM M YCJIOBHOI) CJle-
nywInuX GYHKIUOHAIBHbBIX PALOB:

- I -1 (1 -x\"
2716. 3" L. 2717. Z LA (L),

n=1
© 1-3.2n-1)_2x )
s 3 o) e Y RO

0 2n
2720. Z "'23 (1 - x)*. 2721.

M8

1

n
2"sin" x
n2

Ms

1

||
-
=
n

n’sinnx
nsinnx

T 7 qg>0;0<x<m).

M3

(=)
.2722 z any 2723.

=
1l
—

2724. Z - (pag JlamGepra).



§ 4. PynKuMOBANLHbIE PAABL 245

2725. i [Hrnl), 2726. i L
2727, ;1 (1+x)(1 +§:)...(1 +xn)
2728. i ne. 2729. i Jl,? e
2730. i (2- 22— )2 - 232~ x7) (x > 0),
n=1
2731. ni (e, 2732. nil S (x> 039> 0).

g n

V

0). 2734. i a)xfm? + ly|»* .

n=1

2733. Y Xy

n+yn
4 Y

=

g

2735. ‘—“iln—j’f_l (x>0). 2736. i tg"(x + %)

n=1 n=1
+oo
2737. lokasars, 4To ecau pad Jlopana z a,x" CXORMUTCH NPH
n=-00

X=X, M OPH X = X, (|x1| < 1x2|) , TO BTOT PAJ CXOMXMUTCA TAKIKe IIPH
EARSCIRS AT
2738. Onpenenuts 0671aCTh cXxoguMOCTH pAxa Jlopana

+ oo

TR

n=-00
¥ Ha¥iTH eroc CymMmy.

2739. OnpenenuThb 06JACTH CXOZUMOCTH (a6COSIOTHOM M YCJIOB-
HoI) psados Hyiomona:

nPn"

o xinl — 1 xlnl — (ex)ry!nl
Dy 9% B Y
n=
rae xI" = x(x - 1)...[x — (n — 1)].
2740. [foxkasats, 4TO ecau pad Jupux.ie Z :—t—’i CXONHUTCA IPH

n=1
X = X3, TO 9TOT PAAX CXOOUTCA TAKIKE IIPHU X > Xg.
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2741. [JoxasaTp, UTO AJIA PABHOMEPHOM CXOTMMOCTH Ha MHOMe-
ctBe X nocaenoBaTeabHocTH f,(x) (n =1, 2, ...) K npexeabHOH PyHK-
nuu f(x) He06XOAUMO M LOCTATOYHO, UTOOLI

lim {supr,,(x)}
n—o0 xeg¢
rae r,(x) = |f(x) = fu(x)|.

2742. UTo 3HAYUT, YTO NOCIEAOBATeNBHOCTS f (x) (n =1, 2, ...):
a) CXOZUTCs Ha HHTepBaje (x; +°°); 6) CXOQUTCA PaBHOMEDHO Ha
KaM» /oM KOHeYHoM MHTepBaie (a, b) C (x,, +°°); B) cCXomurcsa
PaBHOMEPHO Ha HHTepBaie (X;, +00)?

2743. [Ina nocjienoBaTeIbHOCTH

falx)y=x" (n=1,2,..) (0<x<1)

OIpefe/JINTh HauMeHbinnii Homep unena N = N(g, x), HaYMHAA C KO-
TOPOT'0 OTKJIOHEHHE YJeHOB IOCJeR0BATEIbHOCTH B ;[aHHOf;I TOYKeE X

OT npefeibHOM GyHKIMK He npeBbiiaet 0,001, ecnu x = L

10 Jio
1
b b
”'»\/1_0
CXO}IKTCH JIM 9Ta IIoCjIeJOBaTEeJIbHOCTH PABHOMEPHO Ha HHTEepBa-
e (0, 1)?

2744. CKOIBKO YJjIeHOB pAZa
i sinnx
= n(n+1)

cjJenyer B3ATh, YTOOHI yacTHUHAaA cymma S,(X) oOTIHYaIach Ipu
—00 < x < +00 OT CyMMBI pAJa MeHbIlle ueM Ha £? [IpoussecTu
YHCJIeHHBIA pacyeT mpu:
a)e=0,1; 6) e = 0,01; B) £ = 0,001,
2745. Tlpu kakux n 6yaeT obecueueno BhIIOJHEHNe HEPABEHCTRA

ex—iﬁl
i!

i=0

< 0,001 (0<x<10)?

HccnepoBaTh IOCHIEROBATENbHOCTH HA PaBHOMEPHYIO CXOOH-
MOCTh B YKa3aHHBIX IPOMEXKYTKaX:

2746. f,(x) = x™; a)0<x<%; 6)0< x<1.

2747. f(x)=x"-x"*1 0<
2748. f (x) = x" — x*"; 0< x
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2749. f,(x) = ;-1_”; 0 < x < 400,

2750. f(x)= —2X ., 0<x< 1.

l+n+x

2751 [ () = =3 @)0<x<l-g& Bl-e<x<l+tg

B)1 +¢e< x <400, rae g€ > 0.

2752. [,(x) = 222 _; )0 < x< 1; 6)1 <x < +oo.

2753. f.(x) = |x?+ '%; —00 < x < 400,

2754.fn(x)=n( x+,-11—ﬁc); 1 < x < +oo.
2755.a)f,l(x)=Si—’;'—’-’f; —00 < x < 400;

6) f,(x) = sin'?f; —00 < x < 400,

2756. a) f,(x) = arctg nx; 0 < x < +oo;
6) f(x) = x arctg nx; 0 <x < +oo.
2757. f(x)=e"*"V; 0 <x<1.

2758.f(x)=¢e -x-m?;a)~] < x <1, re | — n060€ TOTOIKUTETb-
HOe YHCJ0; 6) —00 < x < +00,

2759. f(x)=XIn%; 0 < x < 1.
n n

2760. f (x) = ( 1 + f)n; a) Ha KOHEYHOM HHTepBaje (a, b);
6) Ha mHTepBaje (—00; +00),
2761. f(x) = n(x% -1)31<x<a.
2762.f(x)=1+x"; 0< x < 2.
2

n“x, ecan 0 < x <

M

==

2763. f(x) = { n? (g—x), ecmn 1 < x < 2;
n n n

0, ecau x 2

b

I

Ha cermeHTe 0 < x < 1.
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2764. Ilycrb f(x) — npousBosbHaA GYHKINA, ONpee/ieHHAA Ha
cermenre [a, b], n

fuo) = LA (o =1, 2, ),

JokasaThb, UTO
fix)=flx) (asx<b)
pu 1 — 00,
2765. Ilycts dyHKIUA f(X) ©MeeT HeIpPEPHIBHYIO IIPOM3BOLHYIO
f’(x) B uaTepBaie (a, b) n
fy=nl fx+ 1) 1],
Tokasath, uto f,(x)= f'(x) Ha cermeHTe OO S ¥ < B, rnea <a < <b.

n-1 s
2766. IlycTpb f,(x) = Z -,lzf(x + i) , The f(x) — HenpepbIBHAA
i=0
Ha (—00, +00) dpyHruusa. [JokasaTh, YTO IOCIELOBATEABHOCTD f,(x)
CXOAWUTCA PAaBHOMEPHO Ha JI060M KOHeYHOM cermeHre [a, b].

HCCJ’IG}[OB&TB XapaxkTep CXOODNMMOCTH CJEOYIOINX PAHOOB:

2767. Z x" Ha wnTepBaNe: a)lx| < ¢, rme ¢ < 1;6) |« < 1.

n

E—V: Ha uHTtepBaiue (0, +c0),

n=0
2768. a) Z % Ha cermenTe —1 < x < 1;
oE-

(1 — x)x" na cermenTe 0 < x < 1.

Ma

2769.

]

2
[

2770. (ﬁ—ﬂ”%-d<x<L

n n+1

Wﬁs

[

2771. ; 0 < x <400,

[(n l)x+ 1 nx+1)’

1
e nry 0T x <+

2772.

MM%

n=1

"

nx . < < .
nzl {(1+2)(1+2x)...(1+nx)’ )0 < x <& rre €> 0;

6)e < x < 400,

2773.
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2774. Ilonbaysachk npusHakom Beiiepiurtpacca, ZOoKas3aTh paBHO-
MEPHYIO CXOAUMOCTb B YKAa3aHHBIX INIPOMEXKYTKaX CleLYyIOIUX
q)ymclmonanbnmx PAROB:

n=1

o0 oo
X nx
—_ < o0; —_— o
B) Zl l+n“x2’0\x<+ pon Zl 1+n5x2’ el < o3
n= n=

n n lg <92
n)z e, g <<y

n=1

oc
n
e) z Z_ | |x| < a, rre @ — mpou3BOTBLHOE TOJIOMKUTETD-

n=1 [ =1
HO€ YHUCJIO,

o) . oo
w) Y SIE g < oo ) 0 LOSIE ) oo,

n=134n4'*'x4 n=1

1) sinnx < 4oc; K) ln( ) x| < a;
5, s, ) "

JI) Z x%e ™, 0< x < +o0; M) Zarctg 5 s x| < oo,

n=1 n=1

HccnenoBarh Ha PaBHOMEPHYIO CXOAMMOCTh B YKa3aHHBIX IIPO-
MeXKYyTKaX cjleayionue PyHKIMOHAJbHbIe PAABL:

o .
2775. 2 SINAX ya cermenre: a)e < x < 27 — €, rae € > 0;
n
n=1

6)0< x < 27
2776. Z 2"sin§%;;0<x{+00. 2771. Z %—;I—)H'L;O<x<+00.

n=1 n=1

Yxasanue. OueHUTh OCTATOK pAAa.

0 nin-1
2778. Z D" so<x<2n 2779 Z Ch <
=, n+sinx’ = 3ntver
oo 00823—’1-11:
2780. Z ; —00 < x < 400,

e Jn? + x?
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2781. i Slnxsmnx 0< x < 400,

n=1 An+x
s 131/l

2782, 5 LM L g < x < 400,
nZ::l A/n(n+x)

2783. MoxeT JHM NOCHeTOBATEJIbHOCTh Pa3PbIBHBIX (OYHKIIM
CXOAUTBLCA PABHOMEPHO K HenPePLIBHOU QyHKIMK?
PaccmoTpers npumep

fulx) = i“’(x) (n=1,2,..),

raoe

0, ecJIM X UPPAIHOHAIBHO;
(%) 1, eciu X paLMOHAIBHO.

2784. [loxa3zaThb, YTO €CJIH DAL, Z |f .(x)| cxomuTca paBHOMEPHO
n=1

Ha [a, b], TO pan Z fa.(x) TakKe cxoguTcA paBHOMEPHO Ha [a, b].

n=1
oo

2785. Ecau pan Z f.(x) cxompnrca abcoyOTHO M1 PAaBHOMEPHO Ha

n=1

[a, b], To o6A3aTENbHO IU DAL Z I ,(x)| cxonuTca paBHOMEpPHO Ha

n=1

[a, b]?

oo
PaccMoTpeTh IpHMeEp Z (-1)"(1 - x)x", re 0 < x < 1.
n=90
2786. JoxasaTh, YTO aO6CONIOTHO 1 pABHOMEPHO CXOMAIMUACS DAL,

i fux) (0<x<1),

n=1

rae

-

ecmm 0 < x< 20D,

sin?(2"*nx), ecm 2tV < x <2

fn(x) =

(=N [

, ecmm 27"< x< 1,

HeJIb3A Ma’KOPHPOBATH CXOAAIIUMCS YHUCIOBLIM PALOM C HEOTPHILa-
TeJIbHBIMHU UIEHAMH.



§ 4. PYyHKUUOHANLHBIE PHAALL 251

2787. loka3arh, 4TO €CJIH PAM

i ¢,(x),

n=1
yJIeHbl KOTOPOT'0 CYTh MOHOTOHHBIE GYHKIMM Ha cerMeHTe [a, b], cxo-
guTcAa abCONIOTHO B KOHLEBBIX TOUKAX HTOTO CEIMEHTa, TO JAaHHBIH
pAn cXopuTca abConOTHO U paBHOMEpPHO Ha cermesre [a, b].
2788. lokasaTh, UTO CTENIEHHOH pAx

[ee]

n
. o
n=0

cxoputca abcoIIOTHO ¥ paBHOMEpPHO Ha J1060M cerMeHTe, LeJHKOM
JleKalleM BHYTPHU ero MHTepBaJa CXOAMMOCTH.

1

2789. Ilycts @, — ©© TaK, 4TO PAX

n=1

cxonurca. [lokasaTs,

n

o
UTO pAn z CXOONTCA abCcoJIIOTHO U pPaBHOMEPDHO Ha J1060M
xX-a
n=1 "

OrpaHNYEHHOM 3aMKHYTOM MHO’KECTBe, He CONEpIKAIlleM TOYeK a,
(n=1,2,..).
o0
2790. lokasaThb, YTO €CJIH PAS Z a, cxoaures, To pad Jupuxne
n=1
o0
a, S
Z — cxomuTcA paBHOMEpHO mpH x > 0.
n
n=1

o0 o0
2791. Ilycre pan Z a, cxomurcd. [JJlokasaTs, 4TO pAf, Z ae™*
n=1 n=1
CXOUTCA paBHOMepHO B obiactu x 2 0.
2792. TTokaaaTs, uTo QyHKHUA

0 .
— sinnx
=2 T
n=1
HempepblBHA ¥ UMEeT HENpPephIBHYI0 [POM3BOAHYIO B objgacTu
—~00 < x <400,
2793. Ilokaszarsk, 4T0o QYHKIUA

+00 1

flx)= Zoo rx);

n=-
a) onpejesieHa U HellpepbIBHA BO BCEX TOYKAX, 3a HCKJIOUYEHUEM 1e-

JouMncaeHHbIX: x =0, +1, 12, ...; 6) nepuoguyeckasd c IepUoJIOM, paB-
HBIM 1.
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2794. Tlokasathb, 4TO psj
(o]
Z [nxe™™ — (n — 1)xe " ~ V5]
n=1
cXoauTcsa HepaBHOMepHO Ha cerMeHTe 0 < x < 1, ogHaKo ero cyMma
ecTh QYHKNUA, HellpephIBHAA HA 3TOM CerMeHTe.
2795. OnpepenuTsh 061aCTU CYIeCTBOBAHUA QYHKIUA f(X) U uc-
cjlefoBaTh €e Ha HelPephIBHOCTh, €CIU

wiw=3 (=+1)5 o=y ey
n=1 n=1

- - x
B) f(x) nzl (1+x2)n'
2796. Ilycte 1, (B =1, 2, ...) — panuoHalbHble YUCIa CETMeHTA
[0, 1]. ITokasaTs, uTO HYyHKIUA

(o o]

x-r
k=1
obnajaer crexyOIUMU cBoiicTBamMu: 1) HenpeprIBHA; 2) nuddepeH-
LHpyeMa B UppallUOHAJNBHBIX TOUKaxX U HexuddepeHupyemMa B pa-
IIAOHANBHBIX.
2797. Hoxasats, uro dzema-gpynrxyus Pumana

[ee]

=3 L
nx
n=1
HellpepbIBHA B 001aCTH X > 1 ¥ MMeerT B 3TOi 06/1aCTH HellpephIBHBIE
Ipou3BogHble BCeX NMOPALKOB.

2798. Joxasars, 4To mama-gpyHKyusa

+00
0(x) = etz
2y
ompejneneHa u 6eckoHeuHo auddepennupyema npu x > 0.
2799. Onpenenuts 06/1acTH CyllecTBOBaHUA QYHKIUHK f(x) U uc-
cnenoBars ee Ha fudpdepeHIUPYEMOCTD, €CIHT:

a) )=y I, 6 fix =Y —L.
n=1 =

2800. IToxazaTh, YToO MMOCAEROBATENBHOCTD

fo(x) =1

;arctg x*(n=1,2,..)

CXOJUTCA PaBHOMEPHO Ha MHTepBaje (—0C, +00), HO

[lim f(0)]i-, # lim fo(L).
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2801. ITokasaTs, 4To Mocjaen0BATEIbHOCTD

f(x)=x%+ 1gin n(x + 7-5)
n 2

CXOJUTCS paBHOMEpPHO HA MHTepBaJe (—0C, +00), HO
[lim f(x)] # lim f,(x).
n-— n-—

2802, OnpenenuTb, HpH KaKUX 3HaYeHUAX MapaMeTpa O
a) IIoCJeloBaTeNbHOCTh

fa(x) = n®xe™"* (1)

(n=1, 2, ...) cxonqurca na cermenTte [0, 1]; 6) mocsengoBarensHOCTH
(1) cxoaurca paBHoMepHo Ha [0, 1]; B) BoaMo)xeH NpenesbHbIN me-
pexon o 3HaKOM HHTEerpajia

1
lim | f,(x)dx.
n— oo

0

2803. ITokasaTsk, UTO ITOCAENOBATENHHOCTD
fx) =nxe* (n=1,2,..)

cxonuTtca Ha cermente [0, 1], Ho

1 1

[ i fonde = lim [ 7,00 d.

0 0
2804. ITokasaTs, 4TO MOCJEROBATEJBLHOCTD
fx)=nx(1-x)* (n=1,2,..)

CXORUTCA HepaBHOMepHO Ha cermenTe [0, 1], ogHako
1 1
lim J' f (x) dx = J' lim f,(x) dx.
n— oo n— o
0 [

2805. 3akoHeH JIM MepeXxof K Ipefeny Ioj 3HAKOM HHTerpaja
B BBLIDAKEHHHU

1

lim | —2X _ dx?
n—oo ) 14+ n2x4

[
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Haiitu npepensl:

2806. lim 3 (G DA S
x—1-0 n xr+ 1

n=1

B ad n_ ,ntl
2807. xkﬁn-o ,,Zl (x" —x**1).

x— +0 X —

- W S
2808. a) lim ,,Z; 53 6) lim ,,Z::, i

2809. 3akoHHo JH noueHHoe AuddepeHIpoBaHNe paAna

> arctg = ?
n

n=1

2810. 3axoHHO JIU MOYNeHHOE UHTEI'PDHPOBaHUEe Psaga

o 1 1
z (x2n+l _xZn—l)
n=1

Ha cermeHTe [0, 1]?
2811. 1. IIycts f(x) (=0 < x < 4+00) — HeckoHeuHo nuddepen-

mupyeMas QYHKIUA U IOCTEN0BATENbHOCTD €€ TPOU3BOAHBIX [(x)
(n=1, 2, ...) cXoAUTCA paBHOMEPHO HAa Ka’XJIOM KOHeUHOM HHTeD-

Baine (a, b) k byukuu ¢(x). Jokasars, uro ¢(x) = Ce*, rge C — mo-
CTosiHHasi BenmumHa. PaccMoTpers mpumep f(x) = e~*-m' n=1,
2, ....

2. IIycrs pyHrnuu f,(x) (n=1, 2, ...) onpenesieHsl U orpaHuye-
HbI Ha (—0, +0) u f,(x) =3 ¢(x) Ha m060M cermeHTe [a, b]. Crenyer
JH OTCIOJa, UTO

lim supf(x) = sup@(x)?

§ 5. Crenenusie psaabL

1. UnTepBan cxogumocTu. [1J1d Ka*KA0ro CTEIMEHHOTO PAAA
a,ta(x-a)+...+a,(x-a)"+...
CYLIECTBYeT 3aMKHYTHIN unmepéan cxodumocmu: |x — a| < R, BHyTPH KOTO-

pOro AaHHBIN AL CXOAUTCA, a BHe pacxoaurca. Paduyc cxodumocmu R omn-
penensierca o gopmyare Kowu—Adamapa
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Paguyc cxomumocTu R MoxkeT GbITh BHIYMCIIEH TaKxKe 10 GopMyse

R= lim | 82|,
rTe ia, +1
eCJIM TOT Tpefes CYLIECTBYeT.
o0
2. Teopema AGena. Ecnu crenennoit paa S(x) = Z a,x" (Ix] < R) cX0-
n==0

JUTCA B KOHIIEBOM TOUKe X = R uHTepBaja CXOQUMOCTH, TO
S(R)= lim S(x).
x—~R-0

3. Pan Teitnopa. Aganuruveckas B TOYKe g QYHKIUA f(X) B HEKOTOPOH
OKPEeCTHOCTH BTOI TOUKM pasyiaraercd B CTEIIEHHOM Dsf

o0
- f*®(a) k
f(x) = z o @ o)t
k=0
OcmamounbLii uieH 3TOro paga

R ) — Y L@ - g
k=0 ’

MOXKET OBITH npeacraBJieH B BUAE

Rn(x)= f("*l)(a+9(x~a))(x_a),,+1 (0 <p<1)
(n+1})!

(¢opma Jlazpanxca) uium B Buae

frD(a+6,(x-a))

Ry(x) = :
n:

(1-90)(x-a) ' (0<0,<1)

(popma Kowru).

Heo6x0auMo0 MOMHUTH CJAEAYIOLIUE ITSATh OCHOBHBIX Pa3JiOKeHui:

I e"=1+x+;—7+...+x—’:+... (~00 < x < +00),
! n!
II. sinx=x—§—?+...+(—1)"“(2—x:;il-ﬁ+ (=00 < x < +00).
II. cosx=1- g—? + ... +(—1)"(;::)' (=90 < x < +00).

Iv. (1+x)”‘=1+mx+m";'—_12x2+...

o = U--f;f”“’” Dyt (-1<x<1).

V. ml4x=2-2 +2 412 4 (cl<x<1).
2 3 n
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4. lelicTBUA CO CTeNeHHBIMH pAgamMH. BHyTpu obuiero uarepsana ¢xo.
aumocru |x — a| < R umeem:

a) i a(x —a)" £ i by(x —a)* = i (a, £b,)(x - a)%
n=0 n=>0 n=0

o o

O a-ar S b-ar=3 e-ay,
n=>0

n=0 n=0
rae ¢, = agh, + a;b, _, + ... + a,by;

») (_1(13-5 [ni.::o anl a)"] B ni::o (n+ Da,, (x - a),
& J.[,io e a)"] dr=CH ,240 (ntﬂl)(x —ay .

5. CTeneHHble pAAbl B KOMIUIEKCHOH o0sacTn. Paccmorpum pan
fee)

> ez —a)n,

n=0

rae
c,=a,+ib,, a=o+if}, z=x+iy, i?=-1.

JI15 KaXKAOro TAKOro PANA MUMeeTcs 3AMKHYTHIN Kpyz cxodumocmu |x — a| < R
BHYTDU KOTOPOI'O JAHHBIN pAA cXoauTcs (4 npuToM aGCosIIOTHO), a BHE pacxo-
aurcsa. Paduyc cxodumocmu R paBeH paauycy CXOJMMOCTU CTENEHHOr0 psxa

z ler

B AEMCTBUTENbHOUN 00JaCTU.

OnpefenuTs paguyc u UHTEPBAJ CXOQUMOCTH U UCCAENO0BATH I10-
BeJieHHe B 'PAHUYHBIX TOUKaX MHTEpPBaJa CXOAUMOCTH CIENYIOLUINX
CTEeIleHHBLIX PANOB:

2812. i . 2813. i ?ﬁ-}lﬂ(anl)".
2814, i (zir'll)f, . 2815. i ar’x (0<o<1).
2816. i (1 + 'll)z " 2817. nzl LINNYVESY)
18, 3. [LEp ] (=5 )

2819. i( 1)" [(z_n(f_‘%]px
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2820. i ’”(m‘U-}if’”““l)x"
n=1 !
2821. 3 (% + f’?) X" (a>0,b>0).
n=1
0822 3 _X° a>0,b>0.2823.m 2 (a>0).
nzl a"+b" ( ) ngl aﬁ ( )
o\ Z-Jngn > 2n\ n
2824. 3 = 2825. } (—i—LG+ o <
n=1 n=1
i —1"(2" n — ( _1_ l) n
2626. 3. CLE (2 2827. 37 (14 +ob )
00 (1+2cos )
2828, § [BrDM" n 2829. 1 n
n=1 n n=2 nn
o xnz
2830. 3" .

~

2831. a) Z g"—lnlLﬁlx” (pad Ilpunceeiima);

n=1

6) Z —_— (1 x)", rpe V(n) — 4mucao mudp uucna n;
n=1

B) Z (smn) '

2832. Onpezxe,rme 0671aCTh CXOLMMOCTH 2UNEPZeOMEMPULECKOZ0
pada
1+__Qx+aga+1)|§g|}+1)
1-2-y(y+1)
s oo+ 1) (a+n- DB+ D)..B+n- D) on 4.
1-2 .. n-y(y+1)...(y+n-1)

Haittu 065acTh cX0AuMOCTH 00001eHHBIX CTeleHHBIX PANOB:

2833. Z 1 (1"‘)". 2834. Z Lsinl.

= 2n+1\1+x 27

2835. Z 2836. Z (1+ ;l-l)e

n= -0 n=1

> 3371 n! 3 n
2837. AZ:I —J—L(Sn)! tg" x
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2838. DYHKIIUIO
flx) = x*

pPa3yI0KUTh 10 1eJAbIM HEeOTPUILIATENbHEIM CTeNneHaM 6uHoMa x + 1,
2839. dyHKIIUIO

f(x)= == (a=0)

paaJoXKUTh B CTEIIEHHOMH psA: a) IIO cTelleHAM x; 6) Mo crenenam 6u-

1
HOMa x — b, rne b # a; B) o CTemeHAM = . ¥ KasaTh COOTBETCTRYIOIIE
X

obJ1acTH CXOOUMOCTH.

2840. ®yukuuio f(x) = In x pasNoXHUTh I10 1€JbIM HEOTPHIIa-
TeJLHBIM CTEIMEHAM pasHOCTH X — 1 ¥ BBIICHUTb MHTEpBaJ CXOAU-
MOCTH pasioxKeHus. Haiitu cymMmy pana

© (_1 n+1
> E=
n=1
Hamnucarh pasioxeHUd cieAyiomnx (GPyHKIUNA [0 LeJbIM HeoT-

pUIaTEIbHBIM CTEIeHAM IepeMeHHOW X ¥ HaliTH COOTBETCTBYIOIHE
MHTEpBaJIbl CXOTUMOCTH:

2841. f(x) = sh x.

2842. f(x) = ch x.

2843. f(x) = sin? x.

2844. f(x) = a* (x > 0).

2845. f(x) = sin(u arcsin x).

28486. f(x) = cos(u arcsin x).

2847. HanucaTth Tpu 4jeHa pasioxxeHus dbyHkuuu f(x) = x* mo

LIeJIbIM HEeOTPHIATeNbLHBIM CTENeHAM pasHocTH X — 1.
2848. HamucaTh TPH ujJ€HA PA3IOKeHHA PYHKIUH

1
flx)= (1 + x)=

(x # 0) u f(0) = e 0 1ENbIM HEOTPHIATEILHBIM CTEeHAM lepeMeH-
HO# x.

2849. ®dyuknuu sin (x + £) u cos (x + 1) pasnoXuTs 0 HEABIM
HEOTPHUIATEIbHBIM CTENEeHAM IIepeMeHHOH /1.

2850. 1. OnpesenuTh HHTEPBAJ CXOAUMOCTH Pa3JIOXKEHHUA B CTe-
MeHHOH psajx GyHKIHUU

f(x) = =

x2-5x+6

a) o cTeleHAM X; 0) o cTeneHAM GMHOMA X — 5, He IPOU3BOAA Ca-
MOTO Pa3JIOKeHU.
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2. MoxxHO Ju yTBepmanb, uTOo
- 2
Z (-1)" ! x . I sinx
n=1 )
Ha (—°, +o©) mpu N — 00?

INonpsyack ocHOBHEIMU pasnokeHuamu I—V, HamucaTh paano-
>KEeHUS B CTEIIEHHOH pAJ OTHOCUTENBHO X CAeAyomux GyHKIuii:

2851. e"‘Z . 2852. cos’x.
2853. sin®x. 2854. % .

1
2855. T 2856. e
2857. In F .
2858. —*——.
Yrkaszauue. Pasznoxurs nanuyio Apobb Ha npocTeiilnue.
2859. 6_}2% 2860. (1__;73:‘1-—952) .
2861. fol-—xz .
2862. 8) ;——— ; 6) f(x) = ;- ——; . Yemy pazno [1°°(0)?
2863. % . 2864. ﬁ%
2865. % : 2866. @')Lﬁ_:xz :

2867.1n (1 + x + x% + x%).

2868. ¢*° “ cos (x sin o).
Yxaszanue. IlpumMenurs popmyns ditnepa.

Pa3no)xuB IpeABapUTEeNbHO MPOU3BOAHEIE, IYTEeM IOWIeHHOTO
HHTEeTPUPOBAHUA MOJYYUTH DA3IOIKEHUS B CTEleHHOU paj Caeayio-

mux GyHKIU:

2869. f(x) = arctg x. Halitu cymmy paga Z %_"L? .
n=1

2870. f(x) = arcsin x.

2871. f(x) = In (x + J1 + x2).
2872. f(x) =1n (1 — 2x cos o + x?).
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2873. [IpuMeHaaA pasdJaddHbie METO/bl, HANTH PAa3JI0KEHU B CTe-
MEeHHOI psAj caefyomux QYHKIUN:
a) f(x) = (1 + x)In(1 + x);

1

6) f(x) = l In 152 4 1 arcte o
1 -x 2
- 2x
B) f(x) = arctg 1 ol

m) f(x) = x arctg x — In /1 + x2;

e) f(x) = arccos (1 — 2x%);
%) f(x) = x arcsin x + 1 - x2;
3)f(x)=x1In(x + J1+x%)y = J1+x2.

2874. Vcnoab3ysa eJUHCTBEHHOCTL Pa3JI0KEeHIA
’ hz ’7
fx + h) = f(x) = hf'(x) + 57‘ (x) + ..y
HAUTH NPOU3BOAHBIE 11-TO IOPAJKA OT CAeAYVIOWNX QYHKIIAA:

a) f(x) = e**; 6)f(x)=e~; B)f(x)=arctg x.
2875. DyHKNUIO
1
x)=Iln —————
ftx) n 2+ 2x+ x?
pPas3JIoKUTh 110 LEJbIM MO0 UTEJIbHBIM CTelleHAM OuHoMa X + 1.
2876. DyHKI IO
f(x) =
- X
PAa3N0MKUTh B CTElleHHOMN P IO LeNbIM OTPULATELHLIM CTEIeHAM

IepeMeHHOH X.
2877. ®YyHKIUIO

f(x)=1In x
PasJIoKUTh B CTEIIEHHOU PSAJ M0 I[eJbIM MOJI0XKUTEIbHBIM CTEleHAM
x-1
obn —=
b x+1°
2878. dyukIinio
flx) = ==
Jl+x

Ppas3ynoxUTh B CTeleHHOHI pAg 10 LeNbIM IMOJOXUTEJAbHBIM CTEIIeHAM

ApOGH ~—— .
1+x
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2879. Ilycrs

e n
fy =3 %.
n=90 .
]_onasa'rb HeIrocpeaCTBEHHO, UTO

f)f(y) = f(x + ).

2880. Ilycrp Mo onpefAeseHNI0

2n+1
sin x = Z -1y

aorrsnk
cos x = Z -n" X2
(2n)t°
n=0
Jlokasars, 4ro:
a) sin x cos x = % sin 2x; 6) sin? x + cos? x = 1.

2881. Hamucarp HECKOJBKO YJIEHOB Pas3JIOXKEeHMA B CTEIEeHHOH

pax GyHKIUA:
o -1
f(x)z[Z(nﬁl):i '

n=90

IIpousBOAA COOTBETCTBYIOLINE AEHCTBUSA CO CTEMEHHLIMHU DsAJa-
MH, [IOJYYHThH PA3JIOXKEHUsS B CTEMEHHbIE DALl CIeAyOMNX GHyHK-
I UM:

2882. f(x) = (1 + x)e~. 2883. f(x) = (1 — x)? chJ/x .
2884. f(x) = In? (1 — x). 2885. f(x) = (1 + x?) arctg x.
2886. f(x) = e* cos x. 2887. f(x) = €* sin x.

2888. f(x) = lﬂl%%‘l . 2889. f(x) = (arctg x)%.

2890. (x) = (&i‘l‘i‘)z .

Hamucars Tpu 4jeHa pasJioyKeHUA (OTJIAYHBIE OT HYJIAA) B CTEMEH-
HOM PAJ [0 MOJIOYKUTEIBHLIM CTEIEHAM MEPEMEHHON X CAEAYIONINX
bysKUIUA:

2891. f(x) = tg x. 2892. f(x) = th x.

2893. f(x) = ctg x —

R
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2894. TlycTp pasyiodKeHUe Sec X 3alKiCcaHo B BUAE

- En 2n
sec x = x“.
,;o (2n)!

BriBecTH peKyppeHTHOe COOTHOIIeHUue Aaa koaddunuenros E,
(wucaa inepa).
2895. PasnoxuTs B cTeneHHOH paj HyHKIIAO

1
f(x)= ———  [lx] < 1].
N1=2tx + x? (I l )
2896. Ilycts f(x) = Z a,x". Hanucars pasnoskeHne QyHKINH
n=90
- f(x)
F(x) T

[e¢]
2897. Ecau pan Z a,x" uMeer paguyc cxogumoctu R;, a panx
n=0
(o]
Z b,x" — pagnyc cxogumoctu R,, TO KaKo! pafiuyc CXOZMMOCTH
n=90
R umeroT paanl

a) Z (a, £ b,)x"; 6) Z a,b,x"?
n=0 n=90
2898. ITIycrs

a, a,

= lim

n— oo

u L= lim

n — oo

Ani1 Ap

[e¢]
Ioxasarnb, 4TO pafiRyC CXOQUMOCTH R cremeHHOro psaga Z a,x"
n=0
VAOBIETBOPAET HEPABEHCTBY
I<R<L.
(o]
2899. 1. [lokasars, 4To ecau f(x) = Z a,x", npudem
n=0

lnla,l<M (n=1,2,..),

rae M — mocroAaHHas, To: 1) f(x) 6eckoneuno aucddepennupyema B
mo00it TOUKe a; 2) CIpaBefJInBO Pas3IoKeHue

fy =y i -ay (o< +o0).
n=0 :
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2. Iyers f(x) € C™ (a, b) u [f(x)|< " (n=0, 1, 2, ...) upn
x €(a, b). loxasars, 4ro GyHKIU4 f(x) padnaraercs B CTEeIEHHON paAx

0

f(x)="3" ax~x)" (%€ (a, b)),

n=0

cxopALIviica B uHTepBaje (a, b).

3.Iyers f(x) € C* [-1, 11u fx) >0 (n=0, 1, 2...) upn
x €[-1, 1]. Mokasare, uro B uHTepBaue (—1, 1) byuxmnna f(x) pas-
J1aTaeTCA B CTENEHHOR pAL

f(x) = i a,x".
n=0

Vkasanune. Hcnonbays MOHOTOHHOCTL NPoU3BonHbIX f™(x) nna oc-
raTouHoro wieHa R,(x) paga Teinopa Gpyaruuu f(x), MONyunTh OLEHKY

IR, ()] < "+ £(1).

2900. loxaszars, uro ecnu: 1) a, = 0; 2) cymecrsyer

o0
lim a,x" =8,
xr—R-0 o

n=

[se}
TO Z a,R"=8S.
n=0

Paano)xurh B cTeneHHOU pAJ HyHKIUAN:

2901.J'e—t2dt. 2902..[ dt_
0 ! M1 -t
2903. J' bt gy, 2904. I arelgr gy

X

tdi
2905. J. Y (HanucaTh YeThIpE YJIEHA).
[

IIpumensaa nouwneHHoe fuddepeHIIUPOBAHNE, BBIYUCIUTL CYMMBI
cIenyoLuX pPAJOB:

2906.x+2‘; IR

2907.x-%3+£f —
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2908. 1+x2+ZT+...

3

x2 x
+ = + ...
29091 2 2«3 3-4

1-3 1-3:5 .3
A+ Les + +.
2910 2x 24x 246

VY kasaunue. IIpousBojguyio paja yMHOXKHUTE HA 1 — x.

IlpuMeHsAs MOYJIEHHOE WHTErPDUPOBAHHWE, BBHIYHCIUTB CYMMBbI
pALOB:
2911, x + 2x% + 3x3 + ... .

2912. x — 4x% + 9x% - 16x* + ... .

2913.12x + 2 3x2+ 3 -4x* + ..
2914. IToxasarb, 4T0 PAL,

2915. ITokasaTb, 4TO pAf

= - x"
Y Z (n!)?
n=0
YAOBJIETBODSAET YpPaBHEHUIO

xy”+y —y=0.

OmnpemenuTs paguyc U KPyr CXOAMMOCTH CTEIEHHBIX DIANOB B
KOMILIEKCHOM o6iacTu (2 = x + iy):

- (z-1-r - (1+i)man
2016. ' Ll 2917. Z TSIk

n=1

> nlz»
2918. ;1 (1+D(1+20)...(1+ni)’ 2919. Z fmﬁ

n=1

2920. 3" (z=e)"
= n(l-eo)n

2921. ITonbsyscey Qopmysoit 6unoma HuloroHa, mpUGIMIKEHHO

BBHIYUCIUTD 3/9 M O1eHuTh OmNbKY, KOTOpad MIOJIYYUTCA, ECJIU B3ATD
TPHU 4JIeHA Pa3JIOXKeHU .
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2922, ITpubiroKeHHO BBIYUCIUTD:
a) arctg 1,2;  6) 19/1000; B) 1 ;

r)In 1,25 ¥ o1eHATH COOTBETCTBYIOIHME MOrPEUTHOCTH.

Ilonb3yAch COOTBETCTBYIOLIMMH DAa3JIOMKEHUAMU, BBIYHMCIHTD
¢ YKa3aHHON CTENEHBbIO TOYHOCTH CIeAyIOonUe 3HaYeHna HyHKIUN:

2923, sin 18° ¢ rounocTsio Ko 107°.

2924. cos 1° ¢ rounocThI0 Ko 1078,

2925. tg 9° ¢ TouHOCTBIO O 1073,

2926. ¢ ¢ Tounoctho Ko 1076,

2927.1n 1,2 ¢ rounocTh0 Ko 1074,

2928. Ucxoas u3 paBeHCTBA

T = arcsinl,
6 2

HaWTH YHCJIO0 7 ¢ TOYHOCTBIO Jo 1074,
2929, I101b3yACh TOXKIECTBOM

b9 1 1
= = arctg= + arctg=
1 £3 g3
BBIUMCJIMNTE YUCJIO T ¢ TOYHOCTHIO n0 0,001,

2930. ITonb3yach TOKAECTBOM

T =

1 1
4 = _
arctg arctg

239°

OIIpefeNuTh YUCJIO0 T ¢ TOUYHOCTHIO Ko 1079,
2931. ITonbayack GopMyIoi

_ 1 1
ln(n+1)—lnn+2[2n+1 +3(2n+1)3 +}

Haitti In 2 u In 3 ¢ TounOCTBIO KO 1077,
2932. C noMoi(bl0 pasJoyKeHNil HOABIHTETPAJBHBIX (DYHKI[HN
B PAABI BBIYUCIUTD ¢ TOuHOCTHIO A0 0,001 cneayrouiue uurerpaibl:

1 4
1
a)J‘e‘xzdx; 6)J‘e;dx;
0 2

2 1
B) I %dx; r) I cos x? dx;
0 0
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1 +00
shx dx
= dx; e —_
A)J. x x ) ,[ 1+ a3
0 2
1
3 1
dx dx
K) ; B)J. ;
.(‘:3,/1-x2 ! N1+ xt
1
100 2
1) J‘ In(1 +x!dx; K)J‘ arc;gx dx;
x
10 0
1
2 1
) J‘ ilﬁiﬁﬁdx; M) J‘ x* dx.
0 0

2933. Haiitu ¢ TouHocTbIo 70 0,01 1y1uHy Ayr¥ OAHOM IOJIYBOJIHBL
CHUHYCOUbI .
y=sinx (0<x<m).
2934. Haiitn ¢ TouHOoCThIO A0 0,01 ANMHY ayru aumnca ¢ mojuy-

0camna=1nb=%.

2935. Tlposoj, MOABELIEHHBIN Ha ABYX CTON6aX, PACCTOAHUE MEMK-
Iy KoTopeIMu pasHo 21 = 20 M, umeet ¢opMy nmapabosbl. Berancanrs
€ TOYHOCTHIO 0 1 M AJIMHY IPOBO/A, eciu crpesika nporuba i = 40 cM.

§ 6. Pansr dypne

1. Teopema pasiaoxeHusa. Ecinu QpyHruua f(x) KycouHo-HenpepbiBHA 1
MMeeT KYCOYHO-HeNpepsIBRYI0 npoussoauyto f'(x) B uartepsaine (-1, 1), apu-

ueM BCe TOUKM pasphiBa § peryaspunt (1. e. f(€) = %[f(é -0)+ (& +0)], To

dbysknus f(x) na 9TOM UHTEepBaJe MoXKeT ObITH npejcTaBaeHa padom Pypve

oo

f(x) = (12_0 + nzl (a,, cos%ﬁ +b, Smn_flw_c) , 1
rae
1
a,= % J‘ f(x) cosﬂltﬁ dx(n=0,1,2, ..) @
h|
n

1
b= 1 [ 1) sintE dx (n= 1, 2, ., @)
51
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B uacrtHocTH:
a) ecanu hyHKNMA f(x) YeTHad, TO MeeM

f(x) = “0 + Z a, cosmltx 3)
n=1
rae
1

- %I f) cos 2 dx (n=0, 1,2, ..);

6) ecnu GpyHkruua f(x) HeueTHAs, TO NOJNYyHaeM

f(x) = Z b, sm'””‘ (4)

n=1
riae
1

- %I #(x) sin%"dx (n=1,2,..).

DyaKHMO f(x), onpejieneHHy0 B uHrepsase (0, [) u o61axa0yio B HeM
NIpUBEJEHHBIMY BhIIIE CBOMCTBAMH HENPEPHIBHOCTH, MOXMHO B 3TOM HHTEp-
BaJIC MPEJACTABUTL Kak GopMynoi (3), Tak u hopmynoit (4).

2. Yenorne momiotsl. [ BCAKOM MHTErpupyemoii Ha uHrtepsane (—I, 1)
BMecCTe Co CBOUM KBaapaTtoM QyHKnuu f(x) PopManbHO MTOCTPOCHHKIH P
(1) ¢ xoapdunmenramu (2), (2°) yaosaersopsaer pagencmay Jlanynosa

2
"“ + Z(a2 +b3)== J‘fz(x)dx

n=1

3. UurerpupoBanne paxos Pypse. Pag Pypse (1), narxe pacxonaumii-
cdA, uHTerpupyemoit rno Pumany B mHTepBane (—I, I) dyHkuuu f(x) MOXHO
MHTErpUPOBATh [IOWJIEHHO B 9TOM MHTepBaJe.

2936. PyHKIUIO
f(x) = sin* x

PasIoXKUTh B pag dypsee.
2937. Kaxkos 6yger pan @ypbe AN TPUTOHOMETPHUYECKOr0 MHO-
roudyieHa

n
P (x)= Z (0, cos ix + f;sin ix)?
i=0
2938. Paznoxurs B pag @ypbe HyHKIUIO

f(x)=sgnx (—n<x<mn).
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Hapucosars rpaduk GYHKIUN U rpa KN HECKOJIBKHUX YaCTHBIX
cyMM pazga @ypbe 9T0i GYHKIINU.
ITonb3yAch passioxkeHueM, HaHTH cymmy pada Jleilbrnuuya

Z g__l)n 1

Paznosxkurs B pan Pypbe crepylouyie GyHKIIUNA:

A,ecmn 0 < x <l
0,ecnul < x < 21,

2939. f(x) = {

rae A — mocrosHHasaA, B uHTepBate (0, 21).
2940. f(x) = x B uHTEpBajeE (—7, M).

2941. f(x) = n_;g B unrepsaie (0, 27m).

2942. f(x) = |x| B uaTepnane (-7, 7).

ax,ecnun < x <0;
2943. f(x) = {bx, eciu 0 < x <m,
rae a 1 b — nocrosiHHbIe, B uHTEepBase (7, 7).
2944. f(x) = n® — x* B unTepnase (—W, N).
2945. f(x) = cos ax B uHrepsaiue (~7, %) (@ — He IIeJ0e).
29486. f(x) = sin ax B uHTepBaiue (—7, 1) (@ — He IeJ0€).
2947. f(x) = sh ax B uHTepBaye (-7, 7).
2948. f(x) = e** B uHTepBaJse (—h, h).
2949. f(x)=x B uHTepBase (a, a + 2I).
2950. f(x) = x sin x B uHTepBayue (-7, M).

2951. f(x) = x cos x B MHTEpBaJe (—g, -725) .

Paznoxuts B pag @ypbe cIeAYIONIHE TepUOSUUECKHE DYHKITUNL
2952. f(x) = sgn (cos x).

2953. f(x) = arcsin (sin x).

2954. f(x) = arcsin (cos x).

2955. f(x) = x — [x].

2956. f(x) = (x) — paccrosaHue x 10 6avoKaiiniero 1eJ0ro0 Yucia.
2957. f(x) = |sin x|.

2958. f(x) = Icos x|.

2959. f(x) = zansm"x (1a|<1).

n=1
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2960. Paznoxxurs B psag Pypbe HyHKIHIO
= T cx< E) .
f(x) = sec x ( 1 X 1

VY xaszanue., BolBeCTu COOTHOILIEHME MEXKAY KOaDPUUEHTAMU @, U
Ap-2-

2961. dyuknumo f(x) = x? pasnoxuTs B pag dypbe: a) B UHTEP-
paJie (—7, M) II0 KOCHHYCaM KpaTHbIX Ayr; 0) B u"TepBane (0, m) mo
cuHycaM KpaTHbIX ayr; B) B uHrepnaie (0, 2mn).

HapucoraTs rpadhuky hyHKIuHE M cyMM pAgoB @ypbe A4 ClIy-
yaes a), 6) U B).

Ilonp3ysack 3STUMU PA3JIOXKEHUAMHU, HAMTH CYMMbI DALOB:

2962. Vcxoaa U3 pasIosKeHUs
-9 = —1)* +1 sinnx —m<x <),
x ;1( )= (r<x<m

MOYJIEHHBIM UHTETPUPOBAaHUEM HOJIYYUTh PasdJioykeHue B pag Pypbe
Ha uHTepBaje (—%, ) byHKuui x2, x° u x4
2963. Hanucars pasencTBO JIanyHoBa 4na GyHKIUA

1 mpu x| < a;
0 npu o < |x] < 7.

f - |

Hcxopa us paBencrsa JlanyHosa, HAWTH CyMMBbI PALOB:

ks in2 ksl 2
sin“no u cos“nol
D T MY T

n=1 n=1

2964. Pasnosxxurs B psag Pypbe HyHKIUIO

x, eciu0< x<1;
f(x)= 1, ecan 1 <x < 2;
3-x, ecnu 2 < x < 3.

ITonb3yace popmynamu

CosS x = l(t+ Z), sin x = l,(t— f),
2 2i

raet =€ Ut =e ¥, HONYYUTH PAaBJIOKeHNE B AL Dypbe CIemyIOLux
byHKIIH:
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2965. cos’™x (m — 1es0e MOJOKUTEILHOe YUCIIO).

gsinx
2966. 1-2gcosx +q? (lgl < 1)-
2967. —L=2° (g < 1).

1-2gcosx + q*

1-gcosx
2968. T 2gcosx+ gt (gl < 1).

2969. In(1 — 2g cos x + ¢¥) (lg| < 1).

Paznoxkurh B pax Pypbe HeOrpaHUYEHHBIE IIepUOAMYECKHE
GOyHKIUK:

2970. f(x) = Insin gl :
2971. f(x) = In cosizf-,.

2972. f(x) = ln‘tgg-‘ :

2973. Pasnoxurs B pag @ypbe QYHKIIHIO

f(x)=j‘1nA/l_c_tg_é‘dt (-n < x < 7).

2974. Pasnoxxuts B pag Pypre hyukiuu
x=x(8), y=y(s) (0<s< 4a),

Jaonjue IapaMeTrpUyecKoe IIpefcTaBJieHVMe KOHTypa KBagpara:
0<x<a,0< y <a,rnes— AJIUHA Jyr'u, OTCUYUTAHHAA IPOTUB X042
4acoBoil cTpeaku ot Touxku O(0, 0).

2975. Kak cienyer NpogOJIKUTh 3alaHHYIO0 B HHTEpBaJe ( 0, 7—;)

HHTErpupyemMyo GyHKnuio f(x) B uaTepnas (—m, 1), 4To0nl €€ pasJo-
sKenne B pag Dypbe uUMeTo BUL

f(x) = i a,cos (2n — x (—n<x<m)?
n=1

2976. Kak ciefyeT Npogo>KATh 3aJaHHYIO B UHTEPBAJIE (0, g)

MHTerpupyemyto ¢pyukuio f(x) B uHTEpBan (—7n, 1), 4T00B! €€ pasyo-
sxeHue B pajg Pypbe umeno sujg

f(x) = i b,sin(2n-1)x (—n<x<mn)?

n=1
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2977. PyHKIHMIO
= T o_
f(x)=x (2 x)

pasJIoKUTh B UHTEPBATIE ( 0, gj :

a) 110 KOCHHYCaM HeYeTHBIX AYT;

6) 10 cMHycaM HeUeTHBIX AVT.
Hapucosars rpadguku cyMMBI pagoB Pypobe Ajs cayuaes a) u 6).
2978. dynxkuua f(x) anmunepuoduina ¢ NepuoOJOM T, T. e.

flx + 1) = ~f(x).

Kakoii ocobenHocThio obnanaer pan Dypbe aTod QYHKIMHE B MH-
trepBaJe (-7, m)?

2979. Kakoit ocobenHocTbI0 obsagaer psag Pypbe dyuknun f(x)
B uHTepBase (-7, M), ecan f(x + m) = f(x)?

2980. Kakumu ocobernnoctaAMu obragaiT KoaduiueHTs Pypbe
a,,b,(n=1,2,..)byaknun y = f(x) nepuoja 2m, ecau rpaduK PyHK-~

IMH: a) UMeeT IIeHTPh cuMMeTpuH B TouKax (0, 0), (ig ) O) ; 6) nmeer

9

LIeHTp CUMMETPUM B Hayaje KOOpAMHAT ¥ OCH CUMMETPUHM X = *

N3

2981. Kak cBaAzanb! Mexay coboit koappunuenrst Pypse a,, b,

nd,p,(n=0,1, 2, ..) byuxuuit ¢(x) u y(x), ecanu
o(—x) = y(x)?

2982. Kak cBsi3aHbl Mexxay coboit Koahpunuenrsr dypoe a,, b,
una, B,(n=0,1,2,..) bysknui ¢(x) 7 y(x), ecau

o(=x) = ~y(x)?

2983. 3unaga koadhdunuents dypre a,, b,(n =0, 1, 2, ...) uHTET-
pupyemoit GyHKIHUK f(X), HMeIoUleH nepuos 27, BBIYMCINTL KOa(d-
dunuenrsl @Pypbe an, bn (n=0,1, 2, ...) «cMellleHHOH» DYHKITHU
f(x + h) (h = const).

2984. 3naa koadpunuents Pypre a,, b, (n =0, 1, 2, ...) unrer-

pupyemoit byuxkiuu f(x) nepuoga 2m, BHIYMCIHUTL K0a(hHUIIHMEHTHI
dypre 4,, B, (n= 0,1, 2, ...) ¢pyuxyuu Cmexsosa

x+h

=g [ 1®de
x-h
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2985. IIycrs f(x) — HempepblBHadA (QPYHKIUA C IIepHOJOM 27
ua,b,(n=20,1,2,..)— ee koadhdunuenrs: Pypse. Onpenesrurs
koatppunuents: Pypre d,, B, (n=0,1, 2, ...) ceeprymoll pyrnryuu

F(x) = iJ‘ FOf(x + 1) dt.

ITonb3ysick MOJy4eHHBIM pe3yJbTATOM, BBIBECTH pABCHCME0
Jlanynosa.

§ 7. CymmupoBaHue pAgoOB

1. Henocpeacrsennoe cymmuposanue. Eciu

u

Wn=Upi1~ 0, (n=1,2,..0)m lincl’o U, = U,
e

TO

foe)
Z U, = Uy — V.
n=1

B uactHOCTH, ecan

_ 1
u[[ = — b
ana’n+1---an+m
rae yucaa a; (i = 1, 2, ...) oO6pa3yo0T apu(MeTUIeCK Y0 IPOTDECCHI0 CO 3HA-
merareneMm d, To

1 1

n —_——————,
md Anlpir Ay

B HexOTOpbLIX cAyuadAX MCKOMbBIN DPAJ yJaeTcHA NPEACTABUTL B BUAE JIHM-
HeliHoM KOMOMHAIIMK U3BECTHBIX PAJOB:

i g-_—lnnL”=ln2; i —1—=%2; Z g:-l-L”_"n—zI/IT.H.

n? n2 12
n=1 n= n=1
o0
2. Metox A6ensa. Ecnu pap Z a, CXOJUTCs, TO
n="0
fee] (e 0]
Z a,= lim a,x".
x—1-0
n=90 n=0
oo
CymMa cTeneHHOro psajga Z a,x" B 1POCTEHIINX IPUMEPAX HAXOLUTCH
n=0

€ NOMOMUIBLI0 NOUNEHHOTO JudPepesIIPOBAHNA UM UHTErPUPOBAHMSA.
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3. CymmupoBaHne TPUIOHOMETPHYECKUX pAnoB. s HaXoKAeHUA

CyMM PANOB
O (ool
Z a, cos nx u Z b, sin nx
n=0

n=1
pux oOBIYHO pACCMAaTPUBAIOT KAK JAEUCTBHUTENbHYIO YACTh Y COOTBETCTBEHHO
Kak K03(h(MOUIUEHT MHUMOU YaCTH CYMMbI CTEIIEHHOI'O PAZA B KOMILIEKCHOM
(S}
obnacTu Z a,z", roe z = e*.
n=0
3nech BO MHOTHX CJydasiX MOJe3eH psaj

o0

z2n 1
Z —n——lnl_x {2l < 1).

n=1

Haiity cyMMBI psifioB:

2986.T?_3+3_15+5%+....
2987.1_;3 +2_;_4 +3‘i_5 Fo
2988.1%5—5%5+§%—43+.
2989.

o n
”Z::I (n+1)(n+2)(n+3)°

2990. Z —1 (m — HaTypaJbHOE YMCJIO).

~ n(n+m)
2991 —L— 4 b e o
2992. iz - 2993. Z, ;12_(22n_n—+1_1)5
2994. ,,5;1 n(2:+ 1) 2995. ,,: Z_?
2996. ao 2_%;—12 2997. i ?(_anl?
2998 > T il 2% 2, Gty
3000. i ,7(;—13?5

n=2

3001. ITyers P(x) = a, + a;x + ... + a,x™. Hailtu cymmy paga

[ee]
> Kl
n!
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Hantu CYMMLI CIeIVIOUIMX PALOB:

3002. Z n +1x. 3003. Z %x"
-1)"(2n2+1) _2a nzx"
3004. ZO s . 3005. Z ek

C noMoIlbio Ho4JeHHOTo AubGdepeHIMPOBAHUA HANUTH CYMMBI
pAnoB:

xn

Mz

3006.

=
1
—

(=1)n-tx2n
n(2n-1)

M3

3007.

n=1

8 u

xdn+1

3008. vk

n=0

[e]

ala+d).. [a+(n—1)d]
3009. ;1 o d d (d > 0).

Yxasanue. ITponssoguyo pafga yMHOXKHUTL Ha 1 — x.
) . 3
so10. 1 £ + LY ] + 147 7(’_‘]
3 2 3 612 3-6-9\2
C 11oMOILbIO I10YJIeHHOTO HHTETPHUPOBAHUS HAUTH CYMMBI PSAIOB:

3011. i nix®1,

3012. Z n(n + 2)x".

n=1

3013. i (@n+1)xin
— n!

Wcnonbays meron AGens, HailTH CyMMBI CIeAYIOMUX PANOB:

1,1 _ 1
1= = = - = 4+ ..
3014 1 7 10
1,1 _1
A-2 4+ -2+,
3015 3+5 7+
1,1:3_1:35
R G S
3016 5 +2_4 546 +
3017.1+ 1.1 4 L3 .1,
2 324 5
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HaiiTy CyMMBI C/I€AYIOLINX TPUTOHOMETPUYECKUX PALOB:

3018. Z

3020. i
3021. i
3022, i
3024. i

3026. i

sinnx - cosnx
= 3019. Z —=.

sinnasinnx
n

sinZposinnx (0 <aq<@
- = 5]

n
sin(2n-1)x - _q1\1COoSnx
51 . 3023. Z:: (-1) P
cos(2n-~1)x n-1_sinnx
(2n-1)2 ° 3025. ”ZI( D nn+1)
cosnx
T

3027. ITocTpOMTh KPUBYIO Z sinnx - sinny _

nZ
n=1

Haiitu cyMMBI cieyioLlIUX pALOB:

3028. i

n=1

o (n)?
3029. Z:O 2

,22 1))‘—.” (2x)™.

n

2! 3!

(x+1)(x+2) + (x+ D)(x+2)(x+3) *

a; . a,

3030, -
x+1
3031, -

+ ... IpH ycJaoBHH, 4T0 X > 0,0, >0

a;+x  a;+x az+x

3032.

=1, 2,..)u pax Z 211— pacxoxammiicd.
n=1 n

+ X2 Xy ecam: a) la] < 1; 6) x| > 1.

X
1-

x? 1-x4 1-x8

X , ecau: a) x| < 1; 6) |x| > 1.

3033. Z} i

xn)(l —xn+ 1)
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§ 8. Haxomaenue onpexeJeHHbIX UHTEIPAJGB
¢ IOMOLIBI0 PAAOB

C NoMOIIBIO PA3I0KEeHUA IOABIHTErPaNbHOM QYHKIIUH B pAJ BEI-
YHCJIMUTD CJelYIOLIHUE UHTEeTPabl:

1 1
3034. J lnﬁ dx. 3035. f ‘ﬂ’-”—x_—l NI+ X%) g
1]

1

3036. J' In(1+%) g,
X

0
1

3037. J' X n(l - x%) dx (p>0, q> 0)

0
+00

1
3038. J' In x - In (1 - x) dx. 3039. f

xdx
2nx

+00

3040. J' xdx
ex+1

0
3041. Pa3ioHATh 110 1EJIBIM II0J0KUTEILHBIM CTeIleHAM MOAYIA £
(0 < k< 1) noansbiii arrunmueckuil unmezpan 1-zo poda

n

E(k) = J' __deo .
) JT-kisintg

3042. PaznoxxuTh IO IeJIbIM 00K UTEILHBIM CTeIIeHAM MOAYJIs K
(0 < k< 1) noaustit’ axaunmuveckull unmeepan 2-20 poda

z

E(k) = J' JT=Fisintg do.
0

3043. BeipasuTs AJuHY AYTH 3JIKAICA
x=acost, x=bsint (0<t<2n)

C IIOMOIIBIO psAga, PACIIOJIOXKEHHOTI'O 110 I1eJIbIM II0JIOXKHUTEJILHBIM CTe-
IIeHAM S3KCHeHTPpHuCHUTeTa.

JoxasaTh paBeHCTBA:
1

3044. -3 4 L.

0 n=1
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+00

a2 _1 o (=1)"nl 2a+1
3045. f e~**sin ax dx 2,120 (2n+1)!a .
: =

2n
3046. J €% cos (sin x) cos nx dx = —:—l[-' (n=0,1, 2, ..).
) !

Hamnru:

a Cos X

3047. | ¢ cos (a sin x — nx) dx (n — HaTypaJbHOE UHCJIO).

N
::o'—-ﬁ:.

3048. | —_xsina
J‘ 1-20cosx + 02
0

Yrasaunwue. Cm. npumep 2864.
3049, J‘ In (1 - 2 cos x + o?) dx.
0

3050. okasars Gopmyny

+00

-X ! !
J. ¢ dx:l—.1_;+_2_'_—
a+x a

0

ot ey ) + 1R

an+1’

raea>0un0<6, <l1.

C Kako# TOYHOCTBIO BHIPA3UTCA MHTEIpas

+00

e—x
dx,
'[ 100 + x

0
ecsu B opmyie (1) B3ATL nBa YaeHa?

§ 9. Beckoneunbre NpoN3BeACHUA

1. CxomumocTh npousBeneHusi. BecKoHeUHOe NIPOU3BeAeHNe

PPoe-Paee = [] Pa (1)

n=1

HAa3bIBAETCA CXO0AULUMCS, €CTIV CYLIECTBYET KOHEUHBIN ¥ OTJANYHLIN OT HYJ1A
npezgen

lim Hp,: lim P, = P.

n— oo
i=1
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Ecau P = 0 1 HYM OAMH U3 COMHOMXUTEJell p, He DaBeH HYJIO, TO IPOU3-
segeHue (1) HasblBaeTCA PACXOOAWUMCA K HYLI0; B IDOTUBHOM Clly4ae I1po-
HU3BeNeHNe HA3bIBAETCA CXO0AWUMCA K HYLIO.

CxoauMocTb nponssegenus (1) pABHOCHJIbHA CXOZUMOCTH pAJA

i In p,. 2

n= 710
Heob6xoguMbIM yCIOBUEM CXOAUMOCTH SIBJAETCA
lim p,=1.
n—

Ecaup,=1+a,(n=1,2,...) n 0, He MeHAET 3HAKA, TO AJA CXOLUMOCTH
npouspesenus (1) Heo6X0qMMO U JOCTATOUHO, YTOOBI OBbLT CXOAALIMMCH D]

S =3 0, ). ®)

n=1 n=1

B ofuiem cayuae, Koraa o, He COXpaHAET NOCTOAHHOIO 3HaKa u paAzx (3)
cxopuTeda, npoussegeHue (1) 6ymerT cXoAUTHCA UIAM PACXOJUTHCH K HYJIO

BMECTE C DAJOM
[o0] 2 o
IR

n=1 n=1

2. A6comroTHaa cxomumocTs. IIpoussenenne (1) HasbiBaeTca abconrom-
HO UJU YCA08HO (He abCOonI0MmH0) CXOOAUNMCS B 3aBUCUMOCTH OT TOro, ab-
COJIIOTHO WM yCJAOBHO cxogutcsa pax (2). Heo0XoguMbIM U HOCTATOYHBIM
ycaoBueM abcosOTHON ¢XoRMMOCTH npoussesenud (1) aBasercsa aGcontoT-
HaA CXOAUMOCTH pAja (3).

3. Pasnoxkenne (yHkuuii B OeCKOHeuHple npousdBegeHusa. Ilpu
-0 < x < +00 UMEIT MeCTO Pa3ja0XKeHUus

o0

. _ 2 o x? _ _ 4x2
sin x xH(l nZnZ)’ cos x H[l ——————(2'1_1)%2]

n=1 n=1

T
B 4acTHOCTH, M3 nEpBOro npu X = 5 noaydaem gopmyry Barruca
£

- ﬁ _2n . _2n
. 2n-1 2n+1°
JokasaTs cjaenylolie paBeHCTBa:

= 1) _1 so T n'-1 _ 2
3051.’11‘:]2(1—;1_2)_5. 3052. [] L= = 2.

3053.}:[2 [1—;(%1-)] -1 3054 I [1+@)2"J -2

N A
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=z no_ 2 =z x _ siﬁx
3055. [ cos iy = <. 3056. [ | coszz = 2%,
n=1 n=1
- x _ shx 2y
3057. [ chZ = =2, 3058. H(l + %) = (Jxl<1)
n=1 n=0
3059.7 = L . 2. 2

= 3n_ . 3n __ 21
3060H 3n-1 3n+1 33

JoxasaTb CXOAMMOCTD U ONIpe/le/IUTh 3HAYeHUA cIeyIoux bec-
KOHEUYHBIX IIPOU3BEJIEHMI:

o o)

3061. H pod. s062. [T[ 1+ n(n1+ 2)].

n=1

ot
g2n+1!g2n+71 n
3063. H (2n+3)( 2n+5) 3064. Ha (a > 0).

n=1 n=1
[oe]

3065. CneayeT M M3 CXOANMOCTH MTPOU3BEIEHHI H P, U H qn

n=1 n=1
CXO4MMOCTDb nponsBeneHnﬁ

0

& H ®n + )i 0) H pai B[] Pt D] %?

n=1 n=1 n=1

WccnegoBarh CXOOUMOCTH CJHAEAVIOMIMX OECKOHEUHBLIX IMPOM3-
BeJleHMTA:

i 1 - n+1)2
3066. H L 3067. Hl K_—Ln(mz).
00 (o) B 1
3068. H ( ) 3069. ]| (1 ;).
= n=2
3070. H (”2 )
- n?+an+b, 2 S
3071. H — o TAen +an+b>0 npu n > n,.
3072. H (n-a)n-8y). .(n=a) o opn sph (i=1,2,..,p).

(n=by)(n-by)...(n-b,)

=
i
&
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= n+1 ot n
3073.}‘:]0 ntl 3074.E =
3075.ﬁ n1+% 3076.ﬁ “in.

n=1 n=1
3077.ﬁ(1+£)en 3078.ﬁ(1——£)e£,mec>0.

bl n i c+n
3079. ﬁ (1 - x7). 3080. ﬁ (1+ ’2‘—) .

n=0 n=1

N

_ X)), 7n e

3081.}:11 1+ 3082.’[[1(1 ﬁ)e

o o o o sin’—;P
3083.1_11(1+;;)cosm. 3084.1’[1 ;

n= n= n

3085. H YIn(n+x)-1nn.
n=1

3086. [loxasaTs, YTO NIPOU3BEJeHHE H COS X, CXOAMTCH, ecaHu

n=1

[}
2
CXOLUTCA PAD H X,

n=1

3087. [lokasaTh, UTO IPOU3BEIEHIe H tg(g + o, ) ( lo,| < g)

o
cXoauTcsa, eCin abcomoTHO cXoauTea pan Z a,.
n=1
I/ICCJIGJIOBaTb Ha a6COJIIOTHYIO M YCIOBHYIO CXOQHUMOCTH CJIEAYIO-
mue OeckoHeYHbIE InIpon3BeeHMA:

=2}

3088. [T [1+ C]. 3080, o T [1+ 2],
n=1

oo

3090. TT [1+ 2], oot 1-[ [1+EL0].

Inn
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3092. ) 3093. S
Hﬁuw I
n(n — 1
3094. H mfnor 3095. H [1 + ﬁ_l___]
n=1

3096.(1+%)(1— %)(1 Jlg)(u ﬁ)(l_ ﬁ)

x(1—%)(1+£)

so. (18] (1- ) (14 2) 1+ 4) - (148

3098. IlokaszaTb, UTO NIPOU3BEACHNIE
1 1 1

(1+ﬁ+%)(1—%)(1+ﬁ+§)(1—ﬁ)

CXOMUTCA, XOTA PAL
G (R G

pacxoaurcs.

(el

3099. ITokasaTs, UYTO IpOU3BEeAeHUE H 1+ a,), rae

n=1

-1, ecimn=2k-1,
JE

(x:

" _1_+l+_1_, ecnn n = 2k,
NI N N/

o0 o0
2
cxomuTcA, XoTA oba pasa Z o, n Z 0., pacxoaATcA.
n=1 n=1

=3 L
n=1

(0sema-pynryus Pumana) up, (n=1, 2, ...) — nociaefosaTesbHbIE
IpOCTHIE YHUCIIA.
IIoxasaTs, 4TO

3100. Ilycts

ﬁ (1- Pl_i)“ = ().

n=1
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3101. JoxasaTb, UTO IPOU3BEAEHUE

-3’

" pan

rae p, (n=1, 2, ...) — mociiefoBaTeJIbHbIE IIPOCTBIE YHUCJIA, PACXO-
narca (dunep).
3102.Ilycts a,>0(n=1,2, ...)n

a

A =1+S +O(ﬁ1) (e > 0).

Apnia
w1
a”: OA (—p) .

Y xasanue. PaccMoTpeTh

. " a 1 1Y
lim an’=a L*-(1+—).
n— oo n IH a n
1

n

Hoxasarp, 4TO

3103. C nomouibio popmynst Bannmnuca Joka3aTs, 4To
1-3-5..(2n-1) _ 1
2-4-6..(2n) Jan

3104. Jokasarb, UTO BhIpasKeHHe

_ nle"

nn+é

HMeeT OTJAMYHLIN OT HyJd npefes A npu n — 00,
BrisecTu orcrona ¢opmyny CTupanHra

n+l
nl=An 2e"(1 +¢g,),

rge lim ¢, =0ud= J2m.

n— oo
Yxasanue. UckoMblil npefies npeJCTaBAThL B BUJe GECKOHEUHOTO
pON3BeleHU

=5}

. a
A= lim a,,=a1| I -l
n-— o a,
n=1
IIna onpeneneHMa KOHCTAHTHI A BOCIONB30BaThCA (HOPMYJION
Bannuca.
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3105. Cornacuo Jitnepy zamma-Qyuxyus I'(x) ompepensercs
cuaenyooueit hpopmynoi:
. ninx
) = nlljrc’;o x(x+1).. (x+n)’
Hcxons us aToil GOpMyabI:
a) npeacraButh QyHkuuio I'(x) B Buge 6eCKOHEUHOro IIpo-
M3BEAEHUA;
6) noxasars, uTo I'(x) ©MeeT CMBICK A BCEX AEHUCTBUTENb-
HBIX X, HE PABHBIX I[€JIOMY OTPHUILIATEIbHOMY YUCJY;
B) BBIBECTH CBOWCTBO
T'(x + 1) = «I'(x);
T) nosyuuTh 3HaueHue ['(n) 4 n 1eI0To 1 NOJ0XKHATEIHHOI'0.
3106. Ilycty dpyuxuua f(x) co6CTBEHHO MHTErpuUpyeMa Ha cer-
MeHTe [a, b] u

8" = b—;—‘-", in —'_—f(a + 1«5,1) (L= ]-r 2r seey n)°

IokasaTs, uTO \

lim H (1+8,f,)=e"

n— o0
n-1
11 1 (a+ib)
i=0 -

lim —— — =

n-

o 1
" > (a+ib)
i=0

f(x)dx

i=1
3107. Tokasatb, UTO

’

N

ranea>0wub>0.
3108. IIycrs f(x) (n= 1, 2, ...) — HenpepsIBHbIe QYHKI UK Ha

nurepsane (a, by ulf,(x)|<c,(n=1,2,...), rae pan z ¢, CXOMUTCA.
n=1
HoxasaTs, uTo QyHKIUA

Fy= [+ 1] (@ <D

n=1
HemnpephIBHA Ha WHTepBaJe (a, b).
3109. HaiiTu BhIpa)KeHNe AJiA IMIPOU3BOAHON PYHKINHI

F(x) = H {1+ 7.0l
n=1

KaxoBsl focTaTouHble YCJIOBUA CyliecTBoBanudA F'(x)?

3110. Doxkasars, uto ecnu 0 < x < y, TO

x(x+1)..(x+n) _ 0

n—oo yly+1)..(y+n)
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§ 10. dopmyna Crupiauura

Ins BbluuciaeHus n! npu GOABLINX 3HAYEHUAX N IOJXE3HA (opmyna
Cmupaunza

9’1
nl= J2mn n"e " Tn (0 <0, <1).

Tlons3ysce popmynoir Crupaunra, NpubarKeHHO BBIYUCIUTD,

3111. 1g 100! 3112.1-3-5 ... 1999.
1-3:-5...99 40
3113- m . 3114- ClOO .
1
100! 2750
3115. ;100 . 3116. J' (1 - x2)® dx.
0

2n

3117. I sin2° x dx.

0
3118. BriBecTu acMMNTOTHYECKYIO (GOPMYaY AJA IIPOU3BELEHUA
Cn-DHl=1-3-5...(2n - 1).

3119. IIpubanKeHHO BLIYHUCIUTD C;,, , €CJH n BEJIHKO.

3120. ITonbaysacsy ¢opmysioit CTHUpJUHra, HAUTH CJAEAYIOLIHE
IIpeJeJsbl:

a) lim "A/n!; 6) lim -2
)n—voo )n—»oo n/n!
B) lim —2 ) lim Inn!

n=oo nfon 1) n—co lnn”

§ 11. IIpuGamikenue HenpepbIBHBIX (QYyHKIMI
MHOTOYJIEHAMU

1. Murepnoasuuonnas ¢gopmyna Jlarpauxka. Muozouren Jazpanma

n

Pn(x) — Z ((x_ xO)"'(x—xi—l)(x- xi+1)"'(x_xn)

X, = %Xg). (% — %, )X - %, 1) (%, - x,)

i
i=

obnamaet cBoiictBom P (x) =y, (i=0, 1, ..., n).
2. Muorounens! Bepumreiina. Ecau f(x) — HenpepniBHAA HAa CeTMeHTe

[0, 1] dynxuus, 10 mHozourensvt Bepruimeiina

B, (x) = Zn: f(i) Ch xi(1 — x)r =i
i=0

Ipu n — OO0 CXOAATCH PABHOMEDPHO Ha cermeHTe [0, 1] ¥ dyuxuun f(x).
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3121. ITocrponts MHOrOuJeH P,(x) HauMeHbLIEH CTENEHHU n,
NpUHUMAIOIINT 3aJaHHYIO CHCTEMY SHAYeHMUIH:

x -2 0 4 5

y 5 1 -3 1

Yemy npubnausxenHo pasusl P,(-1), P, (1), P,(6)?

3122. Hanncars ypasHenue napaboss y = ax? + bx + ¢, npoxo-
pAen gepes Tpu TOUKM: A (xo — £, y_4), B (x4, Yo)» C (x4 + £, y,).
3123. BriBecTu hopMyny A NPpUOJTHIKEHHOIO U3BJEUEHUA KOP-

neit y= Jx (1< x < 100), ucronsaysa sHaueHnd x,= 1, y,= 1;
x,=25,y,=5; x,=100, y, = 10.
3124. BsiBecTu npubanKeHHY0 GopMyay Buga
sin x° = ax + bx® (0 < x < 90; x = arc x°),
UCIIOJIL3Y A 3HAUEHUSA

1

sin 0° = 0, sin 30° = 5 sin 90° = 1.

ITonbaysacs aroit popmyaoi, npubanxeHHo HAWTH:
sin 20°, sin 40°, sin 80°.
3125. IToctpouts ana dyuxnuu f(x) = |x| na cermente [-1, 1] un-
TepIONANUOHHBIH MHOTOUNeH JlarpaHKa, IDUHAB 3a y3Jbl TOYKH:
x=0, i-;— , £1.

3126. 3amenuB pyrruuio y(x) muorousexom Jlarpanska, npu-

0N EHHO BLIYNCJINUTD
2

j y(x) dx,
0
roe
x 0 0,5 1 1,5 2
y(x) 5 4,5 3 2,5 5

3127. CocraBurs MHOTOUW/IEHH! Bepuinteitna B, (x) And QyHKumii
x, x%, x* na cermenre {0, 1].

3128. Hanucars dhopMmyany MHOTOWIeHOB Bepuinreiina B,(x) aisa
dyuxuuu f(x), 3aganHoil Ha cermeHTe [a, b].
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3129. [Ipubausuts GyHKIUIO f(X) = x'; % na cermenre [-1, 1]
MHoroujsieHoM Beprinreitna B,(x).
Mocrpouts rpaduru GYHKIUN y = M%-C u y = By(x).

3130. IIpubmusurs pyuxnmo f(x) = |x| npm -1 < x < 1 mHOrO-
yneHaMH BepHINTeiHA YeTHOrO NOpAKA.
3131. Hanucarp mHorouseH Bepuiureiina B, (x) gasa GyHKIIIK

flx)=e"* (a< x<b).
3132. Boruncauts MHOrousieH B,(x) ana ¢yuxuun f(x) = cos x

Ha cerMeHTe —g < x< g

3133. 1. [ToxasaTs, uTo |x| = lim P,(x) Ha cermenre [-1, 1], rae
-1- __ﬁz_’—__)
Py(x) =1 z neh (1 - x%.
2. IIycrs f(x) € Cla, bl u
b
M, = J‘ Ffx)dx=0 (k=0,1,2,...).

IlokasaTp, uto f(x) = 0 npu x € {a, b].

Y xasasnue. HcrnonsdoBaTs Teopemy Befepiurpacca o6 annpokcuMma-
LMY HeNnpepsIBHON GHYHKIMY MHOTOUJIEHAMH.

3134. IIycrs f(x) — HemnpepsIBHAA 2M-NepUOAUYECKAA QYHKINAA
Ha orpeske [-n, njua,, b, (n=0, 1, 2, ...) — ee KoapHUIMNEHTH
®dypse. JlokasarTsh, YTO TPUFOHOMETDHUECKHE MHOTouJeHbl Peifepa

n-1 .
o,(x) = %’ + Z (1 - i) (a; cos ix + b; sin ix)
i=1

PaABHOMEPHO CXOAATCA K GYHKUHH f(x) HA oTpeske [T, T].
3135. ITocTtpours MHorouneH Peitepa G,, _ 1(x) A1a QYHKIHU

f(x)=|x| mpm -n<x<m.
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PA3IEJ VI

JTUOOEPEHIIUAJBHOE HCYHUCJIEHUE
OYHKIUH HECKOJbKHUX ITEPEMEHHBIX

§ 1. Ipenen ¢pyuruuu. HerrpeprIBHOCTE

1. IIpeaen dyuxuun. Ilycrs pyaxnusa f(P) = f(x, x,, ..., X,) onpegenesa
Ha MHOkecTBe E, nuMerwlineM ToOuky cryuieHus P,. I'osopsaT, uTo

lim f(P)=A,
P—P,

ecau ans moboro € > 0 cymectByeT & = § (g, Py) > 0, Takoe 4T0

If(P) - Al<e
npu P € Eun 0 < p (P, Py) <3d, rne p (P, Py) — paccTossHHe MeXly TOUKAMH
Pu P,

2. HenpepoisHocTh, Pyuruua f(P) Ha3bIBAETCH HenpepouiéHOlL 6 mouke
Py, ecin

lim f(P) = f(Py).
PP,

Dyukuus f(P) Henpepviena 6 danHoll obaacmu, eCOUN OHA HelpepblBHA B
KaXAO0M TOUKe 3TOH obnacTu.

3. PasHoMepuan HenpepbiBHoCTh. DyuKius f(P) HagviBaeTCs pagHomep-
HO Henpepbviéroil B obnactu G, ecau Auas xamjaoro € > 0 cymectsyeT & > 0,
3aBUCAIIee TOJBLKO OT £, TAKOe, UTO AJA Jaio6bix Touek P’ u P” us G umeer
MECTO HepaBEeHCTBO

If(P") - f(P")| < e

npu p (P’, P”) <.
DyHKI U, HeIPepbIBHAA B OrPAHMUEHHOU M 3aMKHyTOU o6jacTu, pas-
HOMEpHO HenpepsIBHA B 3TOH obsacTu.

OnpeznenuTtsy 1 1306pasuTh 06JIACTH CYIIeCTBOBAHUA CJIEAYIOIIUX
byHKIMI:
3136.u=x+ Jy. 3137.u=J1-x2 + Jy?-1.

3138.u= J1-x2- 42, 3139. u= —L .
N



§ 1. Ipexen pyuxkuun. Henpepoisnocts

289

3140. u = J(xZ+y2-1)(4 - x2~-y?).

3141y = [XrU - 3142.u
2x - x2-y
3143. u =In (—x - y). 3144. u

3145. u = arccos

x+y’

3146. u = arcsin _x_2 + arcsin (1 — y).
y

3147. u = Jsin(x?+ y?). 3148.u

3149. u = In (xy2).
3150. u = In (-1 — x* — y? + 2%).

Il

Il

J1—(x2+y?).

arcsin £,
X

arccos ——=

IlocTpouTh TMHUN YPOBHSA CIEAYIOUIUX PYHKITUAN:

3151l.z=x + y.
3153. 2z = x* -y~

3152,z = x? + y2.
3154. 2 = (x + p)*

=Y =1
3155. 2 - 3156. z oyl
3157. 2= Jyx. 3158.z=|x| + y.
3159.a)z=|x| + |y| — |x + yl; 6) 2= min (x, y);
B) z = max (|x], |y); r) z = min (x?, y).

2x

3160. z = ex*+v*,
3161.z = x¥ (x> 0).
3162. z = x%* (x> 0).

3163.z = In [(LZ41F U8 (> (),
(x+a)+y?

3164. 2 = arotg 24— (a > 0).

_+_y2__a2

3165. z = sgn (sin x sin y).

HailiTu 10BepXHOCTH YPOBHA CHeAYIOINX QYHKIIMEA:

3166.u=x+y + z.
3167.u=x*+ y* + 22

3168. u = x? + y? — 22,

3169.u = (x + y)® + 22

3170. u = sgn sin (x? + y? + 2?).

x2+y?



290 PA3EJ V1. JU®®. UCUUCAEHUE ®YHKIIUHA HECKOJIBKUX IEPEMEHHBIX

HccnenoBaTh Xapakrep IOBePXHOCTeH IO JAHHBIM WX YpaBHe-
HUI:

3171. z = f(y — ax). 3172. z = f(Jx% + y2).

3173.2 = xf(nll) . 3174.2 = f(&’) .

X X
3175. IlocTpouTs rpaduk QYHKIUH
F(t) = f(cos t, sin t),

rae

_JlLy=x,
f(x, v) {0;y<x.

x2+y2’

3176. Hatitu f( 1, 5) , ecan f(x, y) = 2xy
3177. Haitru f(x), ecin '

- EF o

X

3178. ITycrs

2=y + f(Jx-1).

Onpegennts QyHxuum f u 2, ecau 2= x npu y = 1.
3179. Ilycts
z2=x+y+ f(x - y).

Haittu pynkuun f u 2, ecan z = x npu y = 0.

3180. Haiitu f(x, y), ecin f( x+y, .’l) = x? - y%

X
3181. ITokasars, 4TO A1 QYHKIIUA
f(xr y) =2y
: X+y
nMeeM

lim {lim f(x, y)} =1; lim {lim f(x, y)} = -1,
x—=0 y—O0 y—0 x—0

B TO BpeEMS KakK lin(1)f(x, Y) He CYIIeCTBYeT.
ot
y—0
3182. ITokasars, uTo A GYHKIUN

22

- Xty
f(x, y) P ——
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uMeeM
lim {lim f(x, y)} = lim {lim f(x, y)} =0
x—=>0 y—0 y—0 x—0

TeM He MeHee lin(1 f(x, y) He cymecTByerT.
x—0
y—0
3183. 1. IToxasaTs, uTO Iy QYHKIUU
fx, y) =(x + y) sinl sin—l-
x y

oGa moBTopHbIX Hpegena lim {lim f(x, y)} u lim {lim f(x, y)} =e cy-
x-»0 y—0 y—0 x—0

LIECTBYIOT, TeM He MeHee CyliecTByeT lim f(x, y) =
x-~0
y—0
2. CyutecTByer Ju npepgen
lim 2xy ?

x~—0 x2+y
y—0

3. Uemy paseH npezen QyHKIUU
f(x, y) = x?e*-»

BIOJIB JTIO6OTO JTyua x =t cos ¢, Yy = ¢t sin o (0 < ¢t < +00) mpu ¢ — 4007
MoskHO Jsiut 3Ty PYHKIIUIO Ha3BaTh GECKOHEYHO MaJIoi pu x — +00
ny — +00?
3184. Haiitu
lim {lim f(x, y)} u lim {lim f(x, y)},
x—=a y—b y—b x—a
ecau:
a) f(x, y) = x_z.i.ﬁf,a-_—oo, b = oo;
x?+yt
6) f(x, y) = ———,a—OO b= +0;

x¥

B) f(x, y) = sin ij ,a =00, b= o00;
D flr, y) = o 18 TR, 0= 0,b = oo
m flx, y) = logx(x-i-y), a=1,b=0.

Haititu cinenymoiue nBOHbIe NPemesbl:

3185. lim —<+¥ | 3186. lim X21¥°
x—o0 x2— xy+ y? aj—mx4+y4
y— -+ 0O

3187. hm—m—xﬂ 3188. lim (x? + y?)e **9,
x—0 x— 400

y—a ¥y 40
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2

3189. lim (—iL)x . 3190. lim (x? + y?) +**,

X~ b00 xl+yz x—0

y— 4+ y—0

X2

3191. lim (1 + l)m ) 3192. lim Lﬂ%ﬂ) )

P x w0 NX:+ y?
3193. ITo Kax UM HAIIPABJICHUAM ( CYLI[ECTBYeT KOHeUHbII Ipeae:

a) lim ex*+s*; 6) lim e**-v¥* - sin 2xy,

p— +0 p— +co

eciu x = P cos ¢ u y = p sin @?

HaiiTi TOUKM paspslBa caeLyIOLIUX GyHKIIII:

1 x
3194. u = ———— . 3195. u= XL,
/x2+y2 x+y
3196.u = 214 3197.u=sinL.
x3+y xy
3198.u = —L1 . 3199. u=1In (1 - ¥% — y?).
sinxsiny
3200. u = L.
xyz
3201.u = In 1

S E (y-byE+(z- o)t
3202. ITokasatb, YTO QPYHKIUSA:

%}Lz, ecnu x% + y2 20,
a) fx,y)=19 ¥+¥

’

ecnu x2 + y? =0,

HelIpepbIBHA 10 KAXK IO ITIepeMeHHO! X U i B OTAeJILHOCTH (IIPpH PUK-
CHPOBAHHOM 3HAYEHUU APYTOM lepeMeHHOM), HO He ABJIsAeTCS Hellpe-
PBIBHOM 11O COBOKYIHOCTU 3TUX IIePeMeHHbBIX;

x2

. x4yt
0) flx ) = 0 ’ ecmux2 +y* =0

ecnu x% + y2 # 0,

B Touke O (0, 0) HenmpephrIBHA BIOJIb KAXKAOI'0 JIy4a
x=tcosd, y=tsina (0<i<+400),

NPOXOAALIET0 Uepes 3Ty TOUYKY, T. €. CYILleCTBYeT

lim f(t cos o, ¢ sin o) = f(0, 0);
t—0

OZHAKO 9Ta QYHKIIUS He ABJSIEeTCA HellpepbIBHOM B Touke (0, 0).
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3203. 1. UccnenoBaTh Ha PABHOMEPHYIO HeIIPePEIBHOCTD JINHE -
HYI0 QYHKIUIO

u=2x—-3y+5
B 6ecKOHeuHOIl mIocKocTH E? = {lxl < 400, Jy| < 4o t.
2. UccnenoBaTh Ha paBHOMEPHYI0 HEIPEPBIBHOCTh B ILJIOCKOCTU

E? = {|xf < +00, Jy| < +00 | dpynrnumio

u= Jx?+y2.
3. Byzer siu papHOMEpPHO HEeNPePbIBHON (DYHKIIUS

= o T
flx, y) = Slnm
8 obmactu x% + y? < 1?

4. Naua pyHKIUA

u = aresinZ,
Yy

SAsnaerca nu sata QyHKIUA HeIpepPbIBHOU B CBOeli o6acTu onpezne-
senusa E?
Byzner niu QyHKUUA U pAaBHOMEPHO HellpepblBHOM B 06acTu E?
3204. [loxasaTh, 4YTO MHOXXECTBO TOYeK paspbiBa (QYHKIUN

f(x, y) = x sin i yecauy # 0u f(x, 0) = 0, He ABJIsAETCA BAMKHYTHIM.

3205. Tokazars, uTo ecau GyHKIUA f(X, ) B HEKOTOPOI 06aacTu
G HellpepbIBHA II0 IIePEMEHHON X 1 PABHOMEPHO OTHOCUTEJILHO X He-
IIpepbIBHA 110 IePEMEHHOH Yy, TO 3Ta PyHKIUA HenpephIlBHA B pac-
cMaTpuBaeMoit o6iacTu.

3206. [ToxkasaTh, 4TO ecau B HEKOTOPOU ob6jactTu G QyHKUUS
f(x, y) HempepblBHA IO IePeMeHHON X U YAOBJIETBOPAET YCJO08UI0
Junwuya no nepeMeHHOH Y, T. €.

|f(x, y) = f(x, ¥y < LIy - ¥,

rae (x, ¥) € G, (x, ¥') € G u L — mnocToAHHAA, TO 3Ta QYHKIUA He-
npepbIBHA B JAHHOI 06JsacTH.

3207. Toxasarp, uTO ecyau GYHKUUA f(x, ) HEIIpepbIBHA IO Ka K-
IO IepeMeHHON X U Y B OTHEJHbHOCTH U MOHOTOHHA IO OJHOM U3
HUX, TO 3Ta QYHKIUS HeIpepbIBHA 110 COBOKYIIHOCTU IIePeMeHHBIX
(meopema IOwza).
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3208. IIycts pyuruus f(x, y) HenpepbiBHA B 06acTu @ < x < 4,
b < y < B, a nocaenosareabHOCTs QYHKIUE ¢, (x) (n =1, 2, ...) cxo-
IUTCS PABHOMEPHO Ha [a, A] u yaosieTsopsaeT ycyosuio b < @, (x) < B,
IToxasaTh, YTO IOCJIENOBATEIBHOCTh (DYHK LN

F(x)=f(x, p,(x)) (n=1,2,..)

Tak’Ke CXOJUTCS paBHOMepHO Ha [a, A).

3209. IIycrs: 1) pyuxuus f(x, y) HenpepbiBHa B o06Jgactu
R (a < x <A; b <y < B); 2) dyHKuusa @(x) HeupepblBHa B HHTEepPBAaJe
(a, A) u UMeeT 3HadyeHnd, IpUHaAIexamnue uHTepsany (b, B). Io-
Ka3aTh, 4YTO PYHKIUA

F(x) = f(x, ¢(x))

HeIlpepbIBHA B UHTepBaJse (a, A).

3210. Ilycrs: 1) dyuxkuus f(x, y) HeIpepblBHA B 00JacTH
R(a<x<A; b<y< B); 2) pyukuua x = @(u, v) u y = y(u, v) He-
npepsiBHEL B 061acTu R’ (@’ < u <A’; b’ < v < B’) u uMeloT 3HAYEHU,
MpUHALJIeKalue COOTBeTCTBEHHO uHTepsanam (a, A) u (b, B). Io-
Kas3aTh, 4YTO PYHKIUA

F(u, v) = f((u, v), p(u, v))

HenpepsIBHA B o6iactu R'.

§ 2. Yacrupie npoussoausre. Juddepennuan GpyHKimuu

1. YacrHele npon3soaHsie. Pe3ynbrar yacTHOro aud)pepeHUUPOBAHUA
(PYHKLMM HECKOJBKUX IIepeMEHHBIX HE 3aBUCUT OT nopsazaka auddepeHIiu-
pPOBaHUA, eCIU BCE IIPOU3BOJHBIE, BXOAAIME B BHIUUCIEHUE, HEIIPEPHIBHEI.

2. Inddepenuuan dysxkuun. Ecau nosHoe npupamesue (HYHKIMH
f(x, y, 2) OT HE3ABUCUMBIX IIePEMEHHBIX X, Y, 2 MOXKeT GbITh IIPEJCTaBJICHO
B BUJE

Af(x, y, 2) = AAx + BAy + CAz + o(p),

rae A, B, C He 3aBucar oT Ax, Ay, Az u p = J(Ax)? + (Ay)? + (Az)?, 10 hyHK-
uusa f(x, y, 2) HasblBaeTca dugeperyupyenoil B Touke (x, y, 2), a TuHelHaA
yacTs npupanieHus AAx + BAy + CAz, paBHas

df(x, y, 2) = fr (%, y, 2)dx + [y (x, y, 2) dy + [, (x, y, 2)dz, (1)

rae dx = Ax, dy = Ay, dz = Az, HasbiBaeTca dud@eperyuaiom 3Tol HPyHK-
IIMH.

dopmyna (1) coxpaHaeT CBOe 3HaUEHME U B TOM CJllyuae, KOr/la lIepeMeH-
HBIE X, Y, 2 ABJNAIOTCA HEKOTOPbIMU AU hepeHIUpYeMbIMU (DYHKIUAMU OT
He3aBUCUMBIX IIepPeMEHHBIX.
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Ecnu x, y, 2 — He3aBUCUMbIe TepeMeHHbIe, U GyHKUA f(x, y, 2) uMeer
HelpepbIBHBIE YACTHLIE IIPOU3BOJHBIE 40 N-TO MOPsiJKa BKIKWYUTENbHO, TO
A OuepeHyuanos Gvicuiux nopadkoeé uMeeT MeCTO CHUMBOJMYECKad
(popmyJsa

d'f(x, y, 2) = (dx—a— +dy
dx

58— + dz—) flx, y, 2).

3. IpousBogHas caoxHoi dyukunu. Ecnu w = f(x, y, 2) — nuddepen-
uupyema 1 x = @(u, v), y = W, v), 2= % (u, v), roe dyHKIUU @, VY, ¥ AUD-
(pPepeHIUPYEMBI, TO

dw _ dwdx | Jwdy | dwdz
du Jxdu dyou  Jzdu’
Jw _ dwdx | Jdwdy | dwdz
dv  Jxdv  dyodv  dzdv

JLyis1 BEIUMC/IEH S IPOUSBOJHBIX BTOPOTO MOPsSAKA (DYHKIUHU W TOJEe3HO
[10J1b30BATHCA CUMBOJMYECKUMHU HOPMyTaMu:

22w 0 0 R aPlDw 0Q,0w , 9R,Jw
cw _ 2 L 4 R 4+ xagw | Thiow
T (P 3% Ty R‘az) Y e  wy | owoz
u
Pw (4D 2 a)( ) a)
=( p,-L ~ +R=1|{P +R
udo ( 19z T gy TRig )\ Py QZ) 292) % F
JP\ 9w | 9Q,dw , 9R,o0w
+ 1w + Lhdw
9 9x | 9v dy | v 9z
rae
_ ()x dy _ 0z,
P » = au’ Ry ou’
P, = —~, Q,-%, Rr,-9%.
Jv

4. MpousBogHas B JaHHOM HanpaBJdeHMM. Ecinu Hanpasnenue |l B mpo-
crpaHcTBe Oxyz XapaKTepu3yercs HAIlPaBAAOUIMMH  KOCHHYCAMU:
{cos o.cos B cosy} u pyHKRIMA u = f(x, Yy, 2) suddepeHUpyeMa, TO NPOU3-
600naa no Hanpasnenut | Beruncasaerca no Gpopmyie

Ju Ou Ju Ju
A ge + Y=
o ax s o+ W cos B % cos .

Cropocts HauboJablero pocra GpyHKUUNA B JaHHOH TOUKe IO MOAYJIIO X Ha-
NpaBJIEHUIO OIIpeiesseTCs BEKTOPOM — 2padueHmom QYHKYUL:

du. , du. Jdu
du=2%; 4+ 1
grad u 5 i DyJ % k,

MOAYJb KOTOPOI'0 paBeH

e = (50)"+(5)"+ (32)
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3211. 1. Ilokasars, uTO

, _ d
fu(x, 0) = L [fx, b))
2. Hatiru f, (x, 1), ecan
fx,y)=x+@y~-1) arcsinA/;i.
3212. 1. Haiitu f; (0, 0) u f, (0, 0), ecain

flx, y) = Yxy.

HAsaserca nu ata pyuriusa guddeperuupyemoir 8 rouke O(0, 0)?
2. fIBnsierca nu guddepennupyemoit B rouxke O(0, 0) dyHkuua

fx, y) = NS +y3?

3. WccnemoraTsh Ha nuddepennupyemocts B Touke O(0, 0) pyuxk-
K10
-1
flx,y)=-¢e =+ mpux?+y?>0
u f(0, 0) = 0.

HaiiTu uacTHBIe IPOU3BOLHbIE I€PBOr0 X BTOPOTO IIOPALKOB OT
crenyomux QyHKINI:

3213.u = x* + y* — 42?2 3214. u = xy + % .
3215.u= X, 3216.u= —X .

y? Jx2+y?
3217. u = x sin (x + y). 3218. y = C08x%

y
3219. u = tg%z . 3220. u = xv.
3221.u = In (x + y?). 3222.u = arctg-li.
3223. u = arctg XYL | 3224. u = arcsin ——-.
1-xy xZ+ y?

3225. u= — L . 3226. u = (E)

Nx24 y? 4 22 Yy

y i
3227. u = x*. 3228, u = xv°.
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3229. [TpoBepuTh PaBeHCTBO

Jd%u _ d%u
oxdy  Jdyox’

ecJIn:

a)u=x%-2xy— 3y% G)u= x¥*; B)u=arccosA/Z.
Y

3230. 1. Hyers f(x, y) = xyii—;ﬂ; , ecau x2 + y2 # 0 u f(0, 0) = 0.
Yy
IToxkasaThb, 4TO

f<, (0, 0) = f7. (0, 0).

2. Ilyers
2
- | 5 et
0 npu x =y =0.

Cymecrsyer su f7, (0, 0)?

3231. Ilycrs u = f(x, y, 2) — oqHOpPOAHAs (DYHKI[MA NU3MePeHHsI /1.
IIposepurs Teopemy dityepa 06 OJHOPOIHBIX PYHKIUSIX HA CIERYIO-
IUX IpuMepax:

¥
Au=(x-2y+32)% 6lu= —X B)u=(£)x.
Nxt+y?+ 2?2 y

3232, lloxasarb, uro ecau gupdepeHnupyemas GyHKIUA
u = f(x, y, 2) yAOBJIETBOPsAET YPaBHEHUIO

0
ox dy 0z
TO OHa ABJSIETCA OZHOPOIHON ()YHKI{Hell u3MepeHHUA 1.
Y kaszanue. PaccMoTpeTs BCIIOMOTATENBHYIO (DYHKIUIO

F(t) = f_(tx_,ttn&_t_z_)

3233. lokasars, 4TO ecnu f(x, y, 2) — nuddepeHnupyemas of-
HOpogHas (PYHKIUS U3MepeHUus n, TO ee YacCTHbIe IIPOU3BOLHbBIE
fe(x, ys 2), [, (2, Y, 2), [;(%5 Y, 2) — ORHOPOAHDBIE DYHKIMH H3Me-
pernug n =1,
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3234. Ilycts u = f(x, y, 2) — psaxkan! guddepeHUpyemMasd of-
HOpPOLHAA PYHKUUS usMepenus n. [Jokasars, 4T0O

dJ

(xi +y—a— +z——)2u= n(n— 1u
dx Yy Jz '

Haiitu puddepeHIuansl nepBoro U BTOPOTO MOPALKOB OT clle-
ayomux GyHrnui (x, Yy, 2 — He3aBUCUMble lepeMeHHEble):

3235. u = x™y". 3236.u=X.
Yy
3237.u= Jx%2+y2. 3238.u = InJ/x2+ y2.
3239. u = e%. 3240. u = xy + yz + zx.
=2
3241. u g

3242. Haitru df(1, 1, 1) u d?f(1, 1, 1), ecau

fe, v, 2) = fE.

3243. ITokasars, uTO ecau
u= Jxt+y?+22,

ro d?u = 0.

3244. IIpepnonarasi, uToO X, J MaJjbl II0 MOLYJIO, BEIBECTH IIPH-
OauceHHbIe QOPMYJIBL IJIA CIeAYIOIUX BbIPAXKEeHUIA:
a) (1+x)"(1 +y)" 6) In (1 +x)-In (1 +y); B) arctg I’fﬁiy .
3245. Bamendasa npupainenune GyHkiuun guddepeHumanom, npu-
OJIMKEeHHO BBIUUCIUTH

a) 1,002 - 2,0032 - 3,004%;  6) —03% .

3/(0, 98)4/1, 052
8) /1,025 +1,973;  r)sin 29° - tg 46°; 1) 0,971:05

3246. Ha cxoJIbKO u3MeHATCA AUATOHANbL YU IJIOLIALbL IIPAMO-
YTOJBHUKA CO CTOPOHAMH ¥ = 6 M u y = 8 M, ecjiu nepsad CTOPOHA
VBEJINUYHUTCA HA 2 MM, a BTOpasi CTOPOHA YMeHLIIUTCS Ha 5 MM7

3247. llenTpasbHbIi yro cekTopa o = 60° yrenuunica na Ad. = 1°.
Ha ckosbko cienyeT yMeHbIINTL paguyc cekropa R = 20 cm, 4T06HI
aomiagb CeKTopa ocrajach 6e3 U3MeHeHUs1?

3248. [loxasaTb, UTO OTHOCUTEJIbHAsS IIOTPELIHOCTh NIPOU3BeJe-
HUA NPHUOGJMIKEHHO paBHA CyMMe OTHOCUTEJbHBIX HOTPelIHOCTel
COMHOMKHTEJIeH.
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3249. Iipun uamepeHuu paguyca ocHoBaHusi R u BelcOoThl H 1u-
JIMHAPA OLLIY MMOJYUeHbl CIeLYIOUe Pe3yabTaThl:

R=(2,5+0,1)m; H=(4,01 0,2) m.

C xakol abCoJMIOTHON MOTPEIIHOCTHI0 A ¥ OTHOCUTEJbHOH IoTrpell-
HOCTBIO O MOsKeT GbITh BRIYUCIEH 06'beM [UINHIPA?
3250. Cropons! rpeyronsiuka a = (200 + 2) m, b= (300 + 5) m
u yroa Mexkgy aumu C = (60 £ 1)°. C kakoit abconoTHO! norper-
HOCTHIO MOXKeT ObITh BHIUHCIIEHA TPEThS CTOPOHA ¢ TPeyroJbLHUKA?
3251. IToxkasars, 4To GYHKIIUA

f(x, y) = Jlxyl

nenpepsiBHa B TouKe (0, 0) umeer B 3TOl TOuKe 00e YacTHBIe IIPOU3-
pogusie f,. (0,0) u f_l'/ (0, 0), ogHako He ABAAEeTCA TUDHEPEHIIUPYEMOH
B Touke (0, 0).

BLIACHUTE NOBefeHMe NPOU3BOIHEIX fp (X, y) u f; (x, y) B OK-

pectroctu Touku (0, 0).
3252. IlokasaTh, 4To (PYHKIUA

_ xy
f(x, y) T

ectu  x? + y® # 0 u f(0, 0) = 0, B okpecrnoctu Touku (0, 0) mempe-

’

DPbIBHA X MMeEEeT OTPaHUUEHHbIe YAaCTHble NPOU3BOLHbIE [, (x, y) U
[, (x, y), onnako sra pynknus veguddepenuupyema B rouxe (0, 0).
3253. ITokasaTh, uT0 QYHKUMA

_ 2% ot 1
f(x,y)—(x2+y)s1n ma

ectu x* + y? # Ou (0, 0) = 0, umeer B okpecTHOCTH ToukH (0, 0)
YacTHbIe IPOM3BOAHEIE f, (X, y) U f,(X, y), KOTOpbIe Pa3pPLIBHBI B
rouke (0, 0) u HeorpaHuUeHH! B TI060I1 OKPECTHOCTH €e; TeM He MeHee
ara pyHrIud guddepennupyema B Touke (0, 0).

3254. TokasaTsk, uro GyHKIUA f(X, y) UMeloIIas oTPaHUUYeHHbIe
YyaCTHbIE POU3BOIHEIE [, (X, y) U fy (x, y) B HeKOTOPOH BBHINYKJIOH
obsnacty E, paBHOMEPHO HenpepLIBHA B 3TOM 06JsacTH.

3255. JokasaTs, UTO ecnu pyHKUUA f(x, y) HenpepsIBHA 110 He-
peMeHHOM’ x IPH KaKaoM (GUKCUPOBAHHOM 3HAYEHUU Y ¥ UMeeT Or-

pPaHUUEHHYIO IPOU3BOJHYIO f, (X, i) 110 IepeMeHHOit J, TO 3Ta PYHK-
LA HelPepbhiBHA 110 COBOKYITHOCTU TIePEeMEeHHbBIX X U Y.
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Haitu yxasanHbie YacTHbIe IPDOUSBOIHEIE B CIAEAYIOIINX 3a0adax:
4 )4 4

- 2 2 3 _
ﬁ,m,axzayz,ecnn u=x-y+x°+2xy+y“+x

- 3x%y — y* + xt — 4xPy? + .
3257, L4 , ecau u = x In (xy).

%20y
3258. — 2% ecom u = x* sin y + y° sin x.
930y
d3u - X+y+z-xyz
3259. x0y7’ ecau u = arctg P
3260. — L4 ecm u = e,
0xdyoz’

3261. _Otu ,ecan u =In 1

dxdyILI =87+ (y-n2

3262. 5);0”;, , ecm u = (x — %) (y — yo)"-

3263. ') ,ecmuu = 21¥
dxmJy”" x-y

3264. aa;'m*a"y”" ,ecmn u = (x% + y?)e* V.

Jprarry +
3265, ———— , ecau u = xyze* TV 2,
Jxrayide’ y

3266. Haittu """ (0, 0), ecau f(x, y) = * sin y.

xmy"
3267. IlokasaTh, YTO ecau
u = f(xyz),
TO
du
Jxagaz L@
rhoe t = xyz, u HaniTu pynxnuwo F.
3268. Haiitu diu, ecom u = x* — 2x% — 2x° + y* + 2% — 8«2y -
: -3xyt+ P+ 2x—xy+ 2+ x+y+ 1.
diu  Jdiu dtu Jdiu diug

Uemy paBHBI IPOU3BOAHLIE — , y = s ?
yp P AHBIC o2t 9x3dy’ 9x20y?’ 9xdy - oy

Haittu nonusle guddepeHuyansl ykasaHHOTO HNOPAAKA B CJe-
LYIOIIVX IIpUMepax:

3269. d®u, ecnu u = x* + y® — 3xy (x — y).

3270. d®u, ecnu u = sin (x% + ¥?).

3271. d"%,ecou u = In (x + y).
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3272. d°u, eciu u = cos x ch y.
3273. d*u, ecim u = xyz.

3274. d*u, ecau u = In (x*y¥z%).
3275. d"u, ecan u = e** v,
3276. d"u, ecnu u = X(x)Y(y).
3277. d"u, ecin u = f(x + y + 2).
3278. d"u, ecoam u = % T by ¥ ez,

3279. Ilyers P, (x, Yy, 2) — OJHOPOINHBIN MHOTOYJIEH CTEIEHH 7.
Joxkaszars, yro

d"P.(x, y, z) = n! P,(dx, dy, dz).
3280. Ilycrs

Haitru Au u A%u = A(Au), ecou:

a)u=m; 6)u=ln,\/x2+y2.
3281. Ilycrs
J2u . Jdiu
= YU L c7u
Au dz2 Jdy?

Haiiru Au, ecau:

a)u =sin x ch y; 6)u=1InJx?+y2.

3282. IIycrs
(5 (5

J2u 02 J2u
U -
x2 ()y 022

Alu = (
Ayu =

Haiitu Aju u Ayu, ecnn:
.
Nxt4y?a 22

Haiitu nponsBOfHbIE IEPBOTO M BTOPOTO HNOPSIAKOB OT CJIEAYIO-
IUX CJIOMHBIX PYHKIIUH:

3283. u = f(x% + y® + 2%).
284.u = f[ x, ).

3284. u f(x y)

3285. u = f(x, xy, xyz).

ayu=x3+y*+ 2%~ 3xyz; 6)u=
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3286. Haittu ﬁ-‘f- , eClIn

Jdxdy
u=f(x+y, xy).
o 2%u 02u ou
. =¢8 Jdu ot
3287. Haiitu Au o2 W BPe ecan

u=fx +y+z 22+ y*+2%.

Haiity nmoanbie aud)depeHBaNbl IEPBOTO ¥ BTOPOTO TIOPSIIKOB
OT CJEAVIOLIUX CJHOMXKHBIX QYHKLUM (X, Y U 2 — HE3aBUCHUMBIE I1epe-
MEHHBbIE):

3288.u=f(t), rme t = x + Y.

3289.u = f(t), rpe t = %

3290. u = f(Jx2+ y?).

3291. u = f(t), rme t = xyz.

3292. u = f(x% + y? + 2%).

3293. u = f(&, n), rme £ = ax, n = by.
3294.u=fE, M), tmel=x+y,n=x-y.

3295. u = f(&, n), rne & = xy, n = §

3296. u = f(x + y, 2).
3297.u=f(x +y+z, x>+ y* + 2%).

X
3298.u=f(; %)
3299.u=f(x,y,z), tnex=¢t, y=1t% z=1t5.
3300.u=f(E,n, ), rme & = ax,n=by, {=cz.
3301.u=f(E, n, {), rme E=x% + %, n=x%— y?, {= 2xy.

Haiitu d"u, ecan:

3302. u = f(ax + by + cz).

3303. u = f(ax, by, cz).

3304.u=f(E,n, Q), tne E=ax + by + ¢z, 1= ax + by + cyz,
{=azx + byy + c32.

3305. Ilycrs u = f(r), rme r = Jx2+y2+ 22 u f — pBaXKAbl Aud-
¢epernupyemas dyakuusi. [lokaszars, 4ro

Au = F(r),

- .
e Au = d_u d%u + (ﬁ — oneparop Jlamnaca, u Haitu pyuxiuie F.
Jdx?  Jy?  dz*
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3306. IIycry u m v — pBaMKABI JuddepeHupyeMble QYHKIIUY U
A — oneparop Jlannaca (cMm. 3agauy 3305). Jokasars, uTo
A(uv) = uAv + vAu + 2A(u, v),
rue
Judu Judv Judv
A , ===+ == + —==.
(u, v) dxdx  Jdydy  dz0z

3307. Ilokazars, uTo PYHKUUSA

u=InJ(x-a)2+(y-b)?
(a 1 b — mocTOsIHHBIE) YAOBJIETBOPAET ypasHeHuto Jlannaca
0w | 9w _
Jx? dy?
3308. Toxaszarh, YTO ecau GyHKUUA U = u(x, Y) YAOBIETBOPAET
ypaBHeHumwo Jlannaca (cMm. 3agauy 3307), ro pyHKIUA

(_x_ __L)

x2+y2’ x24y2

TaKKe YAOBJIETBOPSAET 3TOMY YPABHEHUIO.
3309. ITokazarsb, UTo QYHKIUA

_x-b)®
e 4a?t

1
2aJE¥

{a u b — 110CTOSIHHbBIE) YAOBJIETBOPSIET YPABHEHUIO MeNnIonposodHocmu

du _ o0t
a o
3310. Tokasars, uro ecau Gyaxkuusa u = u(x, t) yEOBJIETBOPAET
YPaBHEHUIO TEILIONPOBOLHOCTH (cM. 3agauy 3309), To pyHKIUA

x?
S Wver u(i —_1_) (t > 0)

aJt azt’ a‘t

TAKKe YIOBJIETBOPSET 3TOMY YDPABHEHUIO.
3311. [doxazarb, 4To GYHKLIUA

u=

~ =

?

rner= J(x-a)?+(y-b)2+(z-c)?, ynosaersopser npur # 0 ypas-
HeHnuto Jlannaca

dPu  dPu 4 d'u _ o

A= SEtoa e
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3312. [Tokaaars, 4To ecau GYHKUUA U = u(X, Yy, 2) YAOBJIETBOPsIeT
ypaBHeHuo Jlansaca (cM. 3agauy 3311), To QyHKLUA

2 2
o= lu(k_x 2y ’12_2)

1
ro\r2’ rt’ rt

TAe B — ToCTOAHHASA U I' = /X2 + y? + 22 | TaKIKe YAOBIETBOPSET 3TO-
MY YpaBHEHUIO.

3313. [Iokasarb, 4TO0 QPYHKLIUSA
Cie?"+Cyer

’

r

rae r= Jx?+y?+ 2% uC,, C, — nocrosiHHble, yAOBJIETBOPSLT Ypae-
Henuw I'envmzonvya

2
= = a“u.
Jx? dy? d22

3314. ycrs GyHKUMUY Uy = U (X, Y, 2) U Uy, = Uy(X, Y, 2) YIOB-
JIETBOPAIOT ypaBHeHUIo Jlaniaca Au = 0.
Hoxasars, uro QPYHKIUA

=uy(x, y, 2) + (2% + y* + 2Huy(x, y, 2)
YOOBJIETBOPsieT 6uzapMOHUYECKOMY YPABHEHUIO
A(AV) = 0.

3315. Ilycrs f(x, Y, 2) ects m pas3 gudpdepesuupyemas oqHOPO-
Hasl QyHKUUSA U3MePeHus n.
Hoxasartb, 4TO

(x,i + yi + z:a-)m flx,y,2)=n(n - 1...(n -~ m + Df(x, y, 2).
dy Jdz
3316. YupocTuTh BhIDAXKEHUE
Jz
sec x 5

0z
— +secy =,
x y Jdy

ecau
z=sin y + f(sin x — sin y),

rae f — auddepediupyeMas GyHKIUA.
3317. Ilokasarb, 4T0 GYyHKUUSA

= i(2),
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rae f — npousBoJbHas auddepenuupyeMas GYHKUIUsSA, YIOBIETBO-
pAET YPaBHEHUIO

3318. Ilokasars, 4TO
2= yfx® -y,

rge f — npousBoJsbHas guddepeHnupyeMada GyHKUUSA, YIOBJIETBO-
pdeT ypaBHEHUIO

202 dz _
Y= o + xy 2 xz.
3319. YpocTuTs BhIpaskeHue
ou Ju Ju
- + — + vt 3y
ox  Jdy 0z
ecnau

1

u:
12

xt - éx"’(y +2z)+ %xz’yz + fly—x, z — x),
rae f — nuddepeHuupyeMas QYHKIUA.
3320. ITycrs

x% =vw, y? = uw, 2% = uv

f(x, y, 2) = F(u, v, w).
Jlokazarb, 4TO
xf, +yf, +2f, =uF, +vF, +wkF, .
IIpexnonarasi, UTo NpOU3BOJbHBIE PYHKIUH @, Y U T. 1. gudde-

PEHIMPYEMBbI JOCTATOUHOE YUCIIO PA3, IPOBEPUTH CIeAYIOLIME DABEH-
cTBa:

3321.y dz _ x22 = 0, ecam z = O(x? + y?).
Jx Jy

3322. xz%z- - 32 +y?=0,ecnuz= y_ + o(xy).
x2
3323. (x* - )rjz y(;; = xyz, ecm z = ey(p[yeiﬁj .
ox

3324. x%t_t +ocy‘)u +[32—— = nu, ecm»xu—x(p(-%, ﬁ)
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3325.x@- er(,22 +z?—” =u+£2,ecnnu=£91nx+x(p(g,5),
ox oy d9z 2 Coz x’ x

3326. 2% = 222 oony u = o(x — at) + W(x + at).

Jt2 Jdx?
3327. %—jci; - 2% + ‘3—2—; =0, ecim u = x¢(x + y) + yy(x + y).
3328. xz% + 2xy£:—al; + yz% =0, ecu u = (p(%) + x\u(%).
3329. x??}% + 2xya%”y + yﬂ'% = n(n - Du,

ecau u = x" (p(‘;/—c) + x1 *”\y(%) .

dud?u _ Judiu -
3330. 3xoxay  dgoxt’ ecan u = @[x + y(y)].

IIyrem mnocaenoBaTelbHOro mauddepeHurPOBAHUSA UCKIIOUYUTD
TIPOU3BOJIbHBIE (PYHKIUAU @ U Y:

3331.z = x + o(xy). 3332. 2 = x(p(é) .

3333. z = (/%2 + y2). 3334.u=o@(x -y, y — 2).
3335. u = ‘P(:f , %) . 3336. 2 = @(x) + W(y).
3337. z = @(x)y(y). 3338. z=@(x +y) +yl(x—y).
3339. 2 = x(p(i) + y\p(;_‘) . 3340. z = g(xy) + “’(5) .

3341. Hailitu npousBOoAHYIO QYHKUUU
2= x%— yz

B Touke M (1, 1) B maunpasnenuu I, cocrasisirouieM yroa o = 60°
C MOJIOKUTEJNLHBIM HanpasjenueMm ocu Ox.
3342. Ha#ity npous3BOAHYI0O QYHKI MU

z=x%—xy +y?

B Touke M (1, 1) B HanpaBJeHUU [, COCTABJISIOIIEM YTOJ O, C IOJO-
JKUTeJbHBIM HallpaBiienueM ocu Ox. B KakoM HanpaBJeHUH 9Ta MPo-
U3BOJHAS UMeeT:
a) HauboJiblliee 3HaAYEHNE; 0) HauMeHbIlIee 3HAUCHUE;
B) paBHa HYJO?
3343. HaiiTt 1pous3BOAHYIO QYHKIUMNA

z=1In(x? + y?)
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B Touke M (x,, Y,) B HanpaBJIeHUU, NEePNEeHAUKYIAPHOM K JUHUH
yPOBH#A, NPOXoJdllleil uepes 9Ty TOUKY.
3344. Haittu npou3BOgHYO GYHKIUHA
-1 (2 + 1)
a? b
e b
J20 )2

TOYKE K KPUBOM:

B TOUKe M( ) 10 HAIIPABJIEeHUIO BHYTPEeHHeH HOpMAaJaUu B 9TOHU

2o,

a? b?
3345. HaiiTu Npou3BOAHYIO QYHKIUU
u=xyz

B rouke M (1, 1, 1) B Hanpasnenuu l{cos a, cos B, cos y}.
Yemy paBeH MOAY.JIb MpajueHra PyHKIUU B 3TOM TouKe?
3346. Haiitu MonyJsib u HanpaBjdeHUe IpagueHra QyHKIUU

1
-
roer= Jx2+y?+ 22, B rouke M, (xq, Yo, 29)-

3347. Onpegenurs yroj MeXXAY I'pagueHTaMu QYHKIIUYU

u= ’

u=x2+y*-2*

B Trouxkax 4 (g, 0, 0) u B (0, &, 0).

3348. Ha cxonbko oranuaercs: B rouke M (1, 2, 2) moaysb rpa-
aveHTa QYHKIUUN

u=x+y-+z
OT MOAYJIsI I'pafuenra QyHKIUN
v=x+y+z+ 0,001 sin (10°7n/x2 + y2 + 22)?

3349. Ilokasate, uTo B Touke M, (X4, Yo, 2o) YTOJ MeKAY Tpafu-
eHTaMu QyHKIMH

u=ax?®+ by® + c2*

v=ax®+ by? + cz* + 2mx + 2ny + 2pz

(a, b, ¢, m, n, p nocroauus u a’ + b + ¢ # 0) cTpeMurcs K HyJIO,
ecau Touka M, yransercst B 6eCKOHEYHOCTb.
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3350. Ilyers u= f(x, y, 2) — gpBaxzabl auddepeHuupyeMas
o 222 D (u
dyuxuusa. Haiitu 502 az( N
JIAIOHIME KOCUHYChI HAaNpaBieHu4 L.
3351. Ilyery u= f(x, y, 2) — pBaxxasl puddepeHLUpPYyeMasa
GYHKIUS U
1, {cos a,, cos By, cos y;}, I, {cos a,, cos B,, cos s},

1, {cos a3, cos B, cos Y3}

) , €CIIl COoS O, cos 3, cos Y — Hampas-

~— TPH B3aMMHO IEePNEHAUKYIAPHBIX HAllPaBJIEHUA.
HoxasaTth, UTO:

du)? E)u)z (E)u)z _ é)u)z (au)z (au)z
u)® ()" ()T _ (du)T y fou)T  (duN*,
2) (azl) (az2 al, (E)x oy 22

u | 9% 9w _dhu % . 0%

aE ek il Oxz 0y2 022
3352. Ilycts u = u(x, y) — nuddepenupyemas GyHKIUA U IPKU

y = x* umMeeM

u(x,y)=1 u a_u = x.
Jdx

. du 2
H = = x“
ayTH % npu y
3353. Ilyers dpyHKIUA u = u(x, y) yAOBJIETBOPAET YPaBHEHUIO

02w _ 22w _

dx?  Jy?
1, KpOMe TOr'0, CIAeAYIOLIUM YCIOBUAM:
u(x, 2x)=x, u,(x, 2x) = x%
Haittu uy, (x, 2x), uy, (x, 2x), u;, (x, 2x).

Ilonarasa z = z(x, y), pellIuTh CJAeAYIOL(Me YPABHEHUA:

9% _ 0% _ anz _
3354. P 0. 3355. 3%y . 3356. o 0.
3357. Ilonarast u = u(x, Yy, 2), PEIIUTb YPaBHEHUE

0%u  _
Jxdyodz

3358. Haiitu pemlenue z = 2(x, y) ypaBHeHUsA

02 _ 2
3 x* + 2y,

yIOBJIEeTBOpAIOlee YCAOBUIO 2(x, x%) = 1,
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3359. Haiitu pemenue z = z(x, y) ypaBHEHUA
9’z _ g
dy? ’
yaosieTBopswomee yearopusam: z(x, 0) =1, z,(x, 0) = x.
3360. Hatitu pemenue z = 2(x, y) ypaBHeHUs
2z
dxdy

=x+y,

yIoBJIeTBOpAIOLIee yeaosuamM: z(x, 0) = x, z(0, y) = y2.

§ 3. MuddepennupoBanue HEeABHBIX (PyHKIUMI

1. Teopema cywmecrsosanua. Ecnu: 1) pyaknua F(x, y, 2) obpaimaercs

B HYJIb B HEKOTOPO# TOUKe A'o (x0s Yo» 20)s 2) F(x, y, 2) u F (x, y, 2) onpege-

JieHbl ¥ HeIlPpePBIBHBI B OKPECTHOCTU TOUKU f{o; 3) F, (xq, Yo, 20) # 0, TO
B HEKOTOPOI AOCTATOUHO MaJIof OKPECTHOCTHU TOUKY Ay(X,, Y) CYLECTBYeT
e{MHCTBEHHAS OJAHO3HAYHAS HenpepbiBHAS OYHKI U
2= f(x, y), 1)
VAOBJETBOPAIONIAA YPABHEHUIO
F(x,y,2)=0

U Takas, 4T0 2, = f{X,, Yo)-

2. Inddepennupyemocts HeasHoli ¢yuxuuu. Ecnu, csepx Toro,
4) pynxkuua F(x, y, 2) pubdepeHnupyeMa B OKPECTHOCTU TOYKU
50 (X0s Yo» 20)» TO dyHruusa (1) auddepeHuupyeMa B OKPECTHOCTH TOUKHU

dz 0z

Ag(x9, Yo) U €€ TPOU3BOJHBIE o u b MOr'yT ObITH HaMZIEHBI U3 ypaBHEHUH
Yy
oF | JF0z oF | dF9z
= + == =0, = 4+ === =0. 2
dx  Jdzox dy  dzdy @)

Ecau dyukuus F(x, y, 2) suddepernupyema A0CTaTOYHOE YUCIO pas, TO
rmocjaenoBaTebHBIM gudhepeHI MPOBAH UeM PABEeHCTB (2) BBIYUCIAIOTCA TAK-
JKe MMPOU3BOJAHBIE BBICUIUX MOPAAKOB OT QYHKUUU 2.

3. HesaBHble (yHKIMH, ompeneiseMble cHucreMou ypaBHeHmii. IIyctb
Qyuxnuu Fi(xy, ..., X5 Yy, o5 Yp) (i =1, 2, ..., n) yIOBIETBOPAIOT CleAYIO-
I ¥M YCJOBUAM:

1) obpaiatorca B Hyab B TOUKE Ao (X109 «+os Xpos Y100 ++0s Yno)s

2) nudPepeHIUpyeMbl B OKPECTHOCTH TOUKU AO;

&F,, ..., F)

- # 0 B Touxe A,.
Y1 - Yn) Ao

3) GyHKUMOHANLHBINA ONIPEAESIUTENb
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B rakom cnyuae cucTema ypaBHeHHUU
Fi(xl’ ey xm; Y1y oees yn) =0 (L = 1» 2’ ceey ﬂ) (3)
OJHO3HAYHO ONpejeAeT B HEKOTOPOH OKPECTHOCTH TOUKU Ay(X g, +-vs Xpyp)
cuctemy gudpepeHIIUPYeMBbIX PyHKIUIT
yi=f(xy, oo x,) (=1, 2, ..., n),
VAOBJETBOPAIOIUX YPABHEHUAM (3) U HAYAIBHBIM YCIOBUAM
X1y ooy Xpmo) = Yo (i=1,2, ..., 0)
MupdepeHiiuanbl 3TUX HEABHBIX (DYHKII ML MOTYT 6bITh HAHJ@HbI U3 CHC-
TEMBI
m n
()F oF
’d i+ Z ’d Y =
i=1
(i=1,2,.. m
3361. Ilokasars, 4To paspbIBHASA B KAXKAON TOUKe QyHKyua /Jupuxie

y = { 1, ecsiui X panoOHAJIBHO,
0, eciu X UppalMOHAJIbHO,

VIOBJIETBOPsieT YPaBHEHUIO
y2—y=0.
3362. Ilycrs dyuxkuusda f(x) onpeneneHa B nuarepnalie (a, b). B ka-
KOM cjlyyae ypaBHeHUe
f(x)y =0

uMeer npu a < X < b efuHCTBEHHOE HenpepriBHOE peuieHue y = 07
3363. Ilycry pyHruuu f(x) u g(x) oupeneseHb! U HeNpepPbIBHBI
B UHTepBaJe (a, b). B kakom ciyuae ypaBHeHue

f(x)y = g(x)

uMeeT B uHTepBane (a, b) eAMHCTBEHHOE HENPePBLIBHOE pellenue?
3364. Ilycrb aHO ypaBHEHUE

xt+yt=1 (1)
U NIYCTh

=yx) (-1<x<1) (2)

— opHo3HauyHadA (PYHKUXA, YEOBJIETBOPAIOIAsl ypaBHeHuUIO (1).
1) Cxonbko ogHO3HaYHBIX PYHKUUN (2) YAOBIETBOpPSAET YpaBHE-
uuio (1)?

U TIpu (hopMynupoBKe 6OILUIMHCTBA 3aaU 3TOr0 pasdjesa 6e3 oroBopoK
MIPEAII0AaraeTcsi, YTO BHIIOJJHEHb! YCJIOBUS CYLLECTBOBAHUA HESIBHBIX (DYHK-
LM ¥ UX COOTBETCTBYIOLIMX MPOU3BOHBIX .



§ 3. HuddepenyupoBanue HeABHbLIX GYHKIH 311

2) CKOJIbKO OIHO3HAUHBIX HENPePHIBHBLIX MyHKIUM (2) ynosaer-
BopseT ypasHenuo (1)?

3) CrOJIBKO 0JHO3HAUHBIX HENPEPBLIBHBIX (pyHKIMI (2) yaoBIeT-
Bopder ypasHeHuio (1), ecou: a) y(0) = 1; 6) y(1) = 0?

3365. [lycTs gano ypasHeHue

xt =y (1)
¥ IyCTh
y=y(x) (-0 <x<+x) (2)

— O HO3HAYHAA PYHKIUA, YIOBJIETBOPAKILAA ypaBHeHnIO (1).

1) Cronbko ogHo3HaunbIx GyHKIMI (2) yAOBIETBOPSAET ypaBHe-
nuio (1)?

2) CKOJIbKO OlHO3HAUHBIX HENIPEPHIBHBLIX (PYHKUU (2) yaosier-
BopsaeT ypasuenuio (1)?

3) CkoubKO OnHO3HAUHBIX AubPepeHIupyeMbIX (PYHKIMHA (2)
yIOBJIeTBOPsieT ypaBHenuio (1)?

4) CKOJIbKO OJJHO3HAUHBIX HENPEePHIBHBIX MyHKIU (2) ynoBier-
popser ypasuenumwo (1), ecnu: a) y(1) = 1; 6) y(0) = 0?

5) CkOoNbKO OJHO3HAYHBIX HENPEpBHIBHBIX QYHKUME y = y(x)
(1 -8 <x <1+ 398) ynoBnersopser ypasuenuio (1), ecmn y(1) =1 u d
JOCTATOYHO MAJo?

3366. YpaBHenue

x4yt =xt 4yt
onpejesaeT J KaK MHOIMOBHAUHYI0 hyHKIMIO OT X. B kakux obnacrax
ara pyurnusa: 1) ofHo3HauHa, 2) ABy3HAUYHA, 3) Tpex3HauHa, 4) de-
ThIpEX3HaUYHAa?

OnpesesuTh TOUKY BETBJIEHUA 3T0M DYHKIIUU U ee OHO3HAUHbIE
HenpepbIBHbIE BETBH,

3367. OnpenesayuTs TOYUKU BETBJIEHUA 1 HEIIPEPHIBHbBIE OAHO3HAY-
Hble BeTBU i = y(x) (-1 < x < 1) mHorosHauyHol GyHKUIUH Y, onpe-
neysgeMoil ypaBHeHUEM

(x + y?)? = x% - y2.

3368. Ilycts f(x) HenpepriBHA NpH @ < x < b 1 O(y) MOHOTOHHO
BO3pacTaeT ¥ HeNpepbiBHA IIpH ¢ < iy < d. B KakoM ciyuae ypaBHeHUe
o(y) = f(x)

oIlpepessieT OMHOZHAUHYIO DYHKIIMIO

Y=o (f(x)?

PaccmoTpeTs mpuMmepsl: a) sin y + sh y = x; 6) e = —sin? x.
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3369. Ilycrs
x=y+ oy, (1)

rae @(0) =0 u [o'(y)| < k< 1 mpn —a < y < a. [lokasark, 4TO IpH
—€ < X <€ CyLecTByeT eANHCTBeHHAA fuddepeHupyeMas PyHKIIUA
y = y(x), yaoBneTBopsaomana ypapuenuto (1), u Takas, uro y(0) = 0.
3370. llycrs y = y(x) — HeaBHax QyHKIUA, OIpeleslsieMasi ypaB-
HEeHUeM
x=ky + oy),

rpe nocrosauuasa kB # 0, u o(y) — puddepenupyemas nepuoguye-
ckaa GyHKIMA mepuoAa o rakasd, uro |’ (y)| < |k|. Hoxasars, uro

X
=Xy
y=3 T,
rae Y(x) — nepuoguueckas GyHKIMA ¢ IepuoAoM |k|w.

Haittu vy’ u y” paa GysRmuil Y, oupelenseMblX CleqyIOI[UMK
VPaBHEHUAMU:

3371. x% + 2xy — y% = a?.

3372. InJx2+y2 = arctg% .

3373.y —esiny=x (0<e<1).

3374. x¥ = y* (x Z y).

3375.y = 2x arctg% .

3376. [lokaszaTh, 4TO ecau
1+xy==~k(x-y),
rge B — MOCTOSIHHAA BEJIMYMHA, TO UMEET MECTO PABEHCTBO

dx_ _ _dy
1+x2 1+y?’

3377. Morasars, 4TO eciu
Py’ +x2+y?-1=0,
ro npu xy > 0 umeer MeCcTO paBEHCTBO
dx + dy
1-xt  J1-y
3378. [lokazarb, uTo ypaBHEHUE

(** +y’) = a’(x* -y (a#0)

= 0.

B OKpecTHOCTH TOUKHU x = 0, y = 0 onpegenser nBe suddepenupye-
Mble DyHKImE: Y = yy(x) # y = Yy(x). Haitut ) (0) u y} (0).
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3379. Hatitu ¥’ npu x = 0 n y = 0, ecan
(2% + yH? = 3x%y - o,
3380. Haittut i/, ¥’ u y’”, ecnn x% + xy + y? = 3.
3381.Hatttu iy, ' ny” upu x =0, y= 1, ecan
xX-xy+2y2+x-y—-1=0.
3382. Noxazars, 4TO A KPUBOX 2-T0 mopsajka

ax® + 2bxy + cy® + 2dx + 2ey + f =0

£} 1] o

Hna dysknuy z = 2(x, y) HaiTH YacTHbIe IPOU3BOAHLIE IEPBOr0
¥ BTOPOTO IOPAJKOB, €CJIU:

3383. x% + y? + 22 = .

3384. 2° — 8xyz = a’.

3385. x +y +z=¢%

3386. 2 = JJxZ-y? - tg—=%

CIIpaBeAJINBO PABEHCTBO

3387.x +y+z=etvta,
3388. Ilycrs
2+ y*+22-3xyz=0 1)

fx, y, 2) = xy?23.
Hagiru: a) f. (1, 1, 1), eciin 2 = 2(x, y) ecTs HeaABHAA QyHKUM,
onpegnensemas ypapuenuem (1); 6) fi (1, 1, 1), ecaim y = y(x, 2) ectsb
HeABHAA (PYHKIUA, onpenenseMas ypaBienueM (1). O6bacuurs, no-

yeMy 9TH IIPOM3BOJHBIE PA3JIMYHBI.

v (’)22 822 022 — = — =
3389. Hairtu P %35 g2 npu x =1,y 2,z=1, ecau

x?+ 2y +322+xy—2-9=0.
Haittu dz u d?z, ecan:
%2 2 g2
3390. 5 + & + Z -
3391.xyz=x+y+ 2.
3392. X =1n £ +1.
z Y
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3393.z2=x + arctgz—"ﬂ; .

3394. Haitru du, ecin u® — 3(x + y)u? + 22 = 0.

3395Ham‘naa,ecnnF(x+y+zx+y + 2% =0.
0z dz _ _ _ _

3396. Haitru 5 K 5 eciu F(x -y, y—2,2—-x)=0.

3397. Haittu % dz n—,ecnnF(x,x+y,x+y+z)
ox’ dy = Jx?

3398. Haiiru:

1) 8 2, ecnn F(xz, yz) =

2)d%z, ectm: a) F(x + 2z, y + 2) = 0; 6) F(f , g) =0.

3399. IIycrs 2 = 2(x, y) — Ta nuddepeHnupyemas GyHKIUA, OI-
penendeMasi ypaBHeHHEM

23—xz+y=0,

KoTopad mpu X = 3, y = —2 NpuUHUMaeT 3Hauyenme z = 2. Haiiru
dz(3, -2) u d?z(3, —2).
3400. IIycrs x = x(y, 2), y =y (x, 2), 2= z(x, y) — byurIMH,
onpexesiemble ypaBHeunem F(x, y, z) =
Jokasarts, 4TO
0x y 0z _ _
dy dz dx
3401. Haiitu %’;‘ u %,ecnnx+y+z=0, x2+y?t+22=1.
3402. Haiitn:
dx dy diz . dvy
2) dz’' dz’' dx? " dz?

x2+y2=-;—z2,x+y+z=2;

,apu x= 1, y= -1, z= 2, ecin

du du Jv
ox’ ay dx
3403. Cucrema ypaBHeHnn

,ecm/Ixu~yv=0 yu + xv = 1.

ye! v - 2 = 2x

xe' U+ 2uuv =1,
1+v

onpegensaer guddepennupyembre GyHKIUK U = U (X, Y) 1 U = v(X, )
rakue, 9to u(l, 2) =0 un v (1, 2) = 0. Haitru du (1, 2) u dv (1, 2).
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3404. Haiitu du, dv, d?u u d%v, ecnu

utv=x+y, si.nu =X,
sinv y
3405. Haittut du, dv, duun d®vopux=1,y=1,u=0,v= g,
ecan
L v X z v y
e* cos - = =, e¥sin - = —,
y o2 J2
3406. IIycTn

x=t+tLy=+t4z=1"+1"

dy dz dy  d’z
Hairn 20, 700 a2 Mt

3407. B kaxoit o6nactu niaockoctu Oxy cuCTeMa ypaBHeHUI
x=u+v,y=u+v? z=ud+0%

rje mapaMerpbl 4 M U INIPUHUMAIOT BCEBO3MOXKHBIE BEIE@CTBEHHbBIE
3HAYEHNS, onpenenae'r z KaK QYHKIUIO OT mepeMeHHBIX x u y? Haii-

™ nponsaom{me n 92
e
3408. Haﬁ’m.
a) = dz ()~x B TouKe u =1, v =1, ecau
ox a
x=u+Inv,
y=v-—Inu,
z2=2u+v;
)_Q_x B TOUKE U = 2, V= 1, ecin
=u + v
{y =u? -5,
z=2uv;
d2z

B) — et ecan
X = CoS (p cos Y, Yy = cos ¢ sin y, 2 = sin @.
d?z  J2z 0%z
3409. Haitru —= 2%’ Jxoy u R ecan

X=ucosv,y=usinv, 2=0v.



316 PA3JIEJ VI. [U®d. NICYUCIEHUE ®YHKIUN HECKOJIBKUX IEPEMEHHBIX

3410. Ilycrs hpyuruMa 2 = 2(X, y) opeJensaeTcs CUCTEMON ypaB-
HeHUi:
X =e"t?,
{y e
z=uv
(un v — napamerpsl). Hafitu dz u d’zmpu u =0 u v = 0.
Jdz 9%z

3411. Haiitu B u 3es ecan

z2=x%+y?
rje y = y(x) ollpexensaerca U3 ypaBHeHUH
x-xy+y?=1.

3412. Haittn du py du , ecyu
Jx  dy

®

+
u= ,
+

n

<
n

rie z oupefesnseTcad U3 ypaBHEHUS
ze® = xe* + ye.
3413. IlycTh ypaBHeHusA
x = o(u, v), y = y(u, v), 2= x(u, v)

onpexesAlOT 2 Kak hyHruuio or x n y. Haiitn dz n dz .

Jx  Jdy
3414. Ilycrs
x =@, v), ¥y = Yu, v).

Haittu yacTHble IPOU3BOAHBIE IEPBOTO Y BTOPOTO MOPALKOB OT 00-
paTHBIX QYHKLIUI: u = u(x, y) u v = v(x, Y).

3415. Hairr 0%, %% v v

Ty Ty Ty Ny cau:
%’ 9y’ 9x’ oy’ T

ayx=ucos 2, y=usin ;
u u

6)x=e“+usinv, y=e“— ucosv.

3416. Dynruua u = u(x) oupeaesaercs CUCTeMOM ypaBHeHU

u=f(x, y, 2),

g(x’ y9 Z) = 09

h(x,y, x)=0.
Haiiru du u d2u

dx  dx?’
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3417. dyuxuua u = u(x, y) onpeensercd CUCTeMON ypaBHeHu
u=f(x, y, 2, t),

gy, 2,8 =0
h(z,t)=0
Haiitn %)E u 3—:
3418. Ilycrs
x = f(u, v, w), y = glu, v, w), z= h(u, v, w).
au du
Han'm ay 1/1 az
3419. dyHKIUA 2 = 2(X, Y) yAOBIETBOPAET CUCTEME YpaBHEHUH
f(x:y: Z, t)=0
g(x,y,21)=0

rae t — IepeMeHHsI napamerp. Haiitu dz.

3420. Ilycrs u = f(2), rie 2 — HeABHAA GYHKIMA OT IepeMeHHbIX
X U Yy, oupeneaseMas ypaBHeHueM z = x + yo(z).

Joxkasarts opmyay Jazpanxa

"u _ d nol
= W{[ (2)] }

Yrkazaunwue. Horazats Gopmyay aaa n = 1 U IpUMEHHUTH MeTOJ Ma-
TeMaTHYeCKON HHAYKIIHH.
3421. Tlokasars, uto pyHKUUA 2 = 2(X, Y), ollpedendeMas ypas-
HEeHUeM
d(x—az, y—b2)=0, 1)

rae ® (u, v) — npoussoabHad auddepenupyeMasa GyHKIUA OT 1Ie-
pEeMeHHbIX u U U (a 1 b — IOCTOAHHbIE), ABIAETCA pelIeHUeM ypPaB-
HeHUud
aa—z +0%Z =1,
dy
BriscHUTH FreoMeTpHUUECKHE CBOICTBA moBepXHoCcTH (1).
3422. Tlokasatrs, uro byHKIUS 2 = 2(x, J), OIpeAesgeMasa ypas-
HEeHUueM
(D(x—x(,,y~yo)=0’ (2)
Z2-2zy z-2,
rae ® (u, v) — npousBosbHAA gudpdepeHnupyemas QyHKIHUA OT Me-
peMEeHHBIX U U U, YAOBJIETBOPAET YPAaBHEHUIO

(x - xo)az +(y - yo)g—lz/' =2~ 2.

BoisicHUTH FeOMeTpHUUECKHE CBOMCTBA IOBEpXHOCTH (2).
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3423. Ilokasath, UTO pYHKIUA 2 = Z (X, Y), onIpefensemMas ypas-
HEHUEM
ax + by + cz = ® (2% + y? + 2%), (3)
rae ¢(u) — npousBosbHaa nuddepennupyemas GYHKIIUA OT IEpe-
MeHHOM U U a, b U ¢ — IOCTOAHHBIE, YAOBIETBOPAET YPaBHEHUIO

) dz

(cy - bz)dz + (az — cx % = bx — ay.

BriacHuTh TeomeTpuuecKue CBoOHCTBa MOBEPXHOCTH (3).
3424. ®yuruua z = 2(x, y) 3ajaHa ypaBHEHHEM

x2+y2+zz=yf(§).

ITokasaTsk, uTo

) 0z 0z

(x?—y? - 22 5ot 2xy = 2xz.

3425. ®yuknusa z = 2(x, y) 3ajaHa ypaBHEHUEM

Fix+zylL,y+zx)=0
IToxasars, uro

ax ya =2z - Xy.

3426. Iloxkasarb, uTo QYHKIHA 2 = 2(X, Y), onpefenaeMas CHUC-
TEeMOH ypaBHEHMIL:
xcoso+ ysino+Inz=f(o),
—x sin o+ y cos o = f'(0),

rae o = o{x, y) — nepeMeHHbIN napamerp u f(0) — IPOU3BOJALHAA
nubdepenuypyeMas GyHKIUA, YIOBJIETBOPAET YPABHEHWUIO

(2 (2] -
dx Jdy

3427. IToxkazarb, UTO PYyHKUMA 2 = 2(X, Y), 3afaHHAA CUCTEMOH
ypaBHEHUIL:

[z=OLx+ ,&L + f(o),
— v _ Y ’
0=x = + f'(0),
YIOBJIeTBOpAET ypaBHEHUIO
020z _

dxdy
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3428. ITorkasaTb, uTo PyHKIMA 2 = 2(X, ), 3alaHHas ypaBHEHUAMU

[z — A = x2(y% ~ o),
% [z ~ f()]f () = cux?,

yAOBJIETBOPAET YPDABHEHHNIO

dzdz _
dxdy Y-

3429. Tloxazars, uto QyHKIMA 2 = 2(X, ), 3aJaHHas YPaBHEHUAMU
{z = ox + yo(o) + y(a),
0=x+y¢'(a) + v(o),
yIOBJIETBOPAET YPABHEHUIO
2z 0% (22} g
dx2 Jy? dxdy
3430. Ilokasars, uTo HeaBHaA GYHKIUA 2 = 2(x, y), openende-
Masa ypaBHEHUEM

y = x¢(2) + y(2),
YZAOBJIETBOPAET YPaBHEHHIO

(az) d2z 26282 d2z +(az) d2%z
dy) ox? 0xdy dxdy ax) oyt

§ 4. 3ameHa nmepeMeHHBIX

1. 3amena nepeMeHHbIX B BbIPAXXEeHMM, coaepKauem o6bmuosem{ue
npounssoausie. IlycTs B auddepeHuaibHOM BhIpaXKeHUU
A=®(x, Yy, Yy » Yo )

TpebyeTcsi MepeiTH K HOBBIM NepeMeHHBIM: I — He3aBUCHUMOIl ITepeMeHHO
U u — (PYHKI YU, CBA3aHHBIM C IPEXHUMU ITepeMEeHHBIMH X U §J YpDABHEHUAMU

x = f(¢, u), y = g(¢, w). 1)
Huddeperuupys ypaBsaenus (1), 6yaem umers:

g, 98,

=4+ =2y

v, = Jot Ju !

¥ Df of u, '
Du

AHaJOrMYHO BHIPAXKAIOTCSA BHICIUME IPOU3BOJAHBIE ¥}, , ... B pedyabTare Mbl

nony4aeM
A=0(, u, uy , uy, .0
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2. 3amMeHa He3aBHCHMMBIX II€PEMeHHBIX B BbIPAXKEHMH, COAepIKauem
yacTHbIe nponasoaHbie. Ecau B qudepeHUanbHOM BhipaXKeHUU

Jdz dz 9%z dJ2z J?z )
B=F X, Y, 2y ™, 7, Cer
( Y2 0% 3y’ 9%t axdy’ 9y°
TIONOMKUTH
x = f(u, v), y = g(u, v), (2)
IZie U ¥ U — HOBbIE HE3aBUCHUMBIE IeDEMeHHbIe, TO TOCNEe0BATEbHAIE HACT-
HbIe TTIPOV3BOJHBIE 2—2 , % , ... OTIPEJIENUAIOTCA U3 CNEAYIOUIUX YDABHEHMH:
dx’ dy

0z _029f , 2208

du  dydu ()J()u

0z _ 020 , 0208

Jdv  Ixdv  Jydv’
M T. .

3. 3aMeHa HE3aBHCHMMBIX IepeMeHHbIX U (DYHKUHM B BHIPAIKEHMH, CO-~
JepaKaueM 4YacTHble ITPOM3BOAHbIe. B Gosee obueM caydae, eciau umeeMm
YpaBHEHUS

x = f(u, v, w), y = g(u, v, w), 2= h(u, v, w), (3)
rjge u, U — HOBble HE3aBUCUMble lepeMenHble U W = w(u, v) — HoBask PYHK-
u¥d, TO I YaCTHBIX NPOUSBOAHBIX 3——?( , 3—; , ... IIOIy4aeM Taxue ypaBHe-
HUA:

D, Aw) , (%, dde) _ 3k, D

0x\du  Jwdu y\du  Jwdu Ju  Jwiu’

D2(0f | 1w}, dx(dk , Dedu) b, Dhd

dx\dv  Jdw v y\dv  Jwdv v Jwdv
U T. II.

B HeKOTOpBIX Cyyasx 3aMeHbI IePEeMEHHBIX YA00OHO I0JIb30BATLCS 0=
HBIMU gudepeHIIMaTaMU.

3431. IIpeobpaszoBars ypaBHeHUe
y/yn/ . 3y//2 — x’

NIIPUHSAB J 32 HOBYIO I€PEMEHHYIO.
3432. Takum ke o6paszom npeocbpaszoBaTh ypaBHeHHe

y/ZyIV . 10y/ 4 /// + 15J//'3 _ O
3433. IIpeobpasoBaTh ypaBHeHHE

7 2/ j—
y'ryty 0,

NpUHAB X 38 QYHKIUIO U ¢ = XJ — 3a He3aBUCUMOE IIepeMeHHoe.
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BBoxs HOBBLIE IepeMeHHBIE, IPE0OPa’0BaTh CaeAYyIOINe OObIKHO-
BeHHble fudPepeHIHaIbHbIE YPDABHEHUA!

3434. x%y” + xy’ + y =0, ecnz x = &',
_ 6y _
3435. y" = o5 ecan t = In |x].
3436. (1 — x¥)y” — xy’ + n’y = 0, ecau x = cos t.
17 ’ m2 _ _ t
3437.y”" + y th x + el 0, eci x = 1n th.

—1jxp @) d&
3438. y” + p(x)y’ + g(x)y =0, ecau y = ue " , rae p(x) € CD,
3439. x'y” + xyy’ — 2y* = 0, eciz x = €' ny—ue t rae u = u(t).

3440. (1 + x¥)%y" =y, ecin x=tgtu y = _05 , rae u = u(t).
C

3441. (1 - x¥)?%y”’ = -y, eciux =th t m y = i , The u = u(t).

3442. v +(x+y)(1 + )’ =0,ecimx =u+tuy =u—t, rae u = u(t).
3443. " - 2Py’ + xy’ —y =0, echin x = —1— ny= % , Toe u = u(t).
3444, ITpeobpasosars ypagHeHue Cmoxca
"y Ay
T map(x- b

mojyarasa

u———L t—ln.x a

x-b

U NpUHUMAAd U 3a QYHKIIUIO TIE€PEMEHHOH ¢.

3445, TlokasaTh, 4UTO €CJI¥ YpaBHEHHE

5;% + p(x)—*‘i + qlx)y =

nnpeo6pasoBaTh NOACTAHOBKOH x = () B ypaBHeHMe

+ P(E.,)—ﬂ +QE)y =

2

dﬁ,z
TO
[2PERE) + FEONQE] ¢ = [2p(x)a(x) + ¢(X)q(x)] 2.

3446. B ypaBHeHUH
Oy, ¥, y)=0
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rae @ — oxgHOpOAHAA QYHKUMA IEePEMEHHBIX U, I, y”’, TOJOXKHUTD
Ju dx
y — e X,
3447. B ypaBHenun

F(x*y", xy’, y) =0

rae F — opgHopoxHas GYHKIMA CBOMX apryMEHTOB, MOJOXKHTH

r

u=x¥L.
3448. [loxasaTh, yTO ypaBHEHME
v’ +yH -3yy*=0
He MeHseT CBOero BHUJA IIPY roMorpaduuecKoM IpeodpasoBaHuu
_ agrbmrey _ a,&+bym+cy
ak+bn+c ’ at+bn+c

Yrxasaunwue. JJaHnoe npeo6pa3oBaHne NPEeACTABUTL B BUAE KOMIIO3H-
MK TIPOCTEeHIINX Npeobpa3oBaHmit:
x=0X+BY+y, y=Y;
1 Y,

=—, Y=
X, x,’

X, =al+bn+e, Y, =at+bm+ec,

3449. [loxasaTp, 4TO WEAPUUAH

_ X"ty _ 3[x"(t)
S[x(8)] (t) 2[ (t)]

He MEHsAET CBOEr0o 3HAUEHUA NIPU JPOOGHO-THHEHHOM I1peoOpasoBaHmu:

y=950+b g pe = 0).

cx(t)+d

IIpeo6pasoBaTs K IOJAPHBIM KOOPAWHATAM r M (), Iojaras
X =rcos @, y=rsin @, ciaenyomnye ypaBHeHHA:
3450, Y = £+y
dx x-y

3451. (xy’ — y)? = 2xy(1 + y’?).

3452. (2% + y¥’y” = (x + yy')°.

3453. IIpeobpa3oBaTh K NOJAPHBIM KOOPAUHATAM BbIPAXKEHUE
xt+yy
xy' -y
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3454. KpuBH3HY IJIOCKOH KPUBOK

K = | Yix

3
N
(I+y')?
BBIPA3UTH B IOJAPHBIX KOOPAUHATAX I U Q.
3455. B cucreMe ypaBHEHUI

dx
dt

nepeﬁ'rn K TIOJIAPHBIM KOOpAXHAaTaM.
3456. IIpeobpas3osaTh BhHIpaXKeHUe

_ x__y ydzx
dt? dat?

=y + kx(«® + y?), % = —x + ky(x% + y?)

»

BBeAA HOBble QyHKUuM r= Jx? + y2, ¢ = arctg E .

3457. B npeobpasosanuu Jexwandpa xaxxmoit Touke (x, Y) KpH-
BO# y = y(x) cTaBUTCA B cooTBeTcTBHE TOuKa (X, Y), rae

X=y,Y=xy-y.
Havitu Y, Y’ n Y.

BBoxs HOBBIE He3aBHCHMBIE II€pPEMeHHBIE & 1 1), DEIIUTD CIeAYIO-
1mye ypaBHeHUA:
3458. .()2 = %,ecnn§=x+ynn=x—y.
C
3459. y ()Z ng =0,econ £ =xun=x%+y2
y
3460.aa + baz 1(a#0),ecmut=xun=y-— bz

9z Qz— - =Y
3461.xa yo zZ,ecm £ =xun =

HpI/IHI/IMaH U 1 U 3a HOBbI€ HEe3aBMCHMble I1I€EpEMEHHbIE, npe06pa-
30BaTh CJaeAyIole ypaBHEeHUA:

3462. xaz 1+ yz% = Xy, eCJau

u=Inxnv=In(y+ J1+y2).

3463. (x + y) dz _ (x-y 3; 0, ecm

u=1n Jx?+ y? nu=arctg§.
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3464.x§ +ygz zZ+ JxX%2+y?+ 22, ecan

u=Y uv=z+ JxZiy?+z22.
X

3465 xE) Jdz X
" ox

3466.(x+z)2 + (y +z)— =x+y+z, ecan
Jdx

u=x+zuv=y+az.
3467. Ilpeo6pazoBarb BHIPAIKEHUE

dz 0z 2 +
z+eN= t(z+e)= — (" - MY
(e + 9 +(z+ e —( )
[IPHHAB 32 HOBble HE3ABUCHUMBbIE IIepeMeHHbIe

E=y+ze*,=x+ze.

3468. IIpeoOpazoBaTh BEIpaXKeHUe
AN 02\?
() (&)

xX=uv, y= %(uz— v?).

noJsiaras

3469. B ypaBHeHuH

Jdu , Jdu Ju
gu a4 du
ox + dy 0z

IIOJIOXKHUTDH
E=x,n=y-xL=2z-x
3470. Ilpeo6pasoBars ypaBHeHne
(x - Z)—— +y2 a =0,

NpHHAB X 32 QYHKIUIO, a ¥ ¥ 2 — 3a HE3aBHCHMbIe II€pEeMEHHBIE
3471. Tlpeo6pa3oBaTh ypaBHEHUE

(y—z)g— +(y+z)— =0,

NPUHAB X 32 QPYHKIMIO, & U =Yy — 2, U = | + 2 — 32 HEe3ABUCHMbIE
nepeMeHHbIe.



§ 4. Bamena nepeMeHHBIX 325

3472, IIpeo6pa3oBaTh BbIpaXKeHME
A=) +(3)
ox )’
IPUHAB X 3a QYHKUHIO U U = X2, U= yz — 3a He3aBUCHMbIE Ilepe-

MEHHBIE.
3473. Pemints ypaBHEeHHE

(y+z+u)g +(x+z+u)a” +(x+y+u)——x+y+z,

nonoxuB e* = x —u, e" =y —u, e =z - u.
IlepeiiT K HOBHIM II€pEMEHHBIM U, U, W, rae w = w(u, v), B cle-
AVIOIMX YpaBHEHMAX:

3474 y()Z _ 32

Oy = (y — x)z, ecnu

u=x2+y2,v=i+—!1;,w=lnz—(x+y).

475 *Z 4 202 _ 2
375xax yay 2%, ecsn
u:xyv:_];—l’wzl—l.
y x z x
3476. (xy + %2 + (1 - yHE = x + yz, ecnm
Jdx dy

U=yz—x,0=x2 -y, w=xy — 2.

AN d2\* _ 20z . 0z
3477.(xax) + (y@) zax ay,ecnn

x = ue’, y =ve’, z= we".
3478. IIpeobpas3oBaTs BhIPAXKEHUE

dz az)
x = Rl
( 2K (ax Iy
noJjiaras
u=In Jx?+y?,v=arctgz,w=x+y+z,
rae w = w(u, v).
3479. IIpeo6padoBaTs BBIparKeHME

= 9z Q
T ox " dy

’

noJyaras u = xe’, v = ye’, w = ze’, rpe w = w(u, vL).
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3480. Pewturs ypaBHEeHMEe

au du du _ xy
+y 4 =
ax y dy oz et z

nonomna&=§,n=%,§=z,w=%,I‘Jlew‘—‘w(&,ﬂyﬁ)-

IlpeobpasoBaTs K INOJAPHBIM KOOPAMHATaAM I M (O, noJjaras
X =rcos @, y=rsin @, CiefyiON[He BbIDAXKEHNA:

Ju ou
3481. w = x— Y5
&)u Ju
482. w = .
3482. w x5 yay
u Ju\?
3483. w = (Dx) + (5;) .
d2u azu
3484.w = 5 + 54
20%u J%u 202u
- + 2xy 2% Jiu
3485. w = x*? Fye yax()y +y 5
28 2 d2z 2022 _( 0z az)
- 4+ 2972 = .
3486.w=y s 2xyaxay x e +y8y
3487. IIpeo6pa3oBaTh BeIpasKeHue
_udv _ dud
dxdy  dyox’

TIOJIOXKHUB X = 1 cOS (0, y = r sin @.
3488. Pemtnts ypaBHeHue
u _ o0
a2 9x2’
BBeJil HOBbIe He3aBMCHMBbIE IepEMEHHbIe:
E=x—-at,n=x+ at.

IIpyHAB U ¥ U 32 HOBbIE HE3ABMCHUMbIE IIepEeMeHHbIe, IIpeofpaso-
BATH CJEAYION{ME YPABHEHUS:

()22 d%z _ d2z dz dz
e 4 92 =
3489. 2 ax 55 95°  oa + = 5 0, ecan
u=x+2y+2 m v=x-y-1.
d2z Jz Jz

490. (1 + x° + 1+ yHL2 0z 9z _
3490. ( +x)ax ( y) +xax+yay 0, ecan

u=In(x+ J1+x2) u v=Inly+ J1+y?).
3491. a;v:zg—‘E + 2bxy cyz%:—g =0 (a, b, c— nocroaHHbIE),

ecsu

u=Inx nm v=Iny.
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3492. == 9%z + d?z _ 0, ecin

dx? dy?
- X = —
x2 4 y2 x2+y2’
3493, %2 4 922 4 2, 0, ecan
Ox? Jdy?
x=¢"cosv m y=e"sin .
3494. 2%z _ yazz = 1dz _ 0 (y > 0), ecnu

dx? oy? 20y
u=x—2ﬁ nv=x+2A/;.
3495. x?922 — ;2922 _ 0 ecny

Ox? I
x
u=x u v==,
v Y
2% _ g2y 0% 00%
3496. x By (x? )()xay y Ve 0, ecnu
u=x+ty u v=1 41,
x Y
2/ 02z 0z 0z
. 2 4 y& 4 x%2 =,
3497. xy - (x )a m +xyay2 Y3s xay 0, ecniu
u= %(x +y) m v=xy.
3498. ﬁ%ﬁ - 2x sin yaa() a 2 =0, ecotnt
u=xtg aéi " v=X.
d2z d2z
LxSZ - el =0 (x>0, y>0),
3499 xax2 y0y2 0(x>0,y>0), ecan
’ =w+v)? u y=(u-v)
92z J2
. 1+ =),
3500 3xap ( dy) ecin
u=x m v=Yy-+ 2.
3501. C nomoniplo IMHEAHOK 3aMeHbI
E=x+My,n=x+ Ay
peobpa3oBaTh ypaBHEHUE
9% 2u 92 _
A8x2 dxdy C8y2 0, (1)
rae A, B u C — nocroanssie u AC — B? < 0, k BuAy
d%u  _
d&an

Haiitu obuuit BUA QyHKIMY, YAOBIETBOpAOIIEH ypaBHenuio (1).



328 PABJIEJ V1. I¥®P. UCUMCIEHUE ®PYHKIUYI HECKOJbKUX IIKPEMEHHbBIX

3502. [TloxasaTs, 4TO BUA ypasHeHnus Jlanaaca

AZ:&W_*_E)_Z/Z:O

He MeHAEeTCA MpH JI000I HEeBLIPOMKAEHHON 3aMeHe NepPeMEHHBIX
x=0(u, v), y=v,v),

YIOOBJIETBOPAIONIEN YCIOBUAM:

do _ v 2o __dv
Ju Jv’ Jv ou’

3503. ﬁpeoGpa:sosam YDaBHEHHA:

LN LT, _
a)Au = Tx2 + e ; 6) A(Au) =0,
nosaras u = f(r), rae r= Jx2+y?,

3504. Kaxoif BHJ nIpuMeT ypaBHEHME

32w
g2 3 =0,
dxdy cw=0
ecyny moJIoKUTL W = f(u), rae u = (x — XN Y — yo)?
3505. IIpeoGpasoBaTh BhIpAMKEHUE
A d2%u J2u + Jdu

=28 4 au
Y oxz yaxay ox’

noJsarag
x+y=X, y=XY.
3506. IToxasaTs, YTo ypaBHEHME

d22z 202 3y 02 2.2
a7z 4 9z 4 — oz =
P nya 2(y y)ay+xyz 0

HE MEHAET CBOEro BUaa 1npu npeoGpasoBaHnn II€peMEeHHbIX

X=uv u y=%.

3507. IToxas3aTh, 4YTO ypaBHEHME

d2z )22 J2z
2

dx? dxdy ﬂ =0

He MEHAET CBOEro BUJAa 1npy 3aMeHe IepeMeHHbIX

u=x+z nv=y+z.
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3508. IIpeoSpasoBaTh ypaBHEHME

J2 d2 d2
xya( g yz ayE;Lz * xzalefz

nmonaraa x=n{, y=E&( =z=~E&n.
3509. ITpeobpaszoBars YpaBHEHUE

02z | d2z | 0%z d22 d2z d2z
— + = + —= + +
dx%  0x,0xp  0x;0xz  0xydxg

ox’ 95 ’

moJiarafd Yy = Xg + X3 — Xy, Yy =Xy + X3 — Xy, Y3 = Xy + Xy — X3.
3510. IIpeobpasosaTs ypaBHEHHE

aZ

20%u 20%u 20%u Jd%u u
¢t gu U 4 2xy 2 +2yz 2% =0,
* ox? Ty dy? +e 022 a d * xza 0z 2yzayaz 0

nonaraﬁ§=§,n=§,§=y~z.

Yxasaumne. 3anucath yPAaBHEHUE B BHIE A%u - Au=0, roe
D 2,0

=x— +y— .
4 Tox yay 0z

3511. Bripaxenus
- () ()" ()
A (ax) +(ay) +(az ’

2 2 2
Agu = d%u , Jd%u , J%u
dx? dy? 022
npeobpa3oBaTh K ChepryuecKMM KOOPAUHATAM, MoJaras
x=rsinBcos ¢, y=rsinBsin ¢, z=rcos 6.

YkKaszaHue, 3aMeHy TepeMeHHBIX NPeJCTABUTL B BUAE KOMIIO3HIIAY
ABYX YACTHMYHBIX 3aMeH
x=Rcos@,y=Rsing,z2=2
R=rsin®, o=@, 2= rcos6.

3512, IIpeobpas3oBaTs ypaBHEHUE
d%u  Jd2u 02
(53 +58) = (32~ (Oy) ’

BBeJA HOBYIO (GDYHKLHMIO W ¥ HoJaras w = 22,
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IIpnuAB u m U 32 HOBbIE HE3aBHCHMbIE IIepeMeHHble K W = w(u, V)
3a HOBYIO (PYHKIMIO, ITpeodpa3oBaTh CJenylonue ypaBHeHUA:

3513.y922 4 2% “;,ecnnu=-’5,v=x,w=xz—y.
14

dy? Jy
822 022 022 2
L9429 ¢z = = =Y = 2
351402 aay+az O,ecmmu=x+y, v , W

Jd2z d2z d%z _ _ _
3515'ﬁ+28x8y+0_— O,ecmmu=x+y,v=x—-y,w=xy—2z.

d*z 9%z  dz _ =XHY = XY = e
3516. ax2+axay+ax 2z, ecan u 5 , U 5 W zeY.

3517&—2—02—2+(1+y =0, ecain

" ox? oxdy x) Jdy?
u=x,v=x+y,w=x+y+z.

_ L2922 _ 2
3518. (1 x)ax2+(l %)

d2z 0z 0z

—= =x2£ +y==, ecan
e Cox Y3y

= gin u, y = sin v, 2 = e“.

2,022 d2z dz 1
97z _ 9,92 _ 1,
3519.(1 )ax2 e xi)x y z2=0 (le < 1), ecnin

u= %(y + arccos x), v = %(y — arccos x), w = z4/1 - x2.

£92 _ Dz
(_)__ d3z *ox ay 3(x2+y?)z
3520. 52 + 5% =2t~ ot (K> D, eom

V4

/xz_yz ’

u=x+ty,v=x—yw=

3521. loxasaTs, YyTo BCAKOE YpaBHEeHMe

d2z Jz Oz
+ Vs ____ —
%9 a&)x +b= +¢cz=0

(a, b, ¢ — TMOCTOAHHDIE) TyTeM 3aMeHBI
— +
2= ue** By

rre 0¥ B — I0CTOAHHBIE BEJIMYMHBL U U = u(X, i), MOYKHO IPMBECTH
K BUAY
d%u
dxdy

+ ¢,u = 0 (c; = const).
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3522. Iloxasars, YTO ypaBHEHUE
d%u _ du
Jdx2 oy
He M3MEHsSET CBOEro BHJA IpU 3aMeHe IepeMeHHbIX
2

1 u -+
[ ’
’y =—=,Uu = —e 4y’

4
y y Ju

rae u’ — QYHKUUS NIepeMeHHBIX X' 1 Y.
3523. IIpeobpaszoBaTh ypaBHEHUE

92z a
1+ g%= -0,
q( Q)ox o
rzxep—az q-—iz-,ncmompmu-x+z,v—y+z w=x+y+z
ox oy

cuymurasd, uro w = w(u, v).
3524. Hpeoﬁp}:zosa'rb ypaBHeHUe

292U 202U 20%u _ ( au)2 ( E)u)z ( au)
Uy gty pad U (L OUNT g 0UNT
* Jx? ¥ dy? dz? Yox yay dz) ’
moMoKUB X = €5, y=e", z= €%, u=1e", rme w=w(t, n, ).
3525. ITokasarh, YTO BHUJ YPaBHEHUA

2020% (22} L
dx2 Jy? dxdy

He MeHsleTCs NPU J060M pacipenesieHuy POJIei MeXKy mepeMeHHbl-
MH X, Y U 2.

3526. PeluuTh ypaBHeHue

(az) 92z _ 9029z 9%z (Qg)zgfg -0
dy) ox? dxdy 0xdy dx) oy? ’

NMPUHAB X 32 (PYHKIUIO OT NTEePEMEHHbIX J U 2.
3527. IIpeobpasoBaTh ypaBHEHUE

Jdz dz\)d2z dz dz) d3z dz 92\ d2z
v B el B o
A(E)x ay) ox? dx  dy/ dxdy ¢ dx’ dy 0

IIpUMeHss npeobpasogarnue Jlexandpa

0z dz E)z 0z
X = , Y = + -2,
dx ay 2= yay

rae Z = Z(X, Y).
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§ 5. Teomerpuueckne PUIOKEHNA

1. KacarenpHas npsiMasi M HOpMaJipHas IVIOCKOCTb. YpaBHEHUE Kaca-
meavHoll npamoil K KpuBoi

x=0(), y=w(t), z=x()
B TouKe ee M(x, y, 2) uMeeT BUJ
X-x _Y-y _Z2-2
dx  dy  dz
dt dt dt

VYpaBHeHUE HOPMAALHOL NJAOCKOCMU B 3TOH TOUKE:

dx d dz
ax -+ YWy - G2(7 _y=0.
oy (X - x) 9t Y-y + i (Z-2)=0

2. KacaresibHast IJIOCKOCTh M HOPMaJib. Y paBHEHUE KACAMEeAbHOL NJaL0C-
Kocmu K nmosepxHocTu 2 = f(x, y) B Touke ee M(x, y, z) uMeeT BUJ

dz dz
Z-2==X-x+=( -y.
dx( ) dy( )]
YpaBHeHue HOpmaau B Touke M ecTs

X-x _Y-y _Z-z
dz  dz 1
dx dy

Ecsiu ypaBHeHMe IOBEPXHOCTU 3aJaHO B HesBHOM Buze F(x, y, 2)= 0,
TO COOTBETCTBEHHO UMEeM

IF x - IF v
G R i C

— YpaBHEHHE KaCaTeJbLHOHN IJIOCKOCTH U
X-x _ Y-y _Z-2

oOF ~ oF  oF
Ix % 9z

OF

aZ(Z—Z)ZO

— ypaBHEHUe HopMaJiu.

3. Orubaromas Kpneas ceMeicTBa mwiiockux KpuBbix, Qzubamniyas Kpu-
644 o HOllapaMeTpUYeCcKoro ceMeicTBa KpUBnIX f(x, y, o) = 0 (ot — mapa-
MeTp) YAOBJIETBOPSIET CUCTEME YPAaBHEHUI:

f(x7 ya (X)=O, f(’x (x’ y’ O£)=0'

4. Ornbalomasi IoBepXHOCTh ceMelcTBa mnoBepxHoctei. Qzubawwas no-
6epXHOCMb ONHONADAMETPUUYECKOro ceMelicTBa nosepxHocreit F(x, y, z, o) =0
YAOBNETBOPSET CHCTEME YPaBHEHUIA:

F(x,y,2,0)=0, E(x,y,2 a)=0.
B ciryuae gBynapaMerpudecKoro ceMeiicTsa rnosepxuocreit P(x, y, z, o, ) =0
orubaouas MoBepPXHOCTh YAOBNETBOPSET CAEAYIOUIMM YPaBHEHUAM:
O(x, y, 2, o, B) =0, Dy(x,y, 2, 0 B) =0, dp(x, y, 2, a, p)=0.
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Hanucars ypaBHEHMS KaCaTeJbHBLIX IPAMBIX H HOPMAaJbHBIX
ILJIOCKOCTEH B NAHHBIX TOUKAX K CJEAYIOIIUM KDUBBIM:

3528. x =acosccost,y=asinacost, z=asint; BTouKe t = t,.
3529. x =asin®t, y= b sin t cos t, 2= c cos® t; B Touke t = 2
3530.y = x, z = x?%; B Touxe M(1, 1, 1).
3531. x% + 2% = 10, y* + 2% = 10; B Touxe M(1, 1, 3).
3532. x> +y? + 22 =6, x + y + 2 = 0; B Toure M(1, -2, 1).
3533. Ha xkpugoii
x=t,y=t} z=1¢
HaWTH TOYKY, KacaTeJbHAas B KOTODPOH NapaJiebHa MJIOCKOCTH
x+2y+2=4.
3534. lokasaTb, 4TO KacaTesbHass K BUHTOBOM JINMHUU

/x=acost,y=asint,z=bt

ofpasyeTr ITOCTOAHHBIN yToJI ¢ ochio Oz.
3535. [ToxasaThb, UTO KpUBas
x=aée cost, y=ae'sint, z= ae'
nepecexaeT Bce obpagylomue Kouyca x? + y? = 2° mog ofHUM U TeMm
JKe YIJIOM.
3536. [loxasaTh, UTO JOKCOAPOMA

tg(’—t + H{) = " (k= const),
4 2
Tae ¢ — JoJaroTa, y — IIUPOoTa TOUKHU chepsl, TepeceKkaer BCe MePH-
JUAaHBI c(pepbl o[ MOCTOSHHBIM YIJIOM.

3537. HaiiTu Taurenc yrJa, odpa3oBaHHOIO KacaTeJlbHOU B TOUKe
M (x4, Yy) K KDHUBOH

X—Xg _ Y- Yo
cosa sina ’

z=f(x, y),

rae f — nutbepennupyemas QYHKI A, ¢ IJIOCKOCTLI0 Oxy.
3538. HaiiTu 11pousBOAHYI0 (PYHKIHMH
x

JxZ+y?+ z?

B Touke M(1l, 2, —2) B HanpaBJeHUHN KacaTeJbHOH B 3TOH TOUKe K
KPUBOiL

u=

x=t,y=2£, 2= -2t
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Hanucarh ypaBHEHNS KacaTeJbHOH IIJIOCKOCTH ¥ HOPMAJIX B TOY-
Ke My K cJegyoludM MOBePXHOCTAM:

3539. z = x® + y%; M1, 2, 5).
3540. x% + y? + 22 = 169; My(3, 4, 12).

- Y. n
3541. 2 = arctgL; Mo(l, 1, 4).

3542. ax?® + by? + c22 = 1; My(x, Yo, 20)-
3543.z=y + 1n§; My(1, 1, 1).

X

354427 +2° = 8; My(2, 2, 1).

3545. x = a cos Y cos @, y = b cos ¥ sin @, 2 = ¢ sin y; M (g, Yo)-

3546. x = rcos ¢, y=rsin@, z=rctg a; My(@,, ry)-

3547. x = ucosv, y=usinv, z=av; Myu, v,).

3548. HaiiTu npemeabHoe MOJIOKEeHME KACATEIbHO! IJIOCKOCTH K
MTOBEPXHOCTH:

x=u+v, y=u+v? z=u®+0v

KOrja Touka Kacanus M(u, v) (u # v) HeorpanuueHHo npubiimKaercs
K Touke My(u,, Uy) IMHUU Kpad U = U MOBEPXHOCTH.

3549. Ha noBepxHoCcTH

x4+ 2y% + 322 + 2xy + 2xz + 4yz =8

HafiTu TOUKH, B KOTOPBIX KacaTeIbHble IJIOCKOCTH HapaJiiesibHbl KO-
OPAMHATHBIM IIJIOCKOCTAM.
3550. B Kxakoil Touke aJIUICOUIA

x2? y? 22 _
= + o + = 1
HopMaJh K HeMy ofpasyeT paBHbIE YIJIbI C OCAMU KOODAUHAT?
3551. K nmoBepxHOCTH
x% + 2y + 322 =21
IIPOBECTH KacaTeJdbHbIe MJIOCKOCTH, TapajljieJbHble IIJI0CKOCTH
x+ 4y + 62 =0.
3552. [lokaszaTh, YTO KacaTeJbHbIe MJOCKOCTH K ITOBEPXHOCTHU
xyz = a® (a > 0) 06pasyioT C MIOCKOCTAMM KOODAMHAT TETPAdAP TO-

CTOAHHOTO oObeMa.
3553. [lokasaTrs, UTO KacaTelJibHbl€ IIJIOCKOCTH K ITOBEPXHOCTU

Je+Jy +dz=da (a>0)

OTCEKAIT Ha OCAX KOOPAHMHAT OTPE3KHN, CyMMa KOTOPLIX ITOCTOAHHA.
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3554. [lokasaTh, UTO KacaTeJbHBIE MJIOCKOCTH K KOHYCY

G

IIPOXOJSAT Yepes ero BepIInHY.
3555. [lorkasaTh, 4UTO HOPMAJHU K TOBEPXHOCTU BPAIleHHUA

z=f(Jx*+y?) (f'#0)

IIepeceKaroT oCh BpalileHuH.
3556. HailTy npoeKIny 3JUITUIICOUAA

+yf+z2t-ay=1

Ha KOOPAMHATHBIE NIOCKOCTH.

3557. Kpagpar {0 < x < 1, 0 < y < 1} pas6ur Ha KOHEUHOE YHCJIO
yacreii 6 gnamMeTpa’< §. OLeHHUTL CBEPXY UHCJIO0 8, €CJIM HalpaBJleHus
HopMaJell K IIOBEPXHOCTH

z=1-x%-y*

B JioObIX Toukax P(x, y) u P(x,, y;), IpUHAMJERAIMUX OLHON U TOMU

JKe 4acTH O, OTJANYAIOTCA MeHble YeM Ha 1°.
3558. ITycth

z2=f(x,y), rEe{x, y)€D, (1)

— ypaBHeHHe noBepxHocTu u @(P;, P) — yroy MexJy HOpMAaIIMU
K nosepxHoctH (1) B Toukax P(x, y) € D u P,(x,, y,) € D.

Hoxasars, 4To ecyiu o6JiacTh D orpaHNuYEHA ¥ 3aMKHYTA, 8 QYHK-
uud f(x, y) *MeeT orpaHUYEeHHbIE TPOM3BOAHbIE 2-T0 IIOPsSAKA B 006-
Jacti D, TO CIIpaBeRJINBO HepageHcmao JIanynosa

(p(Pl’ P) < Cp(Ph P), (2)

rae C — nocroanHada u p(P;, P) — paccroanme MexxAy Toukamu P u P,.

3559. ITox, KakuM yTJjoM IepecekaerTca HUAMHAD x2 + y?= ag?
C IOBEPXHOCTHIO bz = xy B obmeit Touke My(xg, Yy, 20)?

3560. ITokazaTh, 4YTO KOOPAUHATHLIE IOBEPXHOCTU CPepUYeCKUX
KoopauHat x2 + y? + 22 =%, y = x tg ¢, x* + y® = 2% tg? 0 nonapwo
OPTOTOHAJBHBI.

3561. ITokasaTts, uTo chepsl

2%+ y?+ 2% =2ax, X2+ y? + 22 = 2by, % + y* + 22 = 2cz

00pasyIoT TPHOPTOTOHANBHYIO CUCTEMY.
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3562. Yepes kaxxayio Touky M(x, Yy, 2) HPOXORAT NIpH A= A,
A=Ay, A = A; TDH TOBEPXHOCTH BTOPOTO MOPANKA:

J_C_Z)g + b2y_2p + c2z_zxz =-1 (@a>b>c>0).

JlokasaThb OPTOrOHANBHOCTDL 9THX IIOBEPXHOCTEMH.

3563. HaiiTu npousaBoaHylo GyHKIUM U = X + Y + 2 B Hampas-
JeHnn BHemHeil Hopmanu chepbl x2 + y? + z2= 1 B ee Touke
My(xg, Yo 2p)- B Kaxklix Toukax cthepbl HoOpMaJbHaA IPOU3BOAHAA
GYHKIIUU U BUMeeT:

a) naubosbiliee 3HaUeHMe, 0O) HaUMeHbIllee 3HAUEeHHeE,
B) paBHA HYJIO?
3564. HaiiTu IpPOM3BOAHYIO Q)ymcuun u=x%+y%+ z* B nanpas-
22

2
JIeHMH BHEIIHeH HopMaJiu 9Jmuncor/ma -— + l% = =1Berorouxe
(4

My(xy, Yo, 2¢)-
3565. ITycTh — du u — HOpMAaJIbHbI€ TPOU3BOAHbIE DYHKIIUH U

on  on
4 U B TOUKE nosepxaoc'm F(x, y, z) = 0. Jokasars, 4TO
Ju du
= = +
(uv) u= I Uan

Hafitu ormbaloniye ofHomapaMeTPUYECKMX CEMEHCTB IIJIOCKMX
KPUBBIX:

3566. x cos o + y sin o = p (p = const).

3567. (x —a)® + y? = 5
3568.y = kx + % (a = const).

3569. y? = 2px + p2.

3570. Haiitu xpuByo, orubaemMyo oTPe3KOM AJUHBI [, KOHIbI KO-
TOPOT'0 CKOJB3AT 110 OCAM KOODAMHAT.

3571. HaiiT; orubaioiyio 3JIJIUIICOB ;1— + l% 1, umMmeronIuXx 10-
CTOSHHYIO ILIOImIanh S.

3572. HaiiTu ormbaiomyno TPAaeKTOPHI CHapAAa, BHITYILEHHOTO
B 0e3BO3AYIIHOM IPOCTPAHCTBE C HAYANLHOH CKOPOCTBIO Uy, IIpHU
BApbUPOBAHUU B BEPTHUKAJLHOM IJIOCKOCTH yrja 6pocaHusd «.

3573. llokazaTh, uTO ormbarwinas HopMaJel IJIOCKON KPHUBOM
€CThb DBOJIIOTA STON KPUBOU.

3574. UccienoBaTh XapakTep JUCKPUMUHAHMHBLX KPUBLLX Ce-
MEUCTB CJEAYIOIINX JUHUN (¢ — IepeMeHHbINH mnmapamerp):

a) Kyf6uuecKux napa6on y = (x — ¢)?;

6) mostykyb6uueckux napabos y? = (x — c)%;
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B) napa6os Heitna y® = (x — ¢)?%;
2a X

r) crpodoun (y — ¢)? = x
a+x’

3575. OnipenesuTh orubaimIlyio ceMelcTBa IIAPOB pajguyca r,
LIEHTPbl KOTOPBIX DACIIOJIOXEHLI HA OKDPYMXHOCTH X = R cost,
y=Rsint, z= 0 (t — napamerp, R > r).

3576. Hatiru orubaroiyno ceMeicTBa 11apoOB

(x —tcosa)+ (y—tcos B2+ (z—tcosy)=

rae cos? o, + cos? B + cos? y =1 u t — nepeMeHHRBI TapaMeTp.
3577. Oupeneauts orubarIny0 ceMelcTBa FJIUIICOULOB

x?  oy? o 2%
st b A

00'beM KOTOpBIX V mocTosgHeH.
3578. HaiiTu orubatomyio cemeiicTBa cep paguyca p, LEHTPBI
KOTOPLIX PACIIOJOMKEHBI HA MMOBEPXHOCTH KoHyca x? + y? = 22,
3579. CB@PH&CH TOUKA HAXOAUTCS B Hauale Koopauuar. On-
peleNnUuTh KOHYC TeHU, orbpachkiBaeMoil mapom

(x = x0)* + (y = yo)* + (2 — 2)* < RY,

ecnyt xo + yi + z2 > R2.
3580. Haittu orubaromniyio ceMeiicTBa IJIOCKOCTEHR
z2—2z5=p(x — x0) + q(y — Yo)»
€CJIH I1apaMeTpbl pung CBA3aHbl YypaBHEHNUEM

pPP+g?=1.

§ 6. ®opmyna Teiinopa
1. ®opmyna Teitnopa. Ecnn ¢yuknuum f(x, y) UMeeT B HEKOTOPOH OK-
pecTHOCTU TOYKH (a, b) HellpepLIBHLIE BCe YACTHBIE ITPOU3BOLHbIE 70 N + 1
MOpHAJKA BKJIOUYUTENBHO, TO B 3TOH OKPECTHOCTH clipaBegiuBa opMyaa

e = 1@ 0+ Y G (=@ + @ =03 ] @, 0) + Byl ), ()
i=1

rae

_ 1 _ -a_ _ Q_ n+1 _ _
B, = o (G- @)5s + =05 | a4 8,(x—a), b+ 0, ~b)

(0<0,<1).
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2. Pax Teiinopa. Ecnu pynknus f(x, y) 6eckoreuHo guddepeHnupyema
n lim = R,(x, y) = 0, To ara QYHKIUA JONIYCKAET IIpeJCTABJIEHNE B BUIe
n— oo

CTeIIEeHHOI'O pAna

[, )= fla, b) + 3 l—,lj—, Ty (@ b)(x = a)'(y ~ b (2)

Iiyj
i+j21

Yacrtrsle caydan Gopmy (1) u (2) npu @ = b = 0 COOTBETCTBEHHO HOCAT
HasBaHus Qopmyret Maxaopena u pada Maxaopena.

Agpayoruunsie GpopmMyabl UMeOT MecTo Aad PpyHKuuu Gojee ueM ABYX
epeMeHHbIX.

3. OcobGbie ToYKN nyockux KpuBbIX. Touka M(x,, y,) auddepeHuupye-
Mot KpusBou F(x, y) = 0 nasmiBaeTcs oco6oil, ecjiu

F(xo, yo) =0, Filxy, o) =0, F;(x0, Yo) = 0.
TIycrs My(x,, Yo) — M30JIMpOBaHHAA 0cOBas TouKa Kpusoit kiaacca C'? u uucia
A= F;r;r (xO’ yO)) B= F;:’u (x07 y0)7 C= E/I; (xO) y())

He Bce paBHBI HyAw. Torga, ecnu:
1) AC — B> 0, To M, — U301UPOBAHHASL MOYKA;
2) AC - B* < 0, To M, — deoiinaa moura (ysen);
3) AC — B2 =0, o M, — mouka 8036pama W1y U30AUPOBAHHAN MOYLKA.
B ciiyuae A = B = C = 0 BO3MOXXKHBI 60JI€€ CIIOKHBIE THUIIBI 0COOBIX TOUEK.

V KpUBBIX, HE IPUHAMLIEKAINNX Kaacey riaagkoctn C?, Moryr 6uITh ocofen-
HOCTH GoJiee CJII0KHOI IPUPOBL: MOUKA NPEeKPAWeHUs, Yzao8sie MOLKU U ID.

3581. dyuknuwo f(x, y) = 2x* — xy - y® — 6x — 3y + 5 pasnoxuUThH
no ¢opmyJte Teitnopa B okpecTHocTH Touku A(1, ~2).

3582. dyuxnuio f(x, y, 2) = x* + y* + 2* — 3xyz pasnoxurs mo
topmyse Telinopa B okpecTHocTH Touku A(1, 1, 1).

3583. HaiiTu npupalieHue, mnojydaeMoe QyHKIuen

f(x, y) = 2’y + xy* - 2xy,

IIpH nepexofie oT 3HaueHW# ¥ = 1, y = —1 K 3HaueHusAM x; = 1 + A,
y1=-1+k.

3584. Pasmoxxuts f(x + h, y + k, 2 + ) 110 1@JILIM TOJOMKHTEIb-
HBIM CTEIIeHAM BeJIUYUuH Ak, k u l, ecsu

flx, y, 2) = Ax? + By* + C2® + 2Dxy + 2Exz + 2Fyz.
3585. B paszsoxkeHun GpyHKIUYN
flx, y) = x¥

B OKpecTHOCTH TouKU A(1l, 1) BEIDuCAThL YIEHBI O BTOPOIO IIOPALKA
BKJIIOUUTEIbHO.
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3586. Pazmnoxuts 1o popmysie MaxiopeHa [0 WIEHOB YE€TBEPTO-
ro IopsAKa BKIKYATEJIBHO PYHKIIIO

flx, y) = J1 —y?

3587. BriBecTu npubIMKeHHbIE YOPMYJIBLI C TOUHCCTBLIO A0 Uje-
HOB BTODOTO IIOPAAKA [IJIS BhIPAMEHHI:

a) L8X. ) arctgw

>

cosy 1-x+y

ecu |x| u |y| Mmasb o cpaBHeHuIo ¢ 1.
3588. YupocTuTh BhIparKeHue

cos(x + y + 2) — cos x cos y cos 2,

cuuTasn X, Y, 2 MAJIBIMU II0 MOJYJIO.
3589. dyuruUIO

Flx, y) = L[f6x + b, y) + f(x, y + h) +

+ flx—h,y)+fx,y — W]~ flx, y)

Pa3JI0KUTh 110 CTEIIEHAM /i C TOYHOCThLIO Ko Al
3590. ITycrs f(P) = f(x, y) u P(x;, y) (i=1, 2, 3) — BeplIMHLI
IIPABUJILHOI'O TPEYTOJIbHHUKA, BIIUCAHHOTO B OKPY KHOCTD C IEHTPOM
B TouKe P(x, y) paguyca p, npuueM x; = x + g, y; = y. Paznoxurs

110 L EeJIbIM IIOJIOKHUTEJNbHBIM CTEII€HAM P ¢ TOTHOCTBHIO JO pz CI)yHKIlI/IIO

Fip) = LIAPY) + (P + [(Py)].
3591. PasioxuTh 10 CTEIIEHAM A U kB GyHKLUIO
A fe, )= fx+ h,y+ k)= flx + h, y) = f(x, y + k) + f(x, ).

3592. PasiiosKuTh 110 CTElNeHAM p OYHKIUIO
2r

F(p) = EIT—J f(x + p cos @, y + p sin @) do.
0

Pasnoxurs B pax MakiopeHna cregymoinne GyHKIHMU:

3593. f(x, y) = (L + x)™(1 + y)".  3594. f(x, y) =In(1 + x + y).
3595. f(x, y) = e*sin y. 3596. f(x, y) = e*cos y.
3597. f(x, y) = sin x sh y. 3598. f(x, y) = cos x ch y.
3599. f(x, y) = sin(x* + y?).

3600. f(x, y) = In(1 + x)In(1 + y).
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3601. Hanucars Tpu uYJgeHAa pas3nokeHus B psajxg Makxiopena
dDYyHKIIUU
1
f(x, y) = J‘ (1 + x) ®vdt.
(4]
3602. @yaxnuio e* * Y pasioKUTL B CTENEHHOMH pAJ II0 IelbIM
TIOJIOXKUTEJbHBIM cTeneHaAM OMHoMoB X — 1 m y + 1.

3603. Hantucatn pasnoskenue B paj Teitnopa dyHrnuu f(x, y) = X
Y

B OKpecTHOCTH ToukyM M(1, 1).

3604. IIycts z — Ta HeABHAA (DYHKIUA OT X U Y, oNpegensdeMas
ypaBHeHuewm 2° — 2xz + y = 0, kotopas npu x = 1 u y = 1 npusUMaer
3HauyeHue z = 1.

Hanucars HECKOJNILKO 4JIEHOB Pa3joXKeHUs QYHKUUM 2 110 BO3-
pacramoimuM creneHam 6uHoMoB x — 1 uy — 1.

M3yunth TUITHI 0COOBLIX TOUEK CIEAYIONMX KPUBLIX U NPHUMEPHO
u300pa3uTh 3TH KPUBLIE:

3605. y% = ax? + «2. 3606. x® + y® — 3xy = 0.
3607. x* + y* = x* + y*. 3608. x2 + y* = x°.
3609. (x* + y*)* = a*(x* - y?). 3610. (y — x?)? = .

3611. (a + x)y? = (a — x)x°.
3612. Uayuuts hopmy kpusoit y? = (x — a)(x — b)(x - c) B 3aBuU-
CHMOCTH OT 3HAUEHUH 1mapaMeTpoB a, b, ¢ (a < b < ¢).

HccaengoBaTh ocobble TOUKM TPAHCILEHAEHTHBIX KPUBLIX:

3613.y2 =1 — e-**. 3614.y2 =1 - e**,
3615.y = x In x. 3616.y = —%
1+ex
_ 1 2_ T
3617.y arctg(sin ) . 3618. y sins.
3619. y? = sin x2. 3620. y? = sin® x.

§ 7. IkcTpemyM GQYHKUMH HECKOJBKHX IEPEeMEHHBIX

1. Onpenesenne sxcrpemyma. Ilycts Qyuxnusa f(P) = f(xq, ..., x,) on-
peliesieHa B OKpecTHOCTH TOUKHU Py. Ecau umu f(Py) > f(P), unu f(Py) < f(P)
upu O < p(P,, P) < 8, To rosopar, uro ¢hynkuusa f(P) umeer axcmpemym (co-
OTBETCTBEHHO MAKCUMYM NI MUHUMYM) B TOuKe P.

2. HeoG6xogumoe yciioBue axcrpeMmyma. JubdepeHnupyeman GyHKLUS
f(P) MoeT JOCTUIaTh SKCTPEMyMa JHILL B CMAYUOHAPHOL Touke Py, T. e.
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raxkoH, uro df(P,) = 0. CiesoBaresbHO, TOUKHU 3KCcTpemMyMa Gyuxuuu f(P)
y[OBJIETBOPAIOT CHCTEMe yPaBHeHuM

fr, (x5 o, x,)=0 (=1, ..., n).
3. JocraTtouynoe yciaosue axcTpemyma. Pyukuua f(P) B rouke P, umeer:

a) marxcumym, ecau df(P,) = 0, d*f(P,) < 0 npu Z ldxf = 0,

i=1

n

6) murnumym, ecnu df(Py) = 0, d*f(P,) > 0 npu Z |dx;| = 0.

i1

Hccaenosarue 3raka sroporo aAuddepentinana d?f(P,) Moxer 61ITh Ipo-
BeJeHO MYyTeM ITPHBEJEHMA COOTBETCTBYIOLIEH KBaApaTHYHON (DOPMBI K Ka-
HOHHYECKOMY BUJY.

B uwacrHoCTH, ANA caydaa GpyHKuuu f(x, y) [BYX He3aBHCUMBIX [epe-
MEHHBIX X M J B CTAIMOHAPHOH Touke (x,, Yo) (df(xy, yo) = 0) npu ycnoruu,
uro D = AC — B? ¢/0 rae A = fy, (xo, Yo)s B = fzy (%0, Yo)» C = fyy (x0, Yo)»
nMeeM:

a) munumym, ecniu D> 0, A> 0 (C > 0);

6) makcumym, ecnu D> 0, A <0 (C<O0);

B) omcymcemaue kempemyma, ecnv D < 0.

4. YcnoBHBIH 9KCcTpeMyM. 3a/iadya olpe/iesieHusa aKeTpeMmyMa GyHKIUN
f(Py) = f(xy, ..., x,) Upu HaAUUUM paAga cooTHowernui O(P)=0(i=1, ...,
m; m < n) CBOAUTCA K HAXOXKAEHHIO OOLIYHOIO 3KCTpEMyMa A QUHKYUU
Jazpanxa

m
LP) = f(P) + 3 hig(P),
i=1
rae A, (i =1, ..., m) — nocToanHble MHOMXKHUTENAHN. Bopoc 0 CylecTBOBAHUM
U XapaxTepe yCJOBHOrO dKCTpeMyMa B IIpocTellleM ciayyae pelraerca Ha
OCHOBAHM U HCCJIe/[OBAHU A 3HAaKa BToporo auddepenuana dzL(Po) B CTAINO-
Hapuo# Touke P, pysxnuu L(P) Ipu yciaosuu, uro nepeMeHusle dx, ..., dx,
CBA3aHBI COOTHOIIEHUAMU

n
Z Ei‘ﬂ"dx,: 0@G=1,..., m).
“~ dx,

5. AG6conroTublil akeTpemym. @yuxnua f(P), auddepenuupyemMas B or-
PAHMYEHHOH M 3aMKHyTOH obmactu, gocTuraer cgoumx HambodblIEro U Ha-
UMEHbIIIero 3HaYyeHu B 9To¥H obsacTu WM B CTAIIMOHAPHOH TOUYKE, WU B
rpaHUYHOM TOuKe obaacTu.

HccnemoBars Ha dKCTPEeMyM chaefyiouiue GyHKIMHT HECKOJMbKUX
nepeMeHHBbIX

3621.z = x% + (y — 1)°.
3622.z = x — (y — 1)%

it
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3623.
3624.
3625.
3626.
3627.

3628.

3629.
3630.

3631.
3632.
3633.

3634.
3635.

3636.

3637.
3638.

3639.
3640.

3641.

3643.

z2=(x—-y+1)>2
z2=x>—xy+y? - 2x+y.
z2=x%36 - x—y.
z2=x+ y* - 3xy.
ayz=x*+y* - x? - 2xy - vy
6) z = 2x* + y* — x* — 24%

z=xy+§xQ +%/9 (x>0, y>0).

z2=xy /1—2—2—%; {(a>0,b>0).

z=—L—“x2+b2”1 (a® + b2 + ¢ % Q).
NxZ+y? 4

2= 1 - JFTT g
z = > *3Y(8x? - 6xy + 3y?).
z=e**-y(5 - 2x + y).

z=(5x + Ty — 25)e ~(=*+xy+y?),
z=x*+xy+y*—4lnx - 101In y.

2

z=sinxsinysin(x+y)(0<x<m0<y
x— 2y + InJx2+y? + 3 arctg¥.
X

¥4

z = xy In(x® + y?).
z=x+y+ 4sin x sin y.

2= (x* + yHe-=*+1h,
u=x*+y*+2°+ 2x + 4y - 62.
u=x+y*+ 22+ 12xy + 2a2.

sinx+COSy+cos(x—y)(0<x<

3644. u—x + L 4 X2 4 2 (x>0,y>0,2z>0).
4x y x

3645.
3646.

3647.u=sinx+siny+sinz-sin(x+y+2)0<x<mO<y<n

0< z< ).

u=xy’z(a —x -2y — 32z) (a>0).

u=2% 4+ 2 ¥ 12 (450,y>02>0,a>0,b>0).

x y z b

b

3648.u=x1x§ Xy (L= %= 25— .. —nx,) (%, > 0, %, > 0, ... x,, > 0).

3649.

2

u=x1+x—2+§—‘°:+...+—3i+———(xi>0,i=1,2,...n).

X, xZ xn—l X



§ 7. OKcTpeMyM DYHKUMHM HECKOJbKUX [€PEMEIHbBIX 343

3650. 3adaua I'witzenca. Mexxay AByMS IIOJOXKUTEIbHBIMU YHC-
JaM¥ a ¥ b BCTaBUTb N YHUCEN X;, Xj, ..., X, TaK, 4TOGLI 3HAUEHHE
npobu

> XXy, X,
(a+x)(x;+x5)..(x,+b)

OBII0 HANOOJNBIIHUM.

HaiiTu sKcTpeMaibHble 3HAYEHUA 3aJaHHON HeSIBHO GYHKIUH 2
OT epeMeHHBIX X U Y

3651. x*+ 2+ 22— 2x+ 2y —42-10=0.
3652. x2+ Yyt + 22 —xz—yz+ 2x + 2y + 22 -2 =0.
3653. (x% + y? + 2%)?% = a?(x? + y? - 2%).

Haiitu To;zfén YCJIOBHOTO 3KCTPEeMyMa CaeRyomux QyHKINHA:
3654.z = xy, eciu x + y = 1.

3655.z=§+%,ecnnx2+y2=l.

3656. z = x* + y?, ecam JEC + % =1.
3657. a) ¥4 =Ax2 + 2Bxy + Cyz’ ecau xZ + y2 — 1;
6) z = x* + 12xy + 2%, ecam 4x* + y* = 25.

3658.z2=cos’ x +cos’y, ecnu x — y = 2

3659. u=x — 2y + 2z, ecnm x% + y? + 22 = 1.
3660. u = x"y"2P, ecan

x+y+tz=a (m>0,n>0,p>0,a>0).
3661. u= x? + y* + 2%, ecan

x2 2 22_
= +% +5 =1 (@>b>c>0).
3662. u=xy’2®, eciux+2y+32=a (x>0,y>0,2>0,a>0).
3663. a)y u=xyz,ecru x2+ Y2 +22=1,x+y+2=0;
) u=xy +yz,ecmux?+y’?=2,y+2z2=2(x>0,y>0,
z>0).

3664.u=sinxsinysinz,ec.nnx+y+z=g (x>0,y>0,2>0).
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x 2
3665. u = = "bL c2 , €CJIN

*+y?+22=1,xcoso+ycosP+zcosy=0
(@>b>c>0,cos? o+ cos? P+ cos?y=1).
3666. 1= (x — &) + (y — M)’ + (z — {)?, ecan
Ax+ By +Cz=0, x> + y> + 22 = R?,
& -1 -_& , Tae cos? o + cos? B + cos?y = 1.

cosQ cosf cosy

3667.u = xf + xg + ...+ xi, ecau

Dy 3o (q,>0;i=1,2, ... 0).
a, a, a,

3668.u=x7 + xb +...+ x (p>0), ecan
X+ x4+ ...+ x,=a(a>0).

3669.u=1 + %2 ¢ 4 o
xl x2 xn

Bixy + Boxy + ... + Bpx, =1
(OC,» > 0, Bi >0, x,' > 0, i= 1, 2, ceey n).

, ecau

a (04 (‘ln
3670.u=x,'x," ... x," ,ecnux; +x,+ ... +x,=a(@>0,0,>1,

i=1,2,..n).
3671. HaiiTn sxcTpeMyM KBagpaTUIHON HOPMBI

n

Z j XX, = a;)

ij

n
2
IpH yCIOBUHU Z x; =1.
i=1
3672. [lokasaTh HEpaBEHCTBO

xnHy" (x+ E)"
2 ’

ecmunz21lunx20,y20.
VY kaszauune. Uckarb MUHUMYM QYHKIUMN 2 = % (x" + y") npu ycnosuu

x+y=s.
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3673. loxasats nepaserncmeo I'énvdepa

n n kl n " 1
3 o< (3al) (3]
i=1 1 i=1

i=

(Q?Oﬂﬁ?&i=L2“uﬁuk>L -+%=1).

ol e

VYV xaszaHnue. Uckarb MUHUMYM QYHKIUK
n

o= (Self (3

=1

11pH yCJIOBUHU ax; = A.
3674. oxka3ats Hepagercmeo Adamapa Iia onpeneluTesNs
A= |a,| mopanxa n:

Y kasanue. PaccMOTpeTs 3KCTpeMyM onpeneauTensa A = !a,.jl Mnpy Ha-
JIMYUHU COOTHOIIEHU

=1

Onpegpenurs HaubGosabmue (Sup) u HauMeHbinue (inf) samavenua
CHAeAYIOIMNX QYHKINI B yKAa3aHHBIX 00JIacTaAX:

3675.z2=x—-2y-8,ecam 0< x<1,0<y

3676.z = x>+ y* — 12x + 16y, ecnu x% + y?

3677.2=x%— xy + Y%, ecnu |x] + |y| < 1.

3678.u = x? + 2y% + 32%, ecam 2% + y? + 2% < 100.

3679. u=x+y+z,ecamx®+ y?<z<1.

3680. Haiitu umokuio rpass (inf) u BepxHI010 rpads (sup) GyHK-
187071

1,0<x+y < 1.

<
< 25.

u=(x+y+z)e i)

B obnacrax x >0,y >0, 2> 0.

3681. ITokasars, uro pynknua z= (1 + eY) cos x — yeY nmeer
fecKOHeYHOe MHOKECTBO MAKCHUMYMOB ¥ HU OJTHOTO MUHUMYMaA.

3682. ABnaerca U ZOCTATOYHBIM AJIA MUHUMYyMa GyHKIUH f(x, y)
B TouKe M (X, Yo), UTOOBI 3TA HYHKILVS HMeJIa MUHUMYM BJOJb KAXKJON
NIpAMO#i, IPOXoAAieil uepe3 ToUKky M,?

Paccmorpers npumep f(x, y) = (x — y?)(2x — y?).
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3683. Hannoe IOJIOXKHUTENbHOE YHUCJIO @ PABJIOXKUTH HA N IOJO-
SKHTENbHBIX COMHOMMUTeIel TaK, YTOObI CyMMa OGpaTHHLIX BeJUUYUH
ux 6bLIa HauMeHbIUeH.

3684. [Tanuoe ITOJMOXKUTEIbHOE YNCJIO @ PA3JIOXKUTh Ha 1 cjarae-
MBIX TaK, 4TOOBI CyMMa UX KBaapaToB Oblia HauMeHbIIIe.

3685. [JaHnoe NOJMOXKUTENbHOE UHUCA0 4 PABJIOKUTH HA N IIOJO-
SKUTENbHBIX MHOMHUTeNell Tak, YTOObI CyMMa 3ajaHHLIX ITOJIOMKHU-
TeJIbHBIX CTelleHell ux Oplja HanMeHblIIeil.

3686. Ha niockocTy gaHbsl 11 MaTepHaabHBIX Touek P,(xy, Y,),
Py(x,, ys), ..., P,(x,, y,) ¢ MaccaMH, paBHBIMH COOTBETCTBEHHO M,
Mgy ooy M.

IIpu KaKOM IOJIOXKeHUH TOUKH P(X, ) MOMEHT MHEPI MY CHCTEMBI
OTHOCHUTEJIbHO 3TOI TOuKM OyAeT HauMeHbIIUM?

3687. IIpu Kakux pasMepax OTKpbITas NPAMOYrojbHasi BaHHA
BMECTHUMOCTH V MMeeT HAaMMEHBIIYIO IIOBEPXHOCTH?

3688. IIpu kakux pasMepax OTKPBLITAA MUJUHApUUECKAA BaHHA
C IOJIYKPYIJIBIM [OTIePeYHBLIM CeueHneM, ITIOBePXHOCTL KOTOPOH paB-
Ha S, uMeeT HaubGOJBIIYI0 BMECTUMOCTD?

3689. Ha cepe x? + y? + 2% = 1 naitTu TOUKy, cyMMa KBaJpaToB
paccTOAHUH KOTOPOU OT n JaHHBIX Todek M(x, y;, 2) (i=1, 2, ... n)
6pL1a 66 MUHHUMAJLHOM.

3690. Teno cocToUT M3 NPAMOI0 KPYIOBOTO IMJIMHIApPA, 3aBep-
IIEHHOTO IIPAMBIM KPYroBHIM KOHycoM. Ilpu mawmHOi MOJHOH IIO-
BepPXHOCTH TeJia, PABHOM @), OIIpeAeIUTh er0 N3MepeHusa Tak, YTOObI
o6peM TeJsia O6b1T HANOOJIBIINM.

3691. Tesno, o6bem KoTOPOTO paBeH V, npeacraBiser co6oit nps-
MOl IpAMOYTOJILHBII ITapajeienullesi, HM>KHee ¥ BepxHee OCHOBA-
HMA KOTOPOTO 3aBePIalTCA OAUHAKOBBIMH IIPABMILHBIMHY YeThIpeX-
yTroJabHBIMH TUpaMuaamMu. IIpu KakoM yrJje HakJioHa OOKOBBLIX I'pa-
Hell IUpaMHJ K HX OCHOBAaHMAM IIOJIHAs IIOBEPXHOCTh Tena Gyner
MUHUMAJIbHOM?

3692. HaiiT NpAMOYTOJBLHUK JAHHOTO IIepuMeTpa 2p, KOTOPHIH
BpamjeHueM BOKDYT OJHOM U3 CBOMX CTOPOH ob6paayer Tejao HauboJib-
mero o6sema.

3693. HaiiTn TpeyroJibHHK AAHHOTO IepuMeTrpa 2p, KOTODLIi
BpallleHHeM BOKDPYT OHOM 13 CBOMX CTOPOH obpaldyeT TeJyio HanbGob-
mrero oforema.

3694. B nonymap paguyca R Bucars IpsaMOYTOJbHBIN ITapaJie-
Jgenunen Haunbosabliero oobema.

3695. B ranHbIil IpAMOI KPYT'OBO KOHYC BIMCATD IIPAMOYTOJb-
HBI{ IapaJsjenenunex HauboJsslero ofbeMa.
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3696. B siuncony
2 2 2
¥ 4 o
a? b2 c?
BIIMCATH NIPAMOYTOJbHBIN Mapajjesenulles Haubosbinero o6bsema.
3697. B npsimoii Kpyroeoit KoHyc, o6pagyooiias Koroporo [ Ha-
KJIOHEHA K IIJIOCKOCTH OCHOBAHUSA IO YIJIOM (, BIIMCATH IIPSIMO-
YTOJIbHBIN NapaJiyiesielnuIe] ¢ HauboJIbIleil IIOJHOU IOBEPXHOCTHIO.
2 2
3698. B cerMeHT 3JUIMITHUECKOro mapaGojonpga 2 = % + -lbLz,
[ a
2z = ¢ BIIUCATh NPAMOYTOJILHBIH MapaJsenennien Handoapinero 06b-
ema.
3699. Haiitu kparuaiiiiee paccTosiHue TOUYKH My(Xy, Yo, 29) OT
IJIOCKOCTH AX ;{By + Cz + D =0.
3700. Oupenénurb Kparuaiilllee paccTosinvie d MeXAy AByMsA
NPAMBIMHI

X=Xy _ Y-y, _2-2
my n, p

X=Xy _Y-VYs _ 2722
my ny P2

3701. Haitti KpaTuaiinmee paccroAanie Mex Ay napabooi y = x?
unpamoit x —y ~ 2=0.
3702. Haiitu nmosiyocu 1eHTPaJabHOM KPUBOI BTOPOTO IOPAAKA
Ax?® + 2Bxy + Cy? = 1.
3703. Haitt nonyocu 1meHTPaJsbHOM IIOBEPXHOCTH BTOPOTO IIO-
pagKa
Ax? + By? + C2% + 2Dxy + 2Eyz + 2Fxz = 1.
3704. OnpemenuTs IIOLIAAb 3JUINIICA, 00pa30BaHHOTO Ilepeceye-
HUeM IHUJIHHADPA
2
AT L |
a? b?
IJIOCKOCTBIO
Ax+ By +Cz=0.
3705. OnpenenuTd NJIOUIAAD CEUEHUS IIUIICONIA
2
LRI /I L |
a? b2 c?
MJIOCKOCTBIO

xcoso+ycosf3+zcosy=0,

rae cos? o + cos? B+ cos?y=1.
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3706. Cornacuo npuHnuny ®epma cBeT U3 OXHONH TOUKH B IPYTYI0
TIonajzaeT 3a KpaTdaifiiiee Bpems.

IIpeamosiarasi, 4To 00e TOUKM PACIOJIO0MEHBI B PA3INUHBIX OITH-
YECKUX CPeJax, pasfeseHHbIX JIOCKOCTHIO, TPHYEeM CKOPOCTh PACIIPo-
CTpaHeHWs CBeTA B IIEPBOM cpeie paBHA U;, 4 BO BTOPOH Uy, BHIBECTH
3aKO0H IIPEJIOMJIEHUA CBeTa.

3707. IIpm kaxkoMm yrie IajeHus CBETOBOTO Jiyda Ha OOKOBYIO
rpaHb IPU3MBbI ¢ IPEJOMJIAIOLNIAM YIJIOM (L ¥ IOKa3aTeJeM [IPeoM-
JIHUSA N yToJl OTKJIOHeHUs Jy4a (T. €. YyroJ MexXAy MafalomuM U
BBIXOAAIMM Jyuamu) 6yaer HauMmeHbImuM? ONpenesauTs 3TOT yIroga
HAVMEHBIIEr'0 OTKJIOHEHU S,

3708. IlepeMeHHbIe BETUUUHBI X U J YAOBJIETBOPAIOT JUHEHHOMY
ypPaBHEHUIO

y=ax +b,

k03¢ hUIMEeHTH KOTOPOro TpedyeTrca onpeaeauTs. B peaysabrare ps-
Jla PABHOTOYHBIX M3MEpeHHU N AJId BeJINUNH X 1 Y TTOJIyueHbl 3HAUeHU S
x, y; (i=1, 2, ..., n).

ITonb3ysce cnocob6oM HaMMEHBHIMX KBaApPaTOB, ONpeHesUTh
HauMBepOATHeN e 3HaueHUA KO3 PUIneHToB a u b.

Y xaszanue. CorsacHo criocofy HAMMEHbIINX KBAAPATOB HAUBEPOAT-
HeAlIuMHU 3HAYEHUAMU Ko3(DOUIIMEHTOR a u b ABnsA0TCA Te, JIA KOTOPBIX
CyMMa KBajpaToOB IOI'peNIHOCTEH

i A7 = Z":(ax,»+b—y,»)2
i=1 i=1

Oyner HauMeHblIen.
3709. Ha nnockocTtu gaHa cucrema n rouek M (x, y)(i=1,2, ...

..., n). IIpn KaKoM HOJIOXKEHUH NPAMON X cos O + ysin o — p =0
cyMMa KBaJpaToOB OTKJIOHEHUH JaHHBIX TOYEK OT 3TOU mpAMoii Oy net
HauMeHbIIein?

3710. ®yuknuio x2 Ha unTepsae (1, 3) TpuOIMIKEHHO 3AMEHUTD
JVHelHON GyHKIMel ax + b Tak, uTo6bl abOCOMIOTHOE OTKJIOHEHMe

A=sup |x?—(ax +b)| (1 <x<3)

ObLJIO MUHUMAJNBHBIM.



PA3OEJ VII

HHTETI'PAJIbI, 3ABUCSINHE OT IIAPAMETPA

§ 1. Co6cTBeHHBIE MHTErPAJIbl, 3aBUCALIHE OT IHapaMmerpa

1. HenpepsisHocTs unterpaa. Ecnu pysxnuu f(x, y) onpegenesa u He-
npephIBHA B OrpaHUYeHHo# obnact Rla < x < A4; b< y < B], 1o

/ A
Hw=fﬂ%wdx

npeacTasiser cobol GyHKIMIO, HEMPEPHLIBHYIO Ha cermenTe b < y < B.
2. fuddepenuuporanne moa 3HakoM HMHTerpaja. Eciu cBepx yKasaH-

Horo B 1°, wactHas npoussoanan f, (x, y) nenpepsisHa 8 o6nactu R, To nmpu
b < y < B cupaBeanusa gopmyna JeibHuya

A A
%fﬂnww=jauwwx

B 6osee o61eM ciayuae, KOrga npegesl MHTErpanuy Asiatorea qudade-
peHnupyembiMu GyHKnuAMu @(y) u Y(y) napameTrpa y u a < @(y) < A4,
a <y(y) <A npu b < y < B, To umeeM

w(y)
4 flx, y) dx =
dy
o(y)
v(y)
= f(w), V') ~ floy), Y'Y + f fy (x, y)dx b<y<B.
o(y)
3. HaTerpupoBanue mox 3HaKOM MHTerpaJja. Ilpu ycnoBuax 1° umeem

B

A
‘ﬁquww=jmfme%
a b

b
3711. ITokasars, 4TO MHTErpasn

A B

a

1
Hw=jﬂ&wdx
0

OT paspsIBHOM PyHKuMH f(x, y) = sgn (x — y) ABAgeTca QyHKIHEN
HenpepbIBHOH. IlocTpouTs rpaduk Gynkuun u = F(y).
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3712. UccnenoBaTh Ha HENPEPHIBHOCTh (DYHKIIMIO
1

Fy) = [ 45 ax,
xe+y

rae GyHKyua f(x) HenpepbIiBHA U NOJIOXKUTeIbHA Ha cermenTe [0, 1].
3713. Haiiru:

1+a 1
a) lim _dx ; 6) lim Jx?+ of dx;
a0 14+ x2+4 @2 a—0
[} -1
2 1
B) lim | x? cos ox dx; r) lim —dx .
o—0 n— oo x\"
0 o 1+|1+=
n
T
2
x) lim | e ®sin0 gop,
R— o0

0

3714. 1. Tlycts pyHxnusa f(x) HenpepblBHA HA cerMmenTe [4, B].
HoxkasaTts, uTo

X

lim 1 [ft + h) - f(®))dt = f(x) — f(a) (A <a<x<B).

h—0 h
2. HyCTb: Do (x)20(n=1, 2, ..)na[-1, 1]; 2) ¢, (x)=0 nupn
1
n—oomnal<eg<|x<1; 3)J.(pn(x)dx—+1npnn—>00

HokasaTs, 4T0 ecan f(x) € C[ 1, 1], To
lim j f(2)0,(x) dx = f(0).
-1

3715. Mo>XHO /M COBEPIIUTL NpeAeNbHBIHN IIepexo/ Mo 3HaKOM
WHTerpajga B BbIpa’KeHUM
1 2
lim | = ¢ ¥*dx?
y—0) y?

3716. Mo>xHO ¥ BBIUMCJIUTS 110 npasuay JleiidbHuna npousBos-
Hy10 QYHKIIUY

1
F(y) = J. InJx?+ y2dx
0

npu y = 0?
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3717. Beruucaurs F'(x), econu
x2
F(x) = J‘ e-xvt dy.

3718. Hatitu F'(o), ecou:

a) F(0) = J' eaT-2% g

sina
b+a

6) F() = J' EB“% dx;

/a
B) F(o) = J' LHL;_%)dx;
0

r) F(a) = J‘ fx + 0, x — a) dx;
0

o2 x+o
1) F(0) = _[ dx _[ sin (x2 + y2 - 02) dy.
0

X -

3719. Haiitu F”(x), eciu
F(x) = J' (x + Yiy) dy,
0

rae f(x) — puddepernupyemad QyHKIUA.
3720. HatiTu F”(x), eciu

b
F(x) = j fw)lx - yl dy,

rae a < b u f(y) — HempepslBHaA Ha [a, b] pyHKIMA.
3721.1. Hatitu F”(x), ecau
h h
Fe) = 5 [ aef fee+t+man > o),
0 0
rrae f(x) — HenpepblBHaA QYHKIUA.
2. Hatitu F(™(x), ecnu
F(x) = J‘ f(t)(x - 1y~ L.

0
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3722. [loxasatp HopmMyry

X

dn(sinx)z__%_-“y cos(y+_)dy n=1,2,..). (1

dx™\ x xn+1

Honwvaysce popmysoi (1), MOTYUYUTH OIEHKY:
ﬁ( sinx)
dx™ x

3723. dyuxnuo f(x) = x? Ha npomexxyTke 1 < x < 3 mpubIMIKeH-

HO 3aMeHUTD JUHelAHON GPyHKIIMeNA a + bx Tak, yTOObI
3

J‘ (a + bx - x%)? dx = min.

< L npu x € (—00, +00).
n+1

3724. Ionyunuts npubivikeHHY0 GOPMYIy BHULa
J1+x2 =a+bx (0<a<l)

13 YCJIOBUS, UTO CpefHee KBAIpaTUYHOe OTKJIOHeHVe MYHKIUY a + bx

1 J1+ x? Ha ganHOM npomesxkyTKe [0, 1] ABiAeTcA MUHUMANBHBIM.
3725. HaiiTu npOu3BOAHBIE OT NOJAHbLX IALUNMULECKUX UHMez-
panos

n
2

E(k) = J' J1-F?sintg dg,
0

notE

1 - k2%sin2¢

Fy=[ —22 __ (0<k<1)
0

¥ BBIPA3UTh ux depesd Gyaxuuu E(k) u F(k).
Ilokasars, uro E(k) ynoBierBopsaer guddepeHINaIbHOMY ypaB-
HEHUIO

E"(ky+ 1 E’(k) + lﬂﬁklz = 0.

3726. [TokasaTs, 4TO QyrKyusi Beccens yenozo underxca n

n

J (k)= '[ cos(ng — x sin @) do
0

yROBIeTBOPAET ypaghernuto Beccens

X2 (%) + xd), (x) + (x% — n?)J (x) =
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3727. ITycry

dx
-x

&

I(a) = jﬁ
0

rae GyHKnua ¢(x) HempepbIBHA BMeCTE CO CBOe! NPOU3BOAHOM ¢'(x)
Ha cermeHTe 0 € x < a.
Hoxasats, uro npu 0 < 0. < a UMeeM

Q

63
oy =29 4 [ 2 gy,
-/ NSNS
Yxazauue. [Tonoxurs x = ot.

3728. ITokasarp, yro GYHKIIUA
1

u(x) = j K(x, y)o(y) dy,

rae
_[x (1 -y)ecmnx<y;
K(x,y)= {y (1 - x), ecnu x > y,

u v(y) HenpepslBHA, YAOBIETBOPAET YPABHEHUIO
u'(xy=-v(x) (0< x<1).
3729. Hatitu F,, (x, y), eciin

Fx, y) = f (x ~ y2)/(2) dz,
y
rae f(z) — guddepenuupyemMas QyHKIUA.
3730. Hycry f(x) — gBakapl guddepeHupyeMaa GYHKIUA U

u(x) — puddepeHniupyemasa GyHKuuA.
Hoxazarp, uTo QyHKIUA

x+at
u(x, t) = %[f(x —at) + f(x + at)] + ﬁ J' F(z) dz
x-~at
YROBJIETBOPAET YPABHEHUIO KOﬂ€6aHuﬂ cCmpyHbl
2 _ 9d%u
0tz a Jdx?

U HavaJibHBIM yeaoBuaM: u(x, 0) = f(x), u; (x, 0) = F(x).
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3731. Ilokasars, 4ro ecnu QYHKIIUA f(X) HEIpePLIBHA Ha CETMeH-
Te [0, Ju (x — &)+ y* + 22 # 0 npu 0 < £ < [, To bynknus
1
(&)dg

yIoBIeTBOpseT ypasHernuio Jlanraca

d2u , d%u |, d2u
gu o i,
ox2 dy? 922

u(x, y, z2)=

IIpumensa auddepeHnUpoBaHUE I10 NapaMeTpPy, BBIYUCIUTH
caenyiouiyie UHTErpasbl:
T

3732. J- In (a® sin? x + b% cos? x) dx.

3733. | In (1 - 2a cos x + a?) dx.

Oy, 3 O

arctg(atgx) dx.

3734.
tgx

3735. [ Inliacosx dx (laf < 1.

1- acosx cosx

Oty 01 D C— D21

3736. Iloabaysack GopMyIoit

1

arctgx _ dy
x 1+ x2y2’

0

BBIYHUCJIIUTh UHTETrpal

N
.

1
J' arctgx
0

3737. IlpuMeHAs MHTErPHPOBAHUE NOJ 3HAKOM WHTErpasna, BbI-
YHUCJIUTH UHTErpas

1
xb_xa
ITr1'x_dx (a>0,b>0).

0
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3738. Beruncaury HHTErpasibl:

1
a) I sin (In _l_)x”_—x_" dx;
X
0

Inx

1
6) J' cos(ln i)% dx (a>0,b>0).
0

3739. Illycry, F(k) u E(k) — moJHBIE SITUNTHYECKUE HHTETrPAJIBI
(cm. 3amauy 3725). HokasaTe hopMyIbl

k
a) J' F(k)E dk = E(k) — k2 F(k);
0

k
6) J E(R)k dk = %[(1 + KBYE(R) - kX F(R)),
0

rie kf =1- k%
3740. Noxazare popMyay
J. xJ o(x) dx = xJ(x),
0

rae Jo(x) u J(x) — byaxuuu Beccens ungexcos 0 u 1 (cMm. 3agavy
3726).

§ 2. HecoOGcTBeHHBIE MHTErPaJbl, 3aBUCANIME OT MapaMerpa.
PasHOoMepHas CXOQMMOCTH UHTErpPaJioB

1. Onpepenenne paHomepuou cxonumoctu. HecobGerBeHHbIi HHTErpan

+00

J' f(x, y) dx, o

rae GyHrus f(x, y) HenpepsIBHA B 0OJaCTH @ S X < +0, iy, <y <y,, Ha3bIBaeTCH
pasHomepHo cxodaujumcs B uHTepBane (y,, Y,), eciu a4 joboro € > 0 cyuiecr-
ByeT uuciao B = B(g) Takoe, yTo npu BcAKOM b 2> B nMeem

+ 00

_[ f(x,y)dx| <& (y, <y <Y,).
b
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PaBHoMepHaA cxoauMocTs uHTerpasa (1) skBUBaJE€HTHA PABHOMEPHOMK
CXOAUMOCTH BCEX PALOB BUAA

LPY

Y [ e @)
n=0 a

n

rlea=a,<a; <@, <..<a,<a,,; <..u lim a,= +o,
n— 0o

Ecau unrerpan (1) cxoaurca paBHOMepHO B uHTepBanie (y;, Yz), TO OH
npexacrasiader co6oii HenpepsBHY0 (GYHKIIHKIO napaMerpa y B
9TOM HHTepBaJe.

2. Kpurepuit Komu. /Insa paBHOMEpHO#A cxomguMocTH uHTerpasa (1) B
uHrepnase (Y, ¥,) HeobX0AUMO U ZOCTATOYHO, 4TO6LI 1A JM06oro € > 0 cy-
mecTBoBaNo yucao B = B(g) rakoe, uTo

b
f(x)y)dx<£ (y1<y<y2)y
0

ecau ToJapko b’ > B u b” > B.

3. Kpurepuii Beitepmtpacea. [I1a pasBHOMepHOH ¢XOZUMOCTH UHTerpa-
na (1) gocraTouHo, 4TOOBI CylIEeCTBOBA A He 3aBUCALIAs OT TapaMeTpa Y Ma-
skopupymoiaa Gyuxrnua F(x) rakas, 4ro

1) [f(x, y)| < F(x) npu a < x < +00,

+00

2) J F(x) dx < +00.

4. AgayoruyHble TeOpeMbl UMelOT MECTO AJIA HECOOCTBEHHBIX MHTErpa-
JIOB OT Pa3pbIBHBIX (DYHKIUH,

OnpenesuTh 06J1aCTH CXOOUMOCTH HHTETPAJIOB:

400 + o0
3741. J' et dx. 3742. [ xcosx ;.
1+ x2 xP+ x7
0 0
400 2
3743. J‘ sinx? ;. 3744. J‘ dx_
xP [Inx}?
0 0
1 1 +00

CcOos .
3745. J' —Lox gy 3746. J' —SIE_ G (p>0).
n/ 2
0 1-x 0
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IIpu moMoOIU CpPaBHEHUA C PAJAMU UCCIECLOBATL CXOLUMOCTb
CIIeAYIOMUX UHTErPajoB:

oo +00

3747. J cosx g 3748. j __xdx (0,
X+ a
0 0

1+ x*sin?x

+00

3749, J' 3750. J' Si_“(i{ﬂdx.
T 0

dx
xP 37(/ sin?x
3751. ChopMyTHpPOBATH B HOJOMUTEJILHOM CMBICJIE, YTO 3HAYHUT,
YTO UHTErpas

+JO-O f(x, yy dx

CXOJUTCA HepABHOMEPHO B 3afjaHHOM HMHTepBaJe (Y, Ys)-

3752. [ToxkasaTp, 4YTo ecau: 1) mHTerpas

400

f f(x, y) dx

cxomutrcsa u 2) GyHKIUA @(Xx, y) orpaHHYeHa 1 MOHOTOHHA HO X, TO
HHTErpa

j Fx)(x, y) dx

CXOAUTCA paBHOMEDHO (B COOTBETCTBYIOIel obacTu).

3753. [loxasars, YTo paBHOMepHO cXxomAIuiica MHTerpas

- =
y

_L( 1)2
I=J'ey2 dx 0<y<1)
HeJIb3A MaKOPHUPOBATDb CXOAAIMMCS UHTErPaIoM, He 3aBUCALIUM OT
rmapamerpa.
3754. ITokaaarb, YTO HHTETPAJ

+00
I= J. oe “dx
0

cxomurca: 1) pasHoMepHO B J000M mpomexyTke 0 < a< o < b;
2) HepaBHOMeEpPHO B npomexkyTKe 0 < o < b.
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3755. 1. Doxasarty, 4To uhmezpanr Jupuxae

+00
[ = J‘ sinatx ;..
X
0
CXOZUTCS: a) pABHOMEPHO Ha Ka’XJOM cerMeHTe [a, b], He comepKa-
meM 3HaueHus o = 0; 6) HepaBHOMepHO HA Ka’K/J0OM cerMeHTe [a, b},
cojeprxaieM 3Hauenue o = 0.
2. UccnenoBaTh HA DPABHOMEDHYIO CXOAUMOCTDL UHTErpAJ
400
dx
xﬂ
1
B CJIEAYIOIMX MPOMEXYTKax: a) 1 <0y < o < +00; 6) 1 < a < +00,
3. Ilokasars, YTO MHTErpAT

+ 0o

dx
x%+1
0
CXOQUTCS HEPABHOMEPHO B mHTEpBase 1 < g < +00,

HccrnegoBath Ha PABHOMEPHYIO CXOAWMOCTb B YKAa3aHHBIX IpO-
MEXKYTKaX CJAeAVIOU[ue HHTerpasbl:

3756. a)J'i—f 0 <a < 1)

+ 00

6) J' ™% sin x dx (0 < 0y < 0 < +00),
0

400

3757. J‘ x%*dx (a <o <b).
0

+00

3758. J‘ ‘iof“x dx (~ < q < +00),

—00

400

_dx (o«
3759.J' T 0<a< o),

400

3760. a) J' SILT e g (0 < a < +o0);

6) J‘ ‘“"xdx 0 < p < 10).
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3761.

3762.

3763.

3764.

3765.

3766.

3767.

3768.

3769.

3770.

3771.

400
J' oo C_inz dx (0 < 0 < +00), rge p > 0 GUKCUPOBAHO.
X

1

400

J' Jaea® dx (0 < o, < +00),

0

400

/
J' e D s a)a <o < by 6) —00 < @ < 400,

-0
+00

a) J. e**1+¢Msin x dy (90 < x < +00);

1+xr

0
6) J' sinx? ;e (o > 0).
0

ITogobpaTe uucio b > 0 Tak, yToOLI
+00

dx
1+ xr

<g¢ mpu 1,1<p<10, rgee= 107

xP~11n? %dx; ayp>p,>0; 6)p>0(qg>-1).

X' _dx (0< n<+).

J1—x2

sinl dx 0 <n<2).
x x"

x*dx (la, < l) )

Yx-1)(x—2)2 2

SInOX gy (0<a<.
lx - af

O ey, O Gy, 10 D e, S Sy 4 O S, 4 o €

WHTerpan Has3pIBaeTCA pABHOMEPHO cX00awumca npu 0an-

HOM 3HAYeHUU napamempa, eCJIX OH PABHOMEPHO CXOAUTCH B HEKO-
TODOI OKPECTHOCTH 3TOTO 3HAaueHuA. [JoKasaTh, YTO UHTErpaj

+00

I — (de
1+a2x?
0

CXOAUTCS paBHOMEPHO NMpPHU KAXKJA0M 3HauyeHUH O, # 0 1 He CXOguTCsA
paBHOMepHO npu o = 0.
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3772. 3akoHeH Jiu epeXxoX K mpejesy noj sHAKOM WHTerpajia B
BBIpAXKeHU U

+ oo
Hm oe ™ dx?

a— +oo
0

3773. ®ynknusa f(x) uHTerpupyema B npomexxytke (0, +00). ITo-
Kasatb GopMyay
400 oo

Iim e f(x) dx = J‘ f(x) dx.
0 0

3774. 1. Hokasars, uTo ecnu f'(x) abcomoOTHO nHTEerpupyeMa Ha
[a, +0], To cyuiectByer lim f(x).
X — 00
2. [loxasaTy, 4TO
+00
lim f(x) sin nx dx =0,
" 0
ecau f(x) aBcoMOTHO UHTETpUpPYeMa B npoMekyTKe (0, +00),
3775. Jorasats, uro ecnu: 1) f(x, y) =3 f(x, y,) B KaxKIOM KO-

400

HeuHoM HHTepBaJe (a, b); 2) |f(x, y)| < F(x), rne I F(x)dx < +0, To

+00 +00
lim flx, y)dx = lim f(x, y) dx.
¥= Yo ¥ g
3776. 1. BeiuucauTh HHTErpaa
+ 00 +0o0
J' etdx = [ lim [( 1+ ﬁ) ]dx,
n— oo n
0 0

HCITIONb3YA npeuenbnmﬁ nlepexon nmox 3dHakoOM HMHTerpaJa.

2. IlycTp f(x) HenpepbIBHA U OTpaHUYeHa Ha [0, +00). [lokasarTs,
4yro

lim 2 I ;lz[%,lzdx = 1(0).
0

y—0Tm
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3777.1. Havitru

+00
lim dx .
n— oo xt4+ 1
0
2. Jokasarh, UTO MHTErpa
+o0

Fa) = j e-x-a) gy
0
ecThb HellpephblBHAA QyHKIMA llapaMerpa a.
3778. 1. ITokasars, 4TO
1 osin%

F(a)=j X dx
0

xe

eCTh HenpepbiBHaA PYHKIUA B uHTepBate 0 <o < 1.
2. Onpezenurs TOUKY paspbiBa QYHKIIAHU

+00
F(a) — J‘ Sin( 1; aztx dx.
0

ITocTpouts rpaduk pyakuuu y = F(a).

VccaemoBaTh Ha HEIIPEPLIBHOCTD B YKA3aHHBIX MPOMEXYTKax
caenymouiye QyHKINN:
400
3779. F(o) = j —’fd—~xu npu o > 2.

2+x
0

+00

3780. F(a) = J 0% 4y mpu a > 0,

o

1
n

3781. F(a) = j ;;(S,itri—xx)qu npu 0 < o < 2.

+00

3782. F(a) = f I—Sjen—’;Fdx npu 0 <o < 1.

0

+00
3783. F(0) = J' ae*e? dx mpu —00 < o < +00,

0
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§ 3. IuddepeHuupoBanue U MHTErpMpoOBaHUE
HeCOOCTBEHHBIX MHTErpajioB IO 3HAKOM MHTerpaJa

1. AuddeperunpoBanue no napametpy. Ecau: 1) byukuusa f(x, y) He-
npephslBHA BMeCTe CO CBOeil npou3BoAHo# f, (x, y) B obiaacrtu a < x < 400,

+ 00 +oo
Y1 <y <Yy 2) j f(x, y) dx cxonurcsa; 3) J f; (%, y) dx cxogurca paBHO-

MepHO B uHTepBane (Y, Y,), TO

+ 00 +0a

i [ 1= | peva
npu y; < y < y, (npasuno Jleitbruya).
2. ®opmyna uHTerpupoBaHua no napamerpy. Ecau: 1) QyHruus

+00

f(x, y) HenpepBIBHA IPU X Z A U Y, S Y < Y3 2) j f(x, y) dx cxopurca pas-

HOMEPHO B KOHEUHOM CerMeHTe [y,, Ys], TO

Y2 +00 +00 Y2
jdy_[ f(x, y) dx = j dx_[f(x, y) dy. (1)
N a a E3)

Ecnm f(x, y) 2 0, To dopmyna (1) BepHa rakxe u gl 6eCKOHEUHOrO
npoMexyrtKa (¥, U,) B IPEANOI0XKEHU U, UTO BHYTPEHHIE UHTErPaIbl PaBeH-
crBa (1) HempepbIBHBI ¥ OfHA M3 YacTell paBeHcTBa (1) MUMeeT CMBICI.

3784. Tloapaysack GopMyaoit
1
Ix”"ldx= %1 (n > 0),
0
BBIUHCJIUTH UHTErpaJl

1
I= j 2" 1In™ x dx, rme m — HaTypaJbHOE YHCJO.
0

3785. Tlonbaysack Gopmyaoi

+00

dx T
= >0,
j x2+a 2./a (a )

0
BBIUHUCJIUTH HHTEIrpaJ

400

I= j Z_x—é%’zc)—"ﬁ , TIe n — HaTypaJjlbHOEe UHCJIO.
0
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3786. JokasaTb, uTo MHTerpai JJupuxie

+00
I(a) = J‘ sinax ;..
x
0
uMeeT npu o # 0 IPOU3BOAHYIO, OLHAKO €€ HeJIb3sA HANTHU ¢ IOMOIIbIO

npasuna JleftGHuna.
Yxaszauue. IMoaoxurs ox = y.

3787. ITokasaTh, uT0 QYHKIIUA

+00

Flo) = J‘ COSX
0

1+ (x+a)?

HelnpepbIBHA U auddepeHIEpyeMa B 00sacTi —00 < ¢ < 400,
3788. Ucxoxs n3 paBeHCTBA
b

= J‘ e dy,

a

e-ax _ e—hx
X

BBIYHUCJINTH MHTEIrpaJ

+00

J‘ e‘i;_e_'”i‘dx (@a>0,b>0).
0

3789. Hoxasath gopmyry Ppyrranu
j M;uf”—x)dx = £(0) 1n§ (@>0,b>0),
0
400
rae f(x) — HenpepblBHas QYHKOUA ¥ HHTErpas j ﬁf)dx HMeeT
A
cMBICT 11pH Jiobom A > 0.

Ipumenssa ¢opmysy Ppyaranu, BEIYUCIATD HHTETDAJIBL:

+00

3790. j %‘H‘%"i’i”—x dx (@>0,b>0).
0

+00

3791. J S_“““‘;_—Si—“b-idx (@a>0,b>0).
0

+ 00

3792. J‘ wdx @>0,b> 0).
0
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C nomoumbio auddepeHIMPOBAHUA 110 IapaMeTpPy BBIYMCIHUTH
CJeAyIOLIMe NHTerpaJbl:

+00

3793. J'E-“"—‘Lﬁ—"-dx ©>0,p>0).
+00

3794. j ——‘e—"-) dx (o> 0, B> 0).
+00

_ﬁx

3795. J- QI—;E-—sin mx dx (o>0,3>0).

+0

3796. jﬂicosmxdx (00> 0, B> 0).

BLI‘II/ICJIPITL HHTEerpanbl:

In(l - a2x2 <
3797._"—(———2x2 ) dr (lof < 1).

1
3798._[ Ml—l‘—o‘;ﬁ)dx (lof < 1).

+o0

3799. | Arctgax gy,
o1

3800. j In(a?+x%) 4.

62+x2

3801. J'arctg(xx arctgfx de.

+oo

3802. j (1 +ota)In(d+ Bx?) g
X

0
3803. Beruucuth unmezpaa diizepa—Ilyaccona

+00

I= j e’ dx,
0
ucxona us GopMyJbL

+ 00 + 0o

P= I e-xzdxf xe**v dy.
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IMoawsysacek nHTErpaaom Jinepa—IlyaccoHa, HalTH cieRylolye
MHTEerpajbl:

400

3804. j e"@x+2bxs0dy  (a >0, ac - b* > 0).

+00
3805. j (a;x? + 2b,x + cl)e—<ax2+2bx+f) dx (a>0,ac—-b%>0).

—00

+ 00

3806. j e ch bx dx (a > 0).

—00

400
2
_( 2,92

3807. | " @ gy (a> 0).

x2

3809.

0
+00
3808. J' e e gy (a>0,B>0).
0
J e ’cos bx dx (a > 0).
0

+00o

3810. a) j xe-e**gin bx dx (a > 0);
0

+00

0) j x%"e-** cos 2bx dx (n — HaTypasJbHOE UHCJIO).
0

3811. loxasaTh, UTO
]

lim ﬁcj e-axt? 4t = [g @>0,8>0).

x — 400
-8

3812. 1. Hcxona u3 uHTErpaia

+00
(o) = f e~ %ﬁ—x dx (a=0),

0

BBIUYUCIUTL unmezpan Jupuxne

D) = J‘ Sn gy
0
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2. Kakoil npuMepHO BUA UMeET rpaduK UHmMezZpaivHoz0 CUHYCA
y=Six,
rae
x
Six = j sint g9
) t

Hcnonesya unmezpanrvt Jupuxae n @pyaranu, HalTH Clenyio-
1(1e MHTerpabl:

+00
3813. j e - cosbr gy (o> 0).
0

3814. J' §i“—°”‘x§-"£l3-’£dx (lod = 181 -
0

400 400
3815. j sinaxcosfx 5. 3816. j ﬂ‘;‘i‘dx.
X
0 0
+o0 +00
3817. J' (ﬂf-;-co‘—szdx. 3818. j (Si—n;-‘f)adx.
0 0
+ 00
3819. j sintx 5
x2

0

+00

3820. J‘ S“‘“‘“‘—-—-;ﬂ‘i&dx (af # 0).
0
+00

3821. J S gy,
0

+o0
3822. f e—kai_no‘_’;ji_nﬂ dx (k>0,0>0,B>0).
0

3823. Hatitu paspuienbtit mroxwcumensv [Jupuxne

+00

D(x) = 1_21 j sin A cos )»xd%‘
0

1A pa3inuyHBIX 3HadeHU x. [locTpours rpaduk pyHkuu y = D(x).



§ 3. InddepeHINpOBaHIE ¥ HHTCIPUPOBANNE HECOGCTBEHHbBIX UHTErPaNOB

367

3824. BeluncauTh WHTEIDAIbI:

+00
a) v. p. f SINex gx; 6)v. p. j 30T gy,

-0

+ 00

3825. [loabsysace Gopmyaoi

+00

1 2
= e v(1+x8) dy
1+ x2 f Y

0

BBIUUCIUTL Uunmezpan Jlannaca

+00
L= cosax 4.
J- 1+ x2
0
3826. Beruucaurh HHTErpaI
+Oo
L. = xsinax dx
1 j 1+ x2
0
BriuucauTh HHTEI DA
+00
3827. [ SIX gy
1+x2
0
+00
3828, | L9084 gy
8 j (1+x2)2
0
+00
29, —cosax > 0, - b2 > 0).
3829 J‘ —9%8% gy (a>0,ac ~ b > 0)
0

3830. [Tosnbsysace hopmyron

400

:/1—;- = % J: e vt dy (x> 0),
BBIYHCINUTE UHmezpaiv. Ppenens
400 400
'[ sin(x?) dx = % f %’fdx;
0 0
+00

J cos (x?) dx =

0

S Rl

T

+00

I COSX 7.
x

0
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HaiiTu uHTerpas:

+00

3831. J‘ sin (ax? + 2bx + ¢) dx (a # 0).

+00

3832. j sin x? cos 2ax dx.

-0

+00

3833. j cos x? cos 2ax dx.

3834. NokaszaTb HOPMYJIBI:

+ 00

400

1 COSOX 4o o T oin a0 2 xsinox . - _ Toos aa

) at_x? 2a > 2) a2~ x? 2 ’
J 0

rae a # 0 u HHTEerpaJjbl MOHUMAIOTCA B CMbICJIE TJIABHOTO 3HAUYEHUSA
Komu.
3835. Haiitu npeobpasosarue Jlannaca

400

F(p) = _[ ety dt (p> 0)

0

naa Gyarnuu f(t), ecau:
a) f(¢) = t* (n — HaTypaJbHOE YHCJIO);

6) f(t) = Jt;

B) () = €

r) f(t) = te ™™,
m) f(t) = cos t;
&) f(t) = 1=

K) f(t) = sin at.
3836. Hokasars Gopmyny (unmezpaa Jlunwuya)

+00
- 1
e J(bt) dt = (a>0),
J ° Jar+ be )

0
n
rae Jy(x) = Tltj cos(x sin ¢) d9 — dyHKkuusa Beccena 0-ro uHAeKkca

0
(cm. 3agauy 3726).
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3837. HaiiTu npeobpaszosarue Beliepuwmpacca
400

F = 4 L e f(y) dy,

eCcJIN:
a) f(y) = 1; 6) f(y) = y% B) f(y) = €**; 1) f(y) = cos ay.

3838. Muozounenv: Yebviuwesa—Ipmuma oupenensaorca (pop-

MyJaMHu
i 1ynx2 A" g2 -
H, (x)=(-1)"e e (e*") (n=0,1,2,...).

Hoxasars, UTO
+00
0

y ecJau m # n;
—*Xz =
I Hm(x)Hn(x)e dx {2”,’/!,\/&’ ecauu m=n.

3839. BrluncauTh MHTErpas
+oo -1[;3+<_§_x— )2}

2(12 G.z
00 = g [ 7 dE (0,>0,0,>0),

—00

VIMEIOIHI Ba’KHOe 3HAUEHWE B TEOPUU BePOATHOCTEH.
3840. Ilycrs pynxuua f(x) HenpepsIBHA U a6COJMIOTHO UHTErPH-

pyeMa Ha MpPOMEXXYTKe (—00, +00),
HoxasaThb, 4T0 MHTErpaj

400
~x)?

u(x, t) = ZR}M j f€)e 1t gt

VIOBJIETBOPSAET YPAGHEHUIO MENJLONPOBOIHOCIU

Jdt - a’dx?

M HAYaJIbLHOMY YCJIOBHIO

lim u(x, t) = f(x).
t—+0

§ 4. OnnaepoBsl HHTErpaibl

1. Famma-dyaxkunu. Ilpu x > 0 umeem:

+00

I'(x) = j t* " le7t dt.

0
OcHoBHOe CBOiCTBO raMMa-()YHKIMK BbIPAXKACTCH (POPMYAOL NOHUNCCHUA

T'(x + 1) = xI'(x).
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Ecau n — nenoe nonoskUTeNbHOE YUCIIO, TO

T(n) = (n - 1)}; I‘(n+ ) 1:3.2n-1) o
2"
2. ®opmyaa nonoaHenuA. IIpy X, He paBHOM I1eJIOMYy YMCAY, UMEEM

I

T'(x)Ira - x)= prel

9rta popMyJia 103BOAAET ONPEAELIUTH raMMa-PYHKIUIO A1 OTPHUIIATE b~
HbIX 3HAYEHUN apryMeHTa.
3. Bera-byukuusa. Ilpu x > 0 u y > 0 umeem

1

B(x, y) = J' =1 -ty Ldt.
0

Cupasegnusa popmyna

gx)l‘gyz
B(x, y) = T(x+y)

3841. [lokasarb, uro ramma-hyHrnua I'(x) HenpeprsiBHa u obJsa-
JaeT HellpepPhIBHLIMY IPOM3BOAHBIMY BCeX IOPALKOB B obymactu x > 0.

3842, Tokasars, uTo Oera-pynrnua B(x, y) HenpepbiBHa U 0bya-
JlaeT HellpepPbIBHLIMY IIPOU3BOLHBIMY BCeX MOPAAKOB B obaactu x > 0,
y>0.

C noMOINbI0 BHJIePOBLIX HHTErPAJOB BEIUUCIUTD CIEYIONIYe HH-
Terpasbl:

1 a
3843. J' Jx = 72 dx. 3844. f 2 JaZ~ <2 dx (a>0).
0

400 +00
3845. J' _Nx g 3846. j
(1+x)2
0 0
yoo 3
3847. j xidx 3848. j sin® x cos? x dix.
1+ x4
0
1
3849. f——- (n>1).
n 1 xn
400

3850. J‘ x¥e~**dx (n — 1esoe MOJOMKUTENBHOE).
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OnpegenuTs 067aCTh CYLIECTBOBAHUS ¥ BHIPABUTH Uepes sHjepo-
BBl MHTErPajbl CACLYIONHe HHTerPajbl:

3851.

3853.

3854.

3855.

3857.

3858.

3860.

3862.

3864.

3865.

3866.

+00 t oo
xm—l xm—l
J' T —dx (n>0). 3852. J‘ S dx
0 0
400
J'—%"de— (@>0,b>0,n>0).
(a+bxm)’

0

b
J'ﬁﬂﬂb_‘_ﬁxdx (0<a<b;c>0).

(x+c)n1+n+2

1 2
dx .
(m > 0). 3856. '[ sin™ x cos" x dx.
! Vrers J
2
J' tg” x dx.
0
s 4 O
sin"-lx n
= = 1. . —x .
J.(1+kcosx)"dx (0 <kl < 1). 3859 J’ exdx (n>0)
0

+ o
3

1
J. x™e~x" dx. 3861. I (ln l)p dx.
X
0 0
4 oo

+ 00

© ey

xPe**Inx dx (a> 0). 3863. J xf tinx g
1+x
)

400 o o0

a) xP-1In2x dx: 6) xlnx dx; B) In2x dx.
14 x3 1+ x4
0 0

1+x
0

400
-1 _ 4q-1
ﬁ__.x_l__dx
(1+x)Inx
0
+00

J. de (O<p<1).

1-x

0
YkazaHue. ITOT MHTErpaj MOXKHO pacCMaTpUBarh KakK

3867.

IH{L [B(p, €) — B(1 ~ p, €)].

1
shox
J Wgx (O<a<p. 3868, J’ In T(x) dx.
0 0
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a+1

1
3869. J In T(x)dx (a> 0). 3870. f In T(x) sin x dx.
a 0

1

3871. f In I['(x) cos 2nmx dx (n — HATypajsbHOE YUCIO).
0

HokasaTs paBeHcTBa:
1 1

3872.1' dx . [ xldx _ 7
, J1 - xt

) J1—xt 4
+00 +00
3873. f e-**dx - J x2ertdx = L,
8.2
0
n +® . 1 oy
m=1,_xn =( 1 2 3
3874. [ fx e dx (n) (2m) 2 .
m=1
+00
3875. lim e dx = 1.

n— o

0
400
1 1 -1,-xt o
WUcnonb3ysa paBeHCTBO — = ——— t" " e dt (x > 0), HaliTH
yap T f ( )
0

MHTerpaJibl:

+00

3876. f Coj’—:xdx (0O<m<1).
0

+00

3877. J' ii%?_xdx 0<m<2).
0

3878. Hoxasars dopmynsr ditnepa:

+0o0

a) J t*~1e™ cos oAt sin o) dt = L(*) cos ox;
A'x
0

+00
6) J. t* - leMoosa gin(At sin o) dt = T sin o
A’X
0

(A>0,x>0,—5<oc< E).
2 2
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3879. Hatitu gnuny nyru KpuBoOii
r*=a" cos n¢ (a> 0, n — narypajibHoe).
3880. Haiiru miouiags, OrpaHUYEHHYIO0 KPUBOMR

lx|* + lyl" =a* (n>0,a>0).

§ 5. Huterpanbuasa dopmyna @ypse

1. IIpeacrasnenue ¢ysxuun uererpanos dypse. Ecau: 1) QyHruuUA
f(x) sagana Ha ocu —00 < x < +00, 2) KyCOUHO-HEMPEPLIBHA BMeCTe CO CBOEeH
APOU3BOAHOM ['(X) B KAOKAOM KOHEUHOM IIPOMEXyTKe U 3) aGCONIOTHO HH-
Terpupyema Ha uHTepBase (—00, +00), To BO BCeX CBOMX TOYKAaX HEIpepbiB-
HOCTH OHA JOIyCKaeT npejacTraBieHue B popMe unmezpara Pypve:

+00

f(x) = f [a() cos Ax + b(A) sin Ax] dA, )
0

rae

400

400
agy = L f AQ) cos REdE w by = 3 f f(2) sin A% d&.

B roukax paspweiBa QyHKuMHu f(x) nesaa yacrs dopmyas (1) gomxHa 6bITh
3aMeHeHa Ha -é-[f(x +0) + f(x — 0)].

JLnst yerHoMt QyHKUM f(x), C TeM JKe 3aMeuaHUEM OTHOCUTENBHO TOYEK
paspniBa, (popmyna (1) naer:
400
f(x) = J‘ a(A) cos Ax dh, (2)

0
rae
+00

a0y - & f f(E) cos AE dE.
0

AnanornyHo and HeueTHOU QYyHKIUU f(x) monyuaem

+00
flx) = f b(A) sin Ax dA, 3)

0
rae

b(A) =

ao

f F(E) sin AL dE.
0
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2. IIpexpcraBnenue (pyHkuHu nHTerpasom Pypre B nurepsane (0, +00),
®yHruua f(x), 3agaHHas B uHTepsase (0, +00), U KyCOUHO-HeNpepbiBHAS
BMECTe CO CBOEH MPOU3BOAHOMN f'(X) HA KAXKJOM KOHEYHOM MHTepBaje (a, b) C
€ (0, +90), abcomoTHO uHTerpupyemas Ha (0, +00), 1o }KenaHu1o MOXKeT GbITh
npejcraBieHa B JAaHHOM HHTepBase uau popmyioit (2) (vemuoe npodosisice-
Hue), unu opmyaoii (3) (Hewemuoe npodonscerue).

IIpeacraBuTh UHTErpanoM Pypne caegyroniue QyHKIAN:

] 1, ecau x| < 1;

1 fa) =< ’
3881. /(x) {O, ecnu x| > 1.
sgn x, ecau |x| < 1;
0, ecnu x| > 1.

3883. f(x) = sgn(x — a) — sgn (x — b) (b > a).
h (1 - %‘) ecau x| < a;

3882. f(x) = {

3884. f(x) =
0, ecnu |x| > a.
_ 1
3885. f(JC) = m (a > 0)

3886. f(x) = —X— (a > 0).

a?+ x?

_ |sinx, ecnu |x| < m;
3887. f(x) = ‘{0, con [¢]> 7.
J cosx, ecnu |x] < g ;
3888. f(x) = -
0, ecmulx|> =Z.
2
Asinot, ecnu [t] < % ;
3889. =
A=) 0, ecau |t| > z—g’l

(n — HaTypaJIbHOE UHCJIO).
3890. f(x) = e (o > 0).
3891. f(x) = e~ cos Px (o > 0).
3892. f(x) = e ™ sin Bx (o0 > 0).
3893. f(x) = e*".
3894. f(x) = xe*.
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3895. DdyHKIUIO
flx)=e* (0 <x < +00)

IIPeACTaBUTL MHTErpajoM Pyphe, IIPCAOIKAs ee: a) ueTHbIM 06pa-
30M; 0) HeueTHBIM 06pasoM.
Haiitu npeobpazosanue @ypve

14
lim | f(t)e ™ dt

1
J2m i 4o l

F(x) = ﬁ L f(t)e ™ dt =

nast pyaxkmuu f(t), ecou:
3896. f(x) = e (o > 0).
3897. f(x) = xe ¥ (o, > 0).

2

3898. f(x) = ¢ Z.

3899. f(x) = "% cos ox.
3900. Haitru pyHxuun @(x) u y(x), ecau:

+00

- _1 .
2 [ o cos xy dy = 15
0

+00

6) f W(y)sin xy dy = e * (x> 0).
0



PASAEJ VIII

KPATHBIE 1 KPUBOJIMHEVUHBIE HHTETPAJIbI

§ 1. JIBOoiiHBIC MHTErpaJbl

1. HenocpeacrseHHOe BEIUNCIeHMe [IBOHHOro HHTerpaja. J[6oiiHbim UH-
mezpasiom OT HenpepbIBHON PYHKu UM f(Xx, y), paCIpOCTpAHEHHbIM Ha orpa-
HUYEHHYIO 3aMKHYTYIO KBaJpupyemyto obsacrtb 2, Ha3bIBAETCH YKUCJIO

f(x, y)dx dy= lim ZZ f(xi ypAxAy;,
max|Ar, — 0 b &=
Q b
max|ij| =0
rie Ax;= x;,  — X;, AY; = Y;+ 1 — J; 4 CYMMHUpOBaHe PacIPOCTPAHETCsH Ha
Te 3HAuYeHUH [ U j, A4 KOTOpbIX (x;, y;) € Q.
Ecau obnactb § 3ajaHa HepaBeHCTBAMH

a< x< b, yy(x) Sy < (),

rze y,(x) u y,(x) — HenpepbIBHbIe DYHKIUU HA CerMeHTe [a, b], TO COOTBET-
CTBYIOLIMI ABONHON MHTerpaj MOXXeT ObITh BBIUUCIEH IO opMyJie

b Y9(x)
J'J'f(x, y) dx dy = f dx J' f(x, y) dy.
Q a ¥y (x)

2. 3ameHa nepeMeHHBIX B ABOMHOM MHTerpaJje. Eciu HenpepbIBHO ZUQ-
¢epeHMpyemMmble QYHKIUN
x = x(u, v), y=y(u, v)
OCYIIECTBJAIOT B3aMMHO-0JHO3HAuHOE oTOOpaskeHre OrpaHMYEeHHOM U 3aM-

KHyTOH o6snacTu Q B miockocTu Oxy Ha obiactb Q' B maockocru Ouv, u
sAxobuaH

I= D(x, y)
D(u, v)

cOXpaHAeT NOCTOAHHBINH 3HAK B § 3a MCKJIIOUEHUEM, ObITh MOXKET, MHOXe-
CcTBa Mepbl HYJb, TO COpasefauBa hopmyna

Lf e, y) dx dy = !j e, v), yCas )| du do.
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B YACTHOCTH, IJIA Cay4das nepexoga K noJApHbIM KOOpAHHATAM I M (P I10
(opmynam x = r cos ¢, y = r sin ¢ umeem

J:[ flx, y) dx dy = JJ. f(r cos @, r sin @)r dr do.
Q Q'

3901. BorunucauTs MHTErPAT
J.J. xy dx dy,

paccMaTpuBast ero Kak npefes HHTerpajJbHOl cyMMbI, pa3busas o0-
JacTh MHTETpalluy Ha KBaAparThl HPSIMbIMHU

//\//
A\//

L . .

Liy= i G,j=1,2,...,n-1)

n

n BriOupas 3HaYeHUe MoAbIHTErpajbHOM GYHKIMKM B IpaBBIX BepX-
HUX BEPIIMHAX 3THMX KBaApaToB.

3902. CocraBuTh HUXKHIOIO S U BEpXHIOI S HHTErpajJbHEIE CYM-

Mbl o1d QyHKROuu f(x, y) = x? + y?B obmactm 1 < x < 2,1<y< 3,
pa30UBadA MOCHENHIOK HA NPAMOYIOAbHUKK IPAMBIMU

x=1+;li.,y=1+an' G, j=0,1, ..., n).

YeMy paBHBI NpeAEJbl 3THX CYMM IIpH n — 007
3903. Boruucaurh OpUGIMIKEHHO HHTErDAT

J’ J’ ___dxdy

A/24 +x2+ yz

x +y

ANNPOKCUMHUPYS 06aCTh UHTErpalMy CUCTEMOM BIIMCAHHBIX KBAaj-
paToB, BEpUIUHBI KOTOPBIX A;; HAXOAATCS B IEJTOUHUCACHHBIX TOUKAX,
U BHIOUpAs 3HAYEH U HOABIHTEIDANBLHON (GYHKIUY B BepUIKHAX DTUX
KBaZpaToB, HaHboJ/ee YIalleHHLIX OT Havaysa KoopauHaT. CpaBHUTH
MOJIYYEeHHBIH pe3yJbTAaT ¢ TOYHBIM 3HAYEHHUEM HHTErpasa.

3904. ITpubauKeHHO BBIYUCIUTL UHTETDAJ

Hmds,

rge S — TpeyronbHUK, OrPaHHUYEHHBIN npaMbiME x =0, y=0u
x +y =1, pasbus obnacrs S IpsiMbIMU X = const, y = const, x + y = const
Ha YeThIpe paBHBIX TPEYTOJIBHMKA M BhIOpaB 3HaueHHe MOJbIHTEerpalb-
HOYM QYHKH MY B HEHTPaX MAacc 3THX TPEYTrOJbHUKOB.
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3905. O6aacts S{x? + y* < 1} pas6ura Ha KOHEYHOE YMCIO KBAJ-
pupyeMsIx uacreit AS, (i = 1, 2, ..., n) xuamMeTpa menblie yem d. Ilpu

KaKoM 3HauyeHuu O 6yzer obeciieyeHo BHINOJIHEHUE HEPABEHCTBA
n

‘ J;J- sin (x + y) dS - z sin (x; + y)AS,; | < 0,001,

i=1

rae (x;, y;) € AS;?

Boruucnurs HHTEerpasanbl:
1 1 1 x

3906. J’ dx f (x + y) dy. 3907. J' dx J’ xy? dy.
0 0 0 2

2n a

3908. f d(pJ. r? sin? ¢ dr.
0 0
3909. [loxas3aTh paBeHCTBO

j f X(x)Y(y) dx dy = j X(x) dx - j Y() dy,

ecqu R — npAMOYroJbHUK: a < X < A, b < y < B u dpyuxuuu X(x)
¥ Y(y) HenpepbIBHBI HA COOTBeTCTBYIOILU/IX cermeHTax.
3910. Beruucaurs

B
de' f(x, y) dy,
b

s.
::‘<—-.>

ecau
fx, y) = F (x, y).
3911. IIycrs f(x) — HenpepbiBHast (YHKIUS B IIPOMEXKYTKE
as x< b.

HoxasaTh HepaBEeHCTBO
b 2 b
Uf(x)dx] <®-af F@adx,

Te 3HaK PaBeHCTBA MMeeT MecTo JIMUIb, ecau f(x) = const.
Y kaasaHue. PaccMorpers HHTErpas

b b

j dxj () - F)F dy.

a
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3912. Kaxoi1 3BHak UMEIOT WHTETrpaJIbl:
a) fj In(x? + y?) dx dy;

lxl+lyl < 1
6) H Y1- (2%~ y?)dx dy;
22+ y2<4

B) J. arcsin(x + y) dx dy?

O<x<l
-1<y<l-x

3913. Haitru cpegnee 3Hauenne QYHKIIUU
f(x, y) = sin® x sin? y

B KBagapaTe 0 < x <@, 0 S y < m.
3914. Ilonb3ysich TeopeMoit 0 cpefiHeM, OIeHUTh UHTEerpaJl

I= dxdy .
100 + cos?x + cos?y

|l +lyl< 10

3915. HaliTu cpepHee 3HaueHMe KBAaApaTa PACCTOAHUSA TOUKH
xpyra (x — a)® + (y — b)? < R? or Hauaa KOOPJAUHAT.

B zamauax 3916—3922 B aBOKHOM MHTErpaie II f(x, yydx dy
Q

paccTaBHTH Hpefesbl HHTETPUPOBAHUA B TOM H JPYToM HOPALKE JIA
yKa3aHHBIX obsacreit Q:
3916. Q — rpeyroasHuk ¢ sepunHamu O (0, 0), A (1, 0), B (1, 1).
3917. Q — rpeyronvHuk ¢ Bepminnamu O (0, 0), A (2, 1), B(-2, 1).
3918. Q — rpanenusa ¢ sepmnnamu O (0, 0), A (1, 0), B(1, 2),
C (0, 1).
3919.Q — xpyr x> + y> < 1.
3920. Q — xpyr x? + y? < y.
3921. Q — napaGoauyeCKHl CErMEHT, OTpaHUYeHHBIH KPUBEIMH
y=x*uy=1.
3922. Q — xpyrosoe xKoiabuo 1 < x2 + y? < 4.
3923. loxasars gopmyry Hupuxae
flx, y) dx = J‘ dyJ‘ fx, y) dx (a > 0).
]

0

dx

Ot &
St &
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WN3MeHUTDh IOPSILAOK I/IHTGI‘pI/IpOBaHI/IH B CAEAYIOUIMX MHTErpajax:

2 2x 2-x
3924. J' dx J' fx, y) dy.  3925. J' dx '[ f(x, y) dy.
0 x -{4——1
1 x2? 1-x2
3926.J'de' f(x, y) dy. 3927. J'dx J’ f(x, v) dy.
0 3 B
2 m 2n 2ax
3928. f dx f f(x, y) dy. 3929. f dx _[ f(x, y) dy (a > 0).
1 2-x m
4 Inx 2n sinx

3930. I dx }!’ f(x, y)dy.  3931. '(!’ dx.(!' f(x, y) dy.

1
BuruMcauTh CAEAYIIOLIMe HHTErpaJIbl:

3932. foyz dx dy, ecnu oGsacts 2 orpaHuueHa napaGoJioit
y? = 2px u npamoit x = B (p > 0).
3933. J.J. ——L (a > 0), ecniuz o6sacTh £2 orpaHuuYeHa Kparyaii-

e 1yrou oxpymnoc'm C IeHTPOM B ToUKe (a, @) paguyca a, Kacaw-
meiicst oce KOOpAUHAT, ¥ OCAMM KOODIUHAT.

3934. IJ. [xy| dx dy, ecmu Q — Kpyr paguyca a ¢ eHTPOM B Ha-

Jyajie KOOpAMHAT.

3935. Jf (x% + y?) dx dy, ecniu Q — napanJenorpaMm co cTopo-

Q
HaMU Yy =x,Yy=x+ta,y=auny= 3a(a>0).

3936. ff y? dx dy, ecnu Q orpaHuueHa ochlo abCiuce ¥ mepBoit
Q
apxo¥ mUKJIOUALI X = a(t — sint), y = a(l — cos t) (0 < t < 2m).
B 3agauax B 1BOMTHOM HMHTerpaje J.J. f(x, y) dx dy nepeiitu x no-

JISSPHBIM KOODAUHATAM r ¥ @, nonaraﬂ X =rcos (p u y = rsin @, pac-
CTaBUTH IpPEXeNbl I/IHTEI“pI/IpOBaHHH ecau:

3937. Q — Kpyr x% + y < a?.

3938. Q — xpyr x2 + y? < ax (a > 0).
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3939. Q — xonbuo a® < x* + y? < b2
3940. Q — TpeyroJbHuK 0 Sx<L;0<y<1-ux
2
3941. Q — napaboauuyeckuii cerMeHT -2 < X < a; %- <y<a.
3942. B xaxoM ciyuae mocJse nepexona K NOJSPHBIM KOOPIHHA-
TaM Npejesibl UHTEeIPHPOBAHUA OYAYT IOCTOAHHbBIE?

ITepefiTi K MONAPHBIM KOODAWMHATAM I ¥ (¢, TIOJIATAS X = I COS @
U y = rsin @, U paccTaBUTH NIpeJleNibl HHTeIPUPOBAHUA B TOM U APY-
roM NOpAfKe B CAeNyIOMUX UHTErpaaax:
2

1-x
3943. j dx j f(x, y) dy. 3944. '[ dx j fx, v) dy.
0 0 0 1-x
2 xJ3 1 x2

3945. J' dxj X1 y%) dy.  3946. dx_[ f(x, ) dy.

o'——,

3947. Jj f(x, y) dx dy, roe obyacTs  orpaHudYeHa KpUBOM
(2? + yB)? = a¥(x* - y?) (x 2 0).

Ilonaras, 4TO r ¥ () — NOJAPHbIE KOOPANHATHI, U3MEHUTh ITOPA-
IOK UHTeTPUPOBAHUA B CHeAYIONMUX MHTEerpaiax:
n

2 acos

3948. '[ do '[ f(o, 1) dr (a > 0).

a4sin 2

3949. (fo, rydr (a> 0).

c'———.

3950.

O, 2 o'_. o oy

d(p'[ (e, rydr (0<a < 2m).
0

Ilepeiifsa K NONAPHBEIM KOOPAUHATAM, 3aMEeHUTH JBONHbIE HHTED-
paJIBl OAHOKPATHBIMU:

3951. ” f(JETyE) dx dy.

x2+y%<1

3952. j J' HJ2Z+y2) dx dy, toe Q = Lyl < s I < 1

3953. ” dx dy.

x2+y2<x
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Ilepexons K NOJADHLIM KOOPAUHATAM, BHIUUCIUTL CIeAYIOLINe
J{BOMHBIE NHTETDAJIBL:

3954. J:[ Jxt+y?dx dy.
iy yd<a?
3955. J:[ sinJ/x% +y2dx dy.
rl< x4y <an
3956. Kpagpar S{a<x<a+ h, b<y<b+h},(a>0,b>0)c
TIOMOILIBIO CUCTEMBI (PYHKIINHA

U=§,v=$@

npeobpasyerca B obnacts S’. HaliTi oTHoIlleHMe IUIomagu o6JaacT
S’ k wromtaau S. YeMy paBeH npeses 3TOro OTHOUIeHUA npu A — 07

BmecTo x 1 [/ BBeCTH HOBBIE II€pEeMEHHbIe U U U U ONpeaAenanuThb
TipefieNibl UHTETPUPOBAHUA B CHEAYIONINX ABOWHBIX MHTEIDAJAX:
[ Bx

3%Tjdxjﬂ%yww (0O<a<b;0<a<p), ecm

ax

u=x,v=4.
X

2 2-x
3958.J.dx j flx,y)dy,ectnu=x+y,v=x-y.
0

1-x

3959. J‘J. f(x, y) dx dy, roe obnacty Q orpaHmuena KpUBLIMH
Q

J;c + f = ,\/Zl,x=9,y=0(a>0), eciu
x=ucos!v, y=usintv.
3960. IToxaszars, YTo 3aMeHA MIePEMEHHBIX
x+y=¢& y==En

nepeBoguT TpeyrojbHuK 0 < x < 1, 0 < y < 1 — X B efUHUYHBI}
kBagpar 0 < £E<1,0< n< 1.

3961. Ilpu kaxoii 3aMeHe IePEMEHHBIX KpUBOJIUHENHBII ueThIpex-
YTOJMBHUK, OTPAHWYEHHLIN KpuBbIMu Xy = 1, xy =2, x —y+ 1 =0,
x—-y—-1=0 (x>0, y>0), nepeiifier B IpSIMOYTOJbHUK, CTOPOHLI
KOTOPOTO NapaJjljieibHEL OCAM KOOpauHaT?
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IIpoussenss cOOTBETCTBYIOIIE 3aMeHBl INlepeMeHHBIX, CBeCTH
IBOWHBIE BHTEI'PAJL K OSHOKPATHBIM:

3962. ” fex + y) dx dy.
lxf+]yl< 1

3963. J.j flax + by + ¢) dx dy (a? + b% % 0).
x24+y2<1

3964. J.j f(xy) dx dy, rme ob6macth Q orpaHuyeHa KPHUBBIMU
Q

xy=1l,xy=2,y=x,y=4x(x> 0,y > 0).

Brruucaurs caegylomniye qBoiiHbIe MHTEIPAJIbL:

3965. J'J'(x + y)dx dy, rme obnacrts () orpaHuueHa KpPUBOI
Q

P+yt=x+y.
3966. J‘ J' (I + 1ol dx dy.

lxl+igl<1

3967. '[J. /1 - z—z _bLi dx dy, rme obnactp () OorpaHuMYeHa 3JIJINI-
Q

x2 z
COM;E‘F%—L

3968. ” (* + y?) dx dy.
xryi<

3969. ” (x + y)dx dy, roe obnacrs Q orpaHrueHa KpPHUBBIMHU
o

VP=2x,x+y=4,x+y=12.
3970. J. J- xy dx dy, rpe obnacts Q orpanrueHa KpUBBLIMU XY = 1,
Q

x+y=

DN Ot

3971. ” lcos (x + )| dx dy.

0
0

AN
AV
|3

R

Vi

3972. YU — % - y?|dx dy.
x2eyli< Jé

3973. U Jy =% dx dy.
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BriuncauTs uHTErPANbl OT PASPHIBHAIX MYHKIIWI:

3974. ” sgn (x% — y® + 2) dx dy.

224+ y?<4

3975. '[J' [x + y] dx dy.
0<x<2
o<ys2

3976. ” Jg =% dx dy.
x2<y<4

3977. [lokasars, uTO
x™y" dx dy = 0,
x24+y2<q?

eCJIi M U n — IeJble MOJIOKHUTENLHbIe YKCJa U [0 MeHbIIell Mepe
OfHO U3 HUX HEYeTHO.
3978. Haiitu

; 1
— d
im [ e g axay,
x24y2<p?

rae f(x, y) — HenpepsIBHAA DyHKIKA.
3979. Haittu F'(t), ecnu

F(t) = H o dx dy.

t
t

VAV

AV

0<sx
o<y
3980. Haiitu F’(t), ecin

F(t) = J:[ Jx? + y?dx dy.
(x-t)2+(@y-1)2<1
3981. Haiiru F'(t), ecamn
F(t) = ” flx, y) dx dy  (¢>0).
x2+y2<t?

3982. Jlokaszars, yto ecau f(x, y) HenpepsIBHA, TO PYyHKINAA

x x+y-¢&
ute, =3 [ae [ #e man
0 E-x+y

YAOBJIETBOPAET YPABHEHUIO

d%u

%u __
Fre - d_y—z = f(x, y).
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3983. IlycTs nmuHUK ypoBHA DYHKUUHU f(X, Yy) — NIPOCThIE 3aMK-
HYTBIE KpuBBle U o61acTsb S(Vy, Uy) OrpaHrYeHa KpUBbIME f(x, ¥) = v,

u f(x, y) = v,.
Hoxkasarsb, 4TO

Uy

” f(x, y) dx dy = '[ vF(v) dv,

S(vy.vy) vy

rae F(v) — nuiowas, orpaHudeHHAaA KPUBBIMI f(x, ) = v, | f(x, y) = U,.

Yxaszanue. Obnacte UHTErpUPOBaHUSA pa3bUTh Ha wacTH, OTpPaHU-
yeHHbIe 6ECKOHEYHO GIM3KUMHU JUHUAMU YPoBHA QyHKIUM f(x, V).

§ 2. Bpruncienue mwioniaxen

ITnowadv obracmu S, pacnonoxkeHHoM B miockoctu Oxy, Aaetcsa Qop-
myJsio#
S= ” dx dy.
S

Haiitu nnomaau, orpaHuveHHbIe CefyIOIIUMA KPUBLIMU:
3984.xy = a%, x + y = ga (a > 0).

3985. y? = 2px + p?, y* = —2qx + ¢* (p > 0, ¢ > 0).
3986. (x — y)? + x* = a® (a > 0).

Ilepexona K NOJXAPHBIM KOOPAUHATAM, BHIUMCIUTD IIJIOIAL1, OT-
pPaHUYEHHbIE CIAeAYIOMUMU KPHUBLIMU:

3987. (x* + y?)? = 2a%(x? - y?); 2% + y® > a®.

3988. (£* + ¥ =22+ % x>0,y>0.

3989. (2% + y%)? = a(x® — 3xy?) (a > 0).

3990. (2% + y?)? = 8a’xy; (x — a)* + (y — a)? < a? (a > 0).

BBogsa 0606111enHbIe TOMAPHBIE KOOPAUHATEL 7" 4 () 10 hopMysam

x=arcos* @, y=brsin® ¢ (r=0),

rae a, b u o0 — HagIeKamuM obpasom nNoxoOPaHHbIE NOCTOSIHHbIE, U

VYUTBHIBAA, YTO gi(x—(%% = a.abrcos® ! ¢ sin® ! ¢, mafitu nromaznu,
r,
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OTpaHUYEHHbIE CIeAYIOMUMHA KPUBLIMU (I1apaMeTphl CYUTAIOTCA T10-
JIOXKUTEJIbHBIMHU):

3991.z2+$L2=’-‘+£.

3992, X0 + U2 22 L V.o y=o.
peiRa

4 2
oyt ot g
3993.(a+b) L+ L (x>0,y>0)
4
3994.2) (£ + U] =X - & (x>0,y>0);

6)( 2)5=ﬁ”—2.

3995[ A/§—1x—oy 0.

TTpoM3BOAA HANEXKAIIYIO 3aMeHY NTepeMeHHbIX, HAHTH [I0Ia I
buryp, orpaHUYEHHLIE CIeAYIONUMH KPUBBIMU:
3996. x +y=a,x+y=b,y=ox,y=Px (0 <a<b; 0 <a<p).
3997. xy = a®, xy=2a%, y=x,y=2x (x > 0; y > 0).
3998. a) y* = 2px, y> = 2qx, x* =2ry, x* =25y (0 <p <q; 0 <r <s);
6)x?=ay, x*=by, x*=cy®, x* =dy? (0 <a<b;0<c<d)
Byy=axl,y=bx’,y=cx,y=dx'"(0<p<q; 0<a<b;

0 <c <d).
3999a)A/' Jé—1A/' ﬁ—z
x_y

, 4% =% (a>0; b>0);

o (2) + (8 -1,

Q
U“
Q1

2

xZ )5
=13 3 =
aj +(b) ’

~

2 2
4000. xx + X—H = 1, rie A IPpHHEMAET CJefyolllie 3HAUeHN
-C

12 2.2 4.2 5.2, >
3c, 30, 3c,30 (x>0,y>0).
4001. Haittu nyomags, orpaHUYEeHHYIO 3JIJIUIICOM
(ayx + byy + ¢;)% + (azx + by + ¢)? =1,
roe
8 = a1b2 - a2b1 Z“ 0.
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2

2
4002. HailTyr nJ1011a/b, OrPaHUYEHHYIO SJUTATICAMHA —m + e =
" ans, orp Yo " ch?u * sh?u ¢

2

x2 2 ‘
(u = u,, uy) u runepbonamMu - L =ct(v=v;,0,) (0 <uy <uy
cos?p sin2v

0<v;<vy, x>0,y>0).

Vxasaunue. Honoxurs x=cchucosv, y=cshusinv.

4003. HaiiTu nuomans ceueHus IOBePXHOCTH

Wty +t-xy—xz-yz=a*

TIJIOCKOCTHIO X + y + 2 = 0.

4004. Haiitu nimomaab ceueHUs NOBEPXHOCTH

x Yy F-

IJIOCKOCTBIO 2 = 1 — 2(x + y).

§ 3. Beruuciaenue o0'beMOB

O6sem yunundpouda, orpaHUYEHHOIO CBEPXY 2
HenpepbIBHOM MOBEPXHOCTBIO 2 = f(x, y), CHU3Y
nnockocThio 2 = 0 ¥ ¢ 6OKOB NPAMOM LMAUHADPHU-
YeCcKOH IT0BePXHOCTHIO, BEIPE3AIOLIEH U3 MI0CKOC-

1 Oxy KBaApUpyemyIo obnacts Q (puc. 14), pasen

14
V=J.J‘f(x, y) dx dy. }y/0® i

Q Puc. 14

z2=f(x,y)

4005. HapucoBats Teso, 06’beM KOTOPOT'O pAaBeH UHTErpajy
1 1-x

V= '[ dx '[ (? + yH dy.
0 0

4006. N306pasurt 06eMEI, BhIpa’kaeMble CIeAYIOMUMU ABOI-
HBIMM MHTErpajIaMu:

a) ” (x +y)dx dy; 6) ” /1—3};—%2dxdy;

<x < x2 2
B) “‘ (X2 + y?) dx dy; 1) jj Jxt+yidx dy;
lx+ i <1 x24y?<x
) .” Jxydx dy; e) J:[ sin ma/x2 + y2 dx dy.
1€x<2 x2+y2<1

x<ys2x
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Haiity o6'beMbl TeJ1, OTpaHMYEeHHBIX CIeAYIOIINMY I0BePX HOCTAMM:
4007.z2=14+x+y,z2=0,x+y=1,x=0,y = 0.

4008.x+y+z=a,x*+y*=R%, x=0,y=0,2=0(a > RJ2).
4009.z= x>+ y5, y=x% y=1,2z=0.

4010.2=cosxcosy,z=0,[x+y|<g,lx—yl<g.

4011.2=sin12t-5,2=0,y=x,y=0,x=n.
4012.z2=xy, x+ty+z2=1,2=0,.

Ilepexofd K MOJIAPHLIM KOOPAMHATAM, HaTH 06'beMbI TeJI, Orpa-
HUYEHHBIX CefyIONIMMHI IOBEPXHOCTAMMU:

4013. 2% = xy, x* + y? = d®.

4014.z2=x+ y, (¥* + y»* =2xy, 2= 0 (x > 0, y > 0).

4015. 2= 22 + Y%, 2+ PP = x, x* + y* = 2x, 2= 0.

4016. x* + y? + 2% = a?, x* + y* > alx| (a > 0).

4017. 2 + y? ~az =0, (% + yH)? = a®(x®* — y?), 2= 0 (a > 0).

4018. 2z = e~*+v®) | z =0, x* + y? = R?.

4019. z = ¢ cos "——y—“x;a“,z=0,y=xtga,y=xtg[3, (a> 0,

c>0,0<a<p<2n).
4020.z= x>+ y%, z=x + y.

HaiitTu 06'beMsbI TeJsI, OrpaHNUEeHHbBIX CJIeNYIOIMUMH II0BEePXHOCTSI-
MU (IIapaMeTpsl NPeANoJaraloTea NOJOXMKUTEIbHBIMHA):

x2 2 22— x2 2_22
4021.E+%+;—1,—2+L——E§(2>0).

4022, %2 4 Y2 2 _ g 2yt

- )
a? b2 c? a? b?

4023. 2 4 ¥ =2 X2 L0t X Ly L.
a c b

2 p2 a2 b2  a
1024. (5 +bL§)2 +2-1,2-0.
4025.(;-6 +%)2 +2=1,2=0,y=0,2-0.
1026. 2 + & + 2 =1,(Z—Z +§)2=Z—j-g—j.

4027. 2 =2y, x+y=a,x+y=>b(0 <a <b).
4028.z=x2+y2,xy=a2,xy=2a2,y=g,y=2x,z=0.
4029.z=xy, x* =y, 2 =2y, y¥* = x, y? = 2x, 2 = 0.
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4030.2=csin"—xz-li,z=0,xy=a2,y=ocx,y=[3x(0 <o <P; x> 0).

4031.2=x% +y
2
1032. % "LZ+5=1,(£)3+(2) =1,2=0.
a b? ¢

4033. a)2=carctg§,z=0, JxZey? = aarctgy (y > 0);
6)z=ye * ,xy=a’ xy=2a*,y=m,y=n,z2=0 (0 <m<n).

4034. © +!I)L" +Z2 =1,x=0,y=0,2=0(n> 0).
n c’l

an

4035.(5 +%) +(§) =1,x=0,y=0,2=0(n>0, m>0).

§ 4. Beruucjenue miaoHiaaecii moBepXHOCTEH

1. Cnyuait aBHOTO 3aiaHuA NOBepxHOoCTH. I1n01mane raagkoi KpUBOIM-
HelflHOH ITOBEPXHOCTH 2 = 2(X, ) BBIpAXKaeTCa UHTErpajoM

dx dy,

rjae Q — NpoekuMA JaHHOI MOBEPXHOCTH Ha IJIOCKOCTh Oxy.
2. Cnyyaii napamMeTpM4ECKOro 3axaHus nNopepxuocTu. Eciu ypapHeHue
MOBEPXHOCTH 3a1aHO apamMeTPUYeCKH:

x = x(u, v), y = y(u, v), z= 2(u, v),
rae (u, v) € Q, Q — orpanvyeHHasd 3aMKHyTasd KBajapupyemas objacTe U

(GyHKUUM X, y U 2 HenpepbIBHO nuddepeHuupyeMsl B obaacty £, TO AjaaA
oM aAu NMOBEPXHOCTH UMeeM (popMyay

= '”. JEG-F? du dv,
Q

riae

(2 (3 3
o+ (3 &)

_ 9xdx | dydy +c)zdz
Judv  Judv  Judv
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4036. HaitTu miomanb YacTU NOBEPXHOCTH A2 = XY, 3aKJIOUEeH-
HOIl BHyTpH UMIuHApa x° + y? = a?.

4037. Haiitu nyomaas NOBEPXHOCTU TeJjia, OTPAHUUEHHOTO II0-
BepxHocTAME x? + 2% = @2, y? + 22 = a?,

4038. Haiitu nuromans yactu chepsl x2 + y? + 22 = a?, zaxmio-

. x2 y?
HeHHOI BHYTPH UMIHHAPA + ol 1(p<a).

4039. HaiiTu nuiomans 4acTy MOBEPXHOCTH 2° = 2Xy, oTCeKaeMoi
niockoeTaMu x + y =1, x=0,y=0.

4040. HaitTn niomaxs 4acTu nosepxHocTH x2 + y? + 22 = a?,
pACION0KeHHOH BHe MUABHAPOB x° + y? = Tax (3agaua Busuaumn).

4041. Haittu nuouiagb 4acTH IOBEPXHOCTH 2 = m , BaAKJIIO-
yeHHOI BHYTpH muauHgpa x° + y? = 2x.

4042. Haiitu nomas YacTH ITIOBEPXHOCTU 2 = Jncz_—? , BaKJIIO-
yeHHoit BHyTpHu muiurnpa (x2 + y?)? = a?(x? - y?).

4043. Haiitu niomanb YacTH MOBEPXHOCTH 2 = %(Jc2 - y?), BBI-

pesaHHOil miIocKocTAMMY x — Yy = 1, x + y = t1.
4044. HatiTu niomags YaCTy HOBEPXHOCTH X2 + y* = 2az, 3aKJII0-
yenHoi BHyTpu munnugpa (x% + y?)? = 2a’xy.
4045. Haiitu niomans:
a) uacTu noBepxHoctu x° + y? = a?, BrIpesanHoil MIOCKOC-
TaMu x +2=0,x—2=0(x>0, y>0);

3
2

6) uacru mosepxHoctu (xZ + y?)2 + z = 1, oTceKaemoil

nJIockocTsio 2 = 0;

22

2
B) YACTH TIOBEPXHOCTH (gc_ + %) + = 1, BHIpe3anHOMI
a

nuockocTaMu x =0, y=0u z = 0;

x2 2 .
r) 4YaCTH OBEPXHOCTH — — % = 22z, BHIpe3aHHOI TOBEPX-
a

x2 2 N 3
HOCTLIO s + % =1 (z20);

[1) YacTH MOBEPXHOCTH sin 2 = sh x - sh y, orcexaemoii mioc-
KoctaMu x=1unx= 2 (y 2 0).
4046. HaiiTu noBepXHOCTh M o0beM Tesia, OTPAHHUYEHHOTO II0-
BepxHOCTAME x° + y? = %22, x+y+z=2a(a>0).
4047. Haiitu naomanb 4acTu cepsl, OTPAHUUYEHHON ABYMs Ia-
pannensaMu U IByMS MepuIUaHAMU.
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4048. HaiiTy niomaab 9acTH reJUKOMNIA
x=rcos@,y=rsing,z2=he, rze0<r<a,0<¢< 2m.

4049. Ha#itu ninoiwass 4aCcTH NOBEPXHOCTH TOpa
x=(b+acosy)cose,y=(b+acosy)sin @, z=asin y

(0 < a < b), orpaHUueHHON ABYMA MepHUAMAHAMU Q= @, ¢ = @y U
JBYMA NapallelaMu \f = \f, Y = Y.

Yemy paBHa IOBEPXHOCTH Bcero Topa?

4050, HaliTu TenecHBIN yroa o, HOA KOTOPHIM BUAEH M3 Hayala
KOOpAHMHAT NpAMoOyronsHuK x =a> 0,0< y< b, 0< z2< ¢,

BriBecTu npubnmxenuyo GopMyny mis o, €ClH a BEJUKO.

§ 5. Ilpunoxenne ABOMHBIX UHTErPAJIOB K MEXaHUKE

1. Ilentp macc. Ecnu x, u y, — KOOPAUHATH! IEHTPa MacC IJIACTHHKH £2,
Jlexkalneil B rrockoctu Oxy, U p = p(x, y) — IJIOTHOCTHL NJACTHHKH, TO

1
X = JLWII px dx dy, y, = M.[.[ py dx dy, (1)
Q Q

roe M = J:[ p dx dy — macca IaCTHHKU.
Q

Ecnu nnacruHka ogHOpoaHa, T B hopmyaax (1) caenyer monosxurs p = 1.

2. MomMeHTBI MHEpUMH. I, 1 1_,, — MOMEHMbL UHePpYUU TIIACTUHKH Q, JIe-
sKalei B maIocKocTd Oxy, OTHOCUTENBHO KOOPAMHATHHIX oceit Ox u Oy —
BBLIPA’KAIOTCA COOTBETCTBEHHO (DOpMyIamMU

I,= ” py? dx dy, I, = ” ox? dx dy, @)
Q Q

rae p = p(x, y) — IJIOTHOCTH IJIACTUHKU.
PaccMaTpuBaeTca TakKe yeHmpoGeXcHblil. MOMEHM UHepuul

I, = II pxy dx dy. 3)
Q

Ilonaras p = 1 B hopmysax (2) u (3), IONYyUHUM 2e0MempuiecKue MOMeH-
mul uHepyuu IIOCKON PUrypsl.

4051. Halitu Maccy KBaIpaTHO! IJIACTUHKHU CO CTOPOHOH a, €Cin
TIOBEPXHOCTHAS NJIOTHOCTD IJIACTHHKY B KaXKJ0H TOUKE IPONOPIHO0-
HaJIbHA PACCTOAHHIO 9TOH TOYKH OT OOHOH M3 BEPLIMH KBAaApAaTa U
paBHa P, B LIEHTPe KBagpara.
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HaiiTi KOOpAMHATHI I[EHTPA MACC OJHOPOAHBIX ILIACTHHOK, OT-
PAHUYEHHHIX CJEAYIOIIMMI KPUBBIMHU:
4052. ay = x2, x + y = 2a (a > 0).

4053. Jx + Jy = Ja,x=0, y=0.
2 2 2
4054. x3 + y3 = a® (x> 0, y > 0).

3
4055. ((—i + %) = % (meTns).

4056. (x? + y?)? = 2a2xy (x > 0, y > 0).

4057.r=a (1 + cos ¢), ¢ = 0.

4058.x =a(t —sint),y=a (1 —cost) (0 <t < 2m), y= 0.

4059. Ha¥iti KOOpAMHATHI I[EHTpPAa MAaCC KPYIJIOM NIacTHHKU
x% + y? < a?, eciu IOTHOCTD ee B Touke M (X, y) IpONOPIHOHANbHA
paccToAHU Touky M oT Touxku A (a, 0).

4060. OnpegenuTy KpUBYIO, ONUCHIBAEMYIO IIEHTPOM MAacc Iepe-
MeHHOMH IJIoIaAy, OrpaHNYeHHON KPUBBIMU:

y=A2px,y=0,x=X.
HatiTu MoMeHTHI UHepuuu I, 1 I, OTHOCUTENBHO OCEH KOOPAUHAT
Ox u Oy nnomaneit (p = 1), orpaHMYeHHBIX CIAEIYIOIUMY KPDUBBIMM:

X 4¥ 1 XY y=
4061 3 + ¥ =1, % + ¥ = 1,5=0(5;>0,b,>0, 1> 0).

4062. (x —a)’ + (y—a)?=a% x=0,y=0(0< x< a).
4063.r =a (1 + cos @).

4064. x* + y* = a?(x? + y?).

4065. xy = a?, xy = 2a%, x =2y, 2x =y (x> 0, y > 0).
4066.1. HaiiT NoJIAPHBIN MOMEHT

IO=”(x2+yz)dxdy
N

mjomany S, orpaHUYeHHON KpUBOM
(x* + y*)? = a*(x? - ).
2. HaéiTu 11eHTpOGeXKHBI MOMEHT MHepuuH I, OfHOPOAHOH du-
Ir'yphl, OTPAHUYEHHOU KPUBLIMU
ay = x?, ax=y? (a>0).
4067. Jokasats bopMyny
I =1, +Sd*,
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roe I, I,o — MOMEHTHI HHe pUUU (PUrypHI S OTHOCUTEJNBHO JBYX IapaJieih-

HbIX oceli [ U ly, U3 KOTOPBIX [, IPOXOMUT yepe3d HEeHTDP Macc Purypsl, a d —
pacCcTossHHe Mekcuy 3THUMH OCAMHU.

4068. JlokaszaTs, YTO MOMEHT MHEPLUM IIOCKOH objactu S oT-
HOCHTEeJBHO NIPAMOM, npoxoaAieil yepes neutp macc O (0, 0) u co-
cTaBJiAIeN yroja o ¢ ochblo Ox, paBeH

/I =1,cos® 0.~ 21, sin o cos o + I, sin’ 0,

rae I, v [, — MOMEHTHI HHEPIHK obaactu S oTHOCcHUTEeNBHO ocelt Ox
u Oy, a I, — HeHTpoGe’KHBI MOMEHT:

I, = II pxy dx dy.
s

4069. Hajitu MOMeHT MHEpPIMH NIPAaBUJIBHOTO TPEYroJbHUKA CO
CTOPOHOM @ OTHOCHUTENbBHO NPAMOM, IPOXOASIEH yepes IIeHTP Macc
TPEYTOJIbHUKA M COCTABAAIOILENH YTOMN O C €r0 BHICOTOM.

4070. OnpeesiUTh CUIIY JaBIEHUSA BOAbl Ha OOKOBYIO CTeHKY X 2
IIUTMHAPUYECKOro cocyaa x2 + y? = a?, z = 0, ectu ypoBeHb BOfbI B HEM
z=nh.

4071. Illap paguyca @ NOTPYXeH B KUAKOCTh NOCTOAHHOM IJIOT-
HOCTH 0 Ha rayGuHy A (cuMTasa OT LeHTpa luapa), rae i > q. Halitu
CHJIY AABJIEHUS XUAKOCTU Ha BEPXHIOI0 M HUIKHIOIO YaCTH IIAPOBOit
TIOBEPXHOCTH.

4072, IIpsMoit KpyroBoit MUMUHAD, PAAUYC OCHOBAHUS KOTOPOTO
paBeH @, a BHICOTA b, I[EIMKOM IOTDY:KE€H B *KUAKOCTH IJIOTHOCTH §
TaK, YTO LEHTP ero HaXOQUTCS Ha TIy6HHe A ITOf TOBEPXHOCTHIO BOAHI,
a OCh IMJIMHAPA COCTABJSET YTOJ O ¢ BePTHUKaNb0. ONpefenuTb CUIY
JaBJIEHUS KUAKOCTY Ha HUXKHee U BepXHee OCHOBaHUS IMIMHJpDA.

4073. OnpenesiuTh CUNY NPUTAXKEHUA OJHOPOAHBIM IIUJIUHIPOM
x? + y? < a? 0 < z< h, maTepuanbuoit rouxu P (0, 0, b), ecnu macca
IUJIMHApPA paBHa M, a Macca TOYKY paBHA M.

4074. Pacupenenenye gaBjieHUA TeJla Ha NAOWAOKY CMAMUS

LA L |

a? b?
. x2 2
paercss GOpMynoH p = po( 1- = x’é) Onpenenurs cpepHee gaB-
JleHHe Teja Ha ATY IJIOLIAAKY.

4075. Jlyr, umeromui HopMy NPSAMOYToJbHUKA CO CTOPOHAMU
a 1 b, paBHOMEPHO IOKPBIT CKOILIIEHHON TPaBOM ¢ IOTOHHON MJIOTHO-
CThIO, paBHOH p. Kaxkyo MUHEManbHY0 paboTy Haxo 3aTpaTUTh, YTO-
Ob1 cOGpaTh BCe CEHO B IIeHTPE JIyTa, eciay paboTa 1o TpaHCIOPTUPOB-
Ke Ipysa Maccoil M Ha paccrosiHue r paBHa EMr (0 < k < 1).
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§ 6. TpoiiHbIE MHTErPAJIBI

1. HemocpeacTBeHHOE BhIYHUCIEHHE TPOTHOro uMHTerpata. Ecau GyHK-
uus f(x, y, z) HempepsiBHA, a obyuacTh V orpaHHueHa U onpenessercs cie-
OYVIOIIMMH HEPABEHCTBAMH:

X S x < Xy, (%) S Y < yufa), 24(x, Y) S 2 < 2%, ),

rae yi(x), yx(x), 21(x, y), 25(x, y) — HenpepsiBHblE (PYHKIUU, TO TPOIHOMH
uHTerpan ot PyHxknuH f(x, y, 2), pacIpocTpaHEeHHBIN HA o6aacTs V, Moxer
ObITH BBIYUCIIEH 110 (hopMyJie

Xy Ya(x) xo(x, y)
III f(x,y, 2)dx dy dz = '[dx '[ dy I f(x, y, 2)dz.
. y(®) x ()

Huorga yao6HO TaKkKe NpHMeHATh GopmMysy

J.J.J.f(x Yy, 2)dx dy dz = J. dx J.I f(x, y, 2) dy dz,

E S(x)
rae S(x) — cedenne obsacTu V miocKocThio X = const.

2. 3aMeHa mepeMeHHBIX B TPOMHOM MHTErpase. EciaM orpaHuyeHHAsd
Kybupyemas 3aMKHyTas o6nacts V npocrtpancrea Oxyz B3AaUMHO OJHO3HAY-
HO orobpaxkaeTcd Ha obnacts V' pocrpascrsa O UDW C IOMOILLIO HETIPEPLIB-
HO gH(pdepeHUPyeMbIX (PYHKIIUN

x = x(u’ U’ w)’ y= y(U, U’ w)y 2= z(u! U, w)y

npuueM

MiOHpn(u v, w)yev’,
D(u, v, w)

TO cripasenausa Gopmyaa

'[Jff(x, Y, 2) dx dy dz =

= III flx(u, v, w), y(u, v, w), 2(u, v, wH|I|du dv dw.
o

Kaxk yacTHBIE Ciyyad, HMeeM:
1) yuaundpuuneckyrw cucmemy xoopdunam @, r, h, rge

x=rcos @, y=rsing, z2=h,

D(x,y,2) _
D(r, ¢, h)
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2) cepuueckyo cucmemy xoopdunam @, Y, r, rie
X =rcoscos\y, y=rsin@cosy, z=rsin vy,

D(x.y.2) = r% cos y.
D(r, 0, ¥)

Beruncnurs ciegyooige TpoHbIe HHTEIPAJIEL:

4076. Iﬁ[ xy®z® dx dy dz, roe o6aacTb V orpaHnuena noBepxXHo-

cTAMH 2 =xYy,y=x,x=1,2=0.

4077. I_” miiydf—* , e obinacTh V orpaHrueHa IOBEPXHO-
x+y+2)

CTamnx+y+z— 1, x=0,y=0,2=0.
4078. fffxyz dx dy dz, rae obnacts V orpanuueHa IOBEPXHO-

CTﬂMI/Ix2+y2+22=1 x=0,y=0,z=0.

4079. _”I = + ’lbLz + )dx dy dz, rge obnacte V orpaHudeHa

NIOBEPXHOCTBIO

2 2 2
T+ L+ Z =1,
a? b2 c?

4080. III Jx?+y? dx dy dz, rge obnacte V orpaHuueHsa mno-
v

BEPXHOCTAMU *
2+ yt=2%z=1.
PasnuunbiMu cnocob6aMy paccTaBUTh NpPeAeNbl B CJAELYIOIHUX

TPOMHBIX HHTerpanax:
1 1-x x+y

4081.Idx'[ dy I f(x, y, 2) da.
0 i} 0

1-x2

1 1
4082.fdx J‘ dy J' f(x, y, 2) dz.
x%+y?

1 1
4083. f dx'[ dy f(x, y, 2) dz.
0 0

O C—
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3aMeHUTh TPOIIHbIe MHTErDAbI OJJ;HOK.paTHbIMH‘
x+y

4084. J' dai dnj‘l 0 de. 4085. '[dx j dy J' f(z) dz.
0 ] 0

4086. Haiitu
B

A ¢
I dx! dyf f(x, y, 2) dz,

ecnu f(x, y, 2) = Foy.(x,y,2)ua,b,c, A, B, C— nocroaHHsbIe.

Ilepexonsa K cpepruyecKUM KOOpAMHATAM, BBIUMCIUTD HHTEI'DAJIB:
4087. III Nx2+y2+ 22dx dy dz, rge obnacth V orpaHuueHa no-

BerHOCTb}(;/ x>+ yt+ 22 =2z,
1 f1ox2 a2
4088. J dx J‘ dy I 22 dz.
0 0 Jetiy?

4089. IlepeiitTu K chepruecKUM KOOPAUHATAM B UHTErpale
_”j f(«/x2+ Y2+ 22 ) dx dy dz,
14

re obnacts V orpannuena nosepxHocramu z = x2 + yf, x =y, x =1,
y=0,z2=0.

4090. IIpousBensa COOTBETCTBYIOIYIO 3aMeHY IepEMEeHHBIX, BBI-
YUCAUTH TPOHHON MHTerpan

I” 1——— dxdydz,

x? y? 22
rae V — BHYTPEHHOCTH 3JIIMNICOUIA = + b2 + 5= 1.
a ¢

4091. Hepeiigs K UUIWHAPUYECKUM KOODPAMHATAM, BbIUMCJIUTH
MHTerpaj

(x* + y?) dx dy dz,
i

rge obacTh V orpaHuueHa MoBepXHOCTAMH x° + y? = 2z, z = 2.
4092. BelunucauTs UHTErpai

IIJ x*dx dy dz,
v

rae obiacTs V orpaHuYeHa IOBepXHOCTAME 2 = ay?, z= by?, y> 0
(0O<a<b),z=ox,z=Bx(0<a<fP),z=h(h>0).
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4093. HaiiTx nurerpasn _”_[ xyz dx dy dz, rge obyacts V pacmo-

JIoXKeHa B oKTauTe X > 0, y > 0, 2 > 0 1 orpaHNYeHa IOBEPXHOCTSIMHU:

2 2 2 2

Xyt o Xy
m

2= ,xy=a’ xy=">0% y=oax,y=Px

O<a<b;0<a<f;0<m<n).
4094. Haiitu cpegree 3HaueHUe QYHKIIUU
flx, y,2)=x%+y*+ 2%

B obmactu x2 + yf + 22 < x + y + 2.
4095. Haiitu cpegHee 3HaueHHe QYHKITUNA

2,2
f(x’ Y, 2)= e a2 b2 2

x* o y? 2o
Boﬁnac'ma—i +b2 +§ < 1.

4096. Ilonp3yAack TeopeMoil 0 CpegHeM, OL[eHUTh HHTerpaJl

IIIZ<R «/(x—a)szyd—y‘;)zhr(z—c)?’

x2ryliz

rae a® + b% + ¢? > R2.
4097. loxasars, uro ecnu GyHkuusa f(x, y, 2) HepepbIBHA B 06-
nactu V u

J'J'J' flx,y,2)dx dydz=20

s Jio6oit obnactu w C V, to f(x, y, 2) = 0 npu (x, y, 2) € V.
4098. Haitru F'(t), ecau:

a) F(t) = ”'[ f(x® + y? + 2% dx dy dz,

x2ry2ez2<e?

rae f — auddepenuupyeMas QyHKUNA;

6) F(t) = I I J' f(xyz) dx dy dz

x
Y
z

oo
NN
NN
- -

rge f — muddepenuupyemad GYHKIUA.
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4099. Hayitu

xMy"zf dx dy dz,
*2+y2422<
rge m, n 1 p — Iie€Jible HEOTpHUIlaTeJbHbI€ YMCJIA.

4100. Beruucnurts unmezpan Jupuxne

J:” xPyi2" (1 —x —y — 2)°dx dy dz,
v

(p>0,¢>0,r>0,s>0),

rfe obsmacts V orpaHu4YeHa mJIOCKOCTAMU X + y+2=1,x=0,y =0,
z = 0, nosarasa

x+y+z=Ey+z=En, z=EL

§ 7. Beiuuciaenue 00'beMOB
¢ IOMOIUBHY TpOﬁHLIX HHTeI‘paJIOB

O63em obracmu V ripaxkaercs (popmysioit
V= ”I dx dy dz.
v

Haiiru 06beMbl TeJ, OTpaHUYeHHBIX ClIeqyIOIIIMHY IIOBEPXHOCTAMMU:
4101. 2= x% + y%, 2= 2x* + 2%, y = x, y = x°.

4102.z=x+ y,z=xy,x+y=1,x=0,y= 0.

4103. x* + 22 =a?, x + y=ta, x — y = *a.

4104. az = x* + y?, z= Jx2 + y% (a> 0).
4105.az=a’-x*-y*,z=a-x-y,x=0,y=0,2=0(a > 0).

4106.z2=6 — x* — y%, 2= Jx2+ y2.

Hepexona K chepUYIeCKUM AU [[IWINHIPHYECKHM KOODLIHATAM,
BBIYHCIUTH 06'bEMBI, OFPAHUYEHHbIE TIOBEPXHOCTAMMU:

4107. x* + y® + 2% = 2az, 2% + y? < 24

4108. (x% + y? + 2%)? = a®(x? + y? - 2%).

4109. (x* + y? + 2?)® = 3xyz.

4110. > + y? + 22 =a?, P+ yt+22=0% 2+ y?=22 (220)
(0 <a<bd).
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B caepyromux npumepax yno6HO mosb3oBaThCAd 00001IeHHBIMH C(hepu-
YeCKUMU KOODIHUHATAMU:
i i
5 ’

r,(pu\|1(r>0;0<(p<2n;—§

VAN
<
N

BBOJS UX IIO (pOpMYyJIaM
x = arcos® @ cosP vy,
y = brsin® ¢ cos® v,
z=crsin® y
{(a, b, ¢, o, § — mocroanusIe),

D(x.,y.2) _ afaber? cos® ! @ sin® g cos® 1y sinf 1y,
D(r, 0, )

Boiuucenurs 06beMbl T€J, OTPAHUYEHHBIX CJIEeAYIOIMMY I10BEpX-
HOCTAMMU:

an1L. (5 + Loy 2)2 -
2 | pz g2

a

=R

4112. a)(-—- +5L2+?—2)2=x—2+¥f~

b
a? b2 c? a? b2

oL+ L2 -2 o

a? b2 c?

x2  y? 22 g ox® Ytz
4113'a2+b2+c2 1,a2 il
xZ 2 24
4114. £ + £ + 2 =,
a? b2 ct

4115. (x— + -'L) + 2.

a?

Ilonpaysack mogxoasAiied 3aMeHOH IepeMeHHbIX, BBIYUCJIUTH
06'beMEl Tell, OIpAHMYEHHBIX II0BEPXHOCTSAMMU (IIapaMeTphl NIPeAIo-
JIaralTCsA MOJIOMKUTEeNbHBIMHU):

4116. a) (f + Ly 5)2 -

(x+ﬂ+§
a b c
4
a b c abc
9 2
x Ly (z) = > 20,z>
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4118.a)J§+Aﬁé+~/§=1(x>0,y>0,z>0);

6)35 +if5/ +§[§
P+ (-

4119.z = x* + y?, z = 2(x® + y?), xy = a?, xy = 2a%, x = 2y,
2x=y(x>0,y>0).
4120. x2 + 22 =a?%, ® + 22 = 0% x* - y? - 22 =0 (x > 0).

4121, (x? + y? + 22)° = adx?

1(x>0,y>20,z2>0)

x24+y?’
22
2
2 2 L2
x 2 222_2. :—z"ui*c_z
4122.(—2+!I)L2+.c_§) 2. o'
.Y
4123. 2 b =garcsin(£+9+5),§+ﬂ=1,x=0,x a
x y 2z 14 a b ¢/ a b
a b ¢
’_‘+%+E
4124. 2 + £ + £ =1pn & € x=0, 2z=0, ¥ +2=0,
a b c X,y b ¢
a b
a b c

4125. B xaxoM oTHomeHnu o6beM mapa x2 + y? + 22 < 4daz genur
nosepxHOcTh X% + y? + az = 44?7

4126. HaiiTu 065eM M IOBEPXHOCTH TeJla, OTPAHUYEHHOI'0 II0-
BepxHocTamu x2 + y? = az, z= 2a — Jx%Z+y? (a > 0).

4127. HaiiTu o0beM mnapajuielenunesa, OIPAHUYEHHOI'O ILIOC-
KOCTSIMM

ax+by+cz=1th(i=1,2,3),
ecJu

a, b, c
A= a, b2 Cq # O.

a;z by ¢y
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4128. Haiitu o6beM Tesa, OrpaBUYEHHOI0 IIOBEPXHOCTHIO
(a1x + byy + ¢12)° + (azx + by + c52)* + (azx + byy + c32)* = R,
ecau
a; by o
A=1la,b,c,| * 0.

a;z by cy

4129. HaiiTu o6beM Tena, OrpaHUYEHHOIO MOBEPXHOCTHLIO

x2 2\*? 227z (x2 n\n-2
G+ +Em-iE+E) @

4130. Haittu o6beM Tena, pacloONOMKEHHOTO B MOJOXKUTENLHOM
oxTanTe npocrpancrea Oxyz (x 2 0, y > 0, z 2 0) 1 orpaHU4YeHHOrO
MOBePXHOCTAMM:

m n
xn oLyt 2
am b c?

=1(m>0,n>0,p>0),x=0,y=0,2=0.

§ 8. Ilpunomxennss TPOHHBIX MHTETPAIOB K MEXaHUKE

1. Macca tena. Ecsiu Teno sanumaer obvem V u p = p (x, y, 2} — njior-
HOCTB ero B Touke (X, y, 2), To Macca mena paBHa

M=L!‘J‘pdxdydz. (1)

2. llenrp mace Tena. Koopdunamut yenmpa macc (xq, Yq» 2,) T€AA BBI-

YHUCHAAIOTCA 110 PopMyIam
1
MJ‘J‘J‘pxdx dy dz;
v

1
Yo = MJ‘” py dx dy dz; @)
1%

2= J\_IZJ.J.J‘ pz dx xy dz.
\4

Ecau teno ogHopoZHO, To B (popmysax (1) u (2) moxHO monosxkuts p = 1.
3. MomenTsr MHepunn. Momenmamu uHepyuu mera OMHOCUMENbHO
K00POUHAMHBLX NJAOCKOCMeil HA3BIBAIOTCA COOTBETCTBEHHO HHTEIDAJbI

Ixy = J-J‘J‘ pZz dx xy dz, Iyz = J‘J-J- px2 dx dy dz,
14 14
I, = ij py? dx dy dz.
v

I

X
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Momenmom unepyur menda OMHOCUMEALHO HEKOMOPOiL oct | Ha3bIBa-
eTcsa WHTerpaJs
I, =J-II portdx dy dz,
v

rie r — paccTOsSHHe IepeMeHHOM TouKY Tena (x, y, 2) or ocu . B wactaocTn
s Koop;mHa'mmx oceit Ox, Oy u Oz COOTBETCTBEHHO UMeeM:

=1, + I, I, =T, +I,I, =1, +1I

Yy x2zy Ty yx y2? zy*

Momermonm UHepyuu meaa omHocumesbHO Havaaa xoopauuam Ha3bI-
BaeTCA UHTerpan

= '”-J p(x? + y? + 2% dx dy dz.
v

OueBugHO, UMEEM
Iy=1I,+1,+1I,

yz

4. IloreHunaa nond TAroTeHns. Holomonogbim nomenyuanom mena B
rouxe P (x, y, 2) HagbiBaeTCA HHTErpa

u(x, y, 2) ='[” p(e, n, Ladnds,
14

rae V — obbveM Tena, p = p(&, n, {) — nnorHoCcTs TENA, U

r=JE-x)2+M-y)2+(L-2)2.

MarepuanbpHasi TOUKa MacChl M NPUTATMBAETCA TEJIOM € CHJIOM, IIPOEK-
uuu kotopoit X, Y, Z ua ocu xoopguuar Ox, Oy, Oz COOTBETCTBEHHO PABHLL:

X=G§)-’£; =G.”.J.p§%£ dE dn dC,
Y= G —GJ‘J.J‘pI]—H d& dn dt,

Z = Ga” —GJ'”pL- dE dn dt,

rage G — rpaBUTAallHOHHaA IIOCTOAHHASA.

4131. Ha#it Maccy Tena, 3aHHMAIOLEr0 eNUHHUYHBLIH 06beM
0<x<1,0<y<1,0<2z<1,ecnuniorsocTs resa B rouke M (x, y, 2)
maetca Gopmysoit p=x +y + 2.

4132. Haiitu Maccy Teja, 3allOJHAIONET0 GECKOHEUHYI o00-
nacts x2 + y? + 22 > 1, eciu MIOTHOCTB TeJla MEHAETCS 1O BAKOHY

p=ppehdx®+¢?+2% pre po> 0 u k> 0 MOCTOAHHBI.
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HaiiTu KOOPAMHATHI 1I€HTPAa MAaCC OZHOPOMHBIX TeJ, OT PAHHYEeH-
HEIX ITOBEPXHOCTAMU:

4133.’“—2 + ¥ =‘3—%,>z=c.

a? b2 c?
4134d.z2=x*+y, x+y=a,x=0,y=0, z = 0.
4135. x* = 2pz, y2=2px,x=§,z=0.

x? - _ - -
4136.;§+%§+ =1,x=0,y=0,2=0.
4137. x* + 22 = a?, y* + 22 = a® (2 > 0).

4138. x* +y? =2z, x + y = 2.

4139.(§+’§+;j 2 (x>0,y>0,2>0,a>0,b>0,

c>0).

4140. z=x*+ y’, 2= 2 (x* + ¥, x +y=21, x —y = L 1.

4141a +£/_+z" =1,x=0,y=0,2=0 (n>0,x>0,y>0,2>0).

4142. OnpepennuTsh KOOPAUHATHI IIEHTPA Macc Teja, MMEIOIern
dbopmy Kybda:
0<x<1,0<y<1,0<2<1,

ecJiy IIJIOTHOCTH TeJia B TouKe (X, Y, 2) paBHa

2o -1 2B-1 2y-1
p:xl—(x yl«ﬁ 2 1-v ,

rre0<oa<1,0<B<1,0<y<1.

OnpezenuTs MOMEHTHI HHEPIMH OTHOCHUTENBHO KOODAMHATHBIX
ILJIOCKOCTEH OFHOPOAHLIX TEJ, OTPAHUUEHHBIX CIeAYIOUIMMY IIOBEDX -
HOCTAMM (TIapaMETPHI HOJNO0KUTEIBHEIE):

4143. 2 +4 + 2 =1,x=0,y=0,2=0.
a b c

4144. 2 4+ £ 4+ 2 -1,
a

2 2 2
4145. X + L =2 =,
a c?

2 bZ
x? y? 22 _ x2? y? _ x.
4146. a)a-i + b2 + E_Z 1, -a-'—z + bz a,
YE + L =922 X4 ¥ =2
a? b c a b c
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4147.3)(52 +.lﬁ+§f)2=£f+y_2_zz

a? = b2 2’

m(ﬂ"+(@"+(3"=1,x=o,y=0,z=o(n>m
X

OnpepenuTs MOMEHTLL HHEPUHHN OTHOCUTENBHO ockt Oz ogHOpOX-
HbIX TeJ, OrPAHUYEHHBIX TOBEPXHOCTAMHU:

4148. 2=+ ¥, x+y=*1,x —y=*%1,z=0.
4149. a) x* + PP + 22 =2, ¥ + ¥ = 22 (2 > O);
6) (x% + y? + 2%)® = a2.
4150. HaiiTu MOMeHT MHEPUHM HEOMAHOPOLHOrO lIapa
x?+ y? + 22 < R?

Macchl M OTHOCHTENLHO ero ZUaMerpa, eCJiK ILJIOTHOCTh Wiapa B Te-
Kyuei Touxe P(x, y, 2) IponopuuoHaNlbHa PACCTOAHMUIO 3TOI TOUKH
OT IleHTpa Ilapa.

4151. JokasaTh paBEeHCTBO

I,=1, +Md?,
0

rae I, — MOMEHT WHepIuM Teja OTHOCHTEJHLHO HEeKOTOpo¥M ocw [,

I, — MOMEHT MHEepIUM OTHOCUTEJIBHO OCH [y, TapalienbHou [ u npo-
0

XO[AIeR yepes eHTp Mace Teja, d — PacCTOAHMEe MEeXAYy 0CAMU 1

M — macca tena.

4152. [lokasaThb, YTO MOMEHT HHEPUUM TeJa, 3aHMMAIOIero
obbem V, orHOCHTENBHO ocH [, TPOXOAAIEH uepes ero uEeHTP Macc
O (0, 0, 0) u obpasyromieit yrasl 0, B, ¥ ¢ 0CAMYU KOOPJAVHAT, PABEH:

I, =1I,cos® o+ I,cos®B+I,cos®y—

~ 2K,, cos 0.cos B~ 2K, cos ot cos Y — 2K, cos 3 cos v,

roe I,, Iy, I, — MOMeHTHI HHEePLUU Tejla OTHOCUTENBHO 0CeNl KOOp-
IUHAT U

K, = '['[J. pxy dx dy dz, K,, = J-J.'[ pxz dx dy dz,
v v
K, = '”'J‘ pyz dx dy dz
v

— 1eHTpobeKHbIE MOMEHTHI.
2

4153. HaifTi MOMEHT HHEpIH OAHOPONHOr0 IIINHAPaA X2 + i° < a?,
2z = 1h, WIOTHOCTH Py OTHOCUTENLHO MPAMOK X = Yy = 2.
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4154. Haiitn MOMEHT MHEPIMU OTHOCUTENLHO Hauajla KOOpIH-
HAT OZHOPOLHOIO TeJIa MJIOTHOCTH Py, OTPAHMUEHHOT0 TI0OBEPXHOCTHIO

(x? + y? + 2H? = a¥(x? + y?).
4155. Haitty HLI0TOHOB OTEHuMAal B Touke P(x, Yy, 2) ofHOpPOA-
goro mapa &2 + n? + {2 < R? nnorsocru p,.
Y ka3a#nue. IHonoxurs, yro ock O npoxoxur uepes Toury P(x, y, 2).
4156. HaiiTi HbIOTOHOB IIOTEHMaN B Touke P(x, y, 2) chepuue-

cxoro coa RY < E2 + 0P + 2 < RE, ecanm mnorsocets p = f(R), rae

[ — ussectrHad dyuknua u R= JE2+ 2+ (2.

4157. Hatitu HbI0TOHOB noTeHuHan B touke P(0, 0, 2) nunnugpa
E2+n? < a? 0<{<h, mOCTOAHHON TIIOTHOCTH ().

4158. C xakoil cuJioll IPUTATUBAET OJHOPOLHBIN WIAp

2‘;2+n2+c2<R2

maccel M Marepuanbiyio Touky P(0, 0, @) maccsr m?
4159. Hatiter cuyry IpUTAXKEHuA OJHOPOLHLIM IIMJIMHIPOM

E2+n2<a? 0<{<h

ILIOTHOCTH Py ToukK P(0, 0, 2) eZMHUYHON MacChI.

4160. Hailtu cnny npuTaXKeHuA OSHOPONHLIM IIIAPOBHIM CEKTO-
pPOM IJIOTHOCTH (P MaTepHaJbHOH TOYKM eJUHHUYHON MaCChl, [OMe-
1LIEHHO B €10 BepUINHE, eCAHU PajnyC LIAPOBOI NOBEPXHOCTH PAaBEH
R, a yron oceBoro ceueHuA CEKTOpPA paBeH 2(L.

§ 9. HecoOGcTBeHHbIE ABOMHDBIC M TPOMHbIC MHTErPAJIbI

1. Caoyuaii GeckoHeuHOl obaactu. Eciu gByMepHasa obnacts £ He orpa-
uudena u PyHKIuA f(x, y) HelpepbIBHA Ha £, TO 110 ONIPEIeJIEH IO TI0JIaraoT:

[[ e ax ay = i [[ e,y ax a, M

Q Q

rue Q, — Jnobasi IoC/IeJOBATENbHOCTH OTPAHUYEHHBIX 3aMKHYTBIX KBaJgpH-
pyeMsIx obnacreii, ncuepneiBawiuada obaacrs Q. Ecau npegen B npaBoit yac-
TH CYIECTByeT ¥ He 3aBUCUT OT BhiBopa moc/egoBaTenbHOCTH £,, TO COOT-
BETCTBYIOL M1 MHTEIPaJl Ha3bIBAETCS CXO0AUUMCSA; B IDOTUBHOM Cllyyae —
pacxodaugumcs,

AnanoruyHo onpeaesisieTcsa HecoOCTBEHHBIH TPOMHONR UHTErpasa OT He-
NPEPHIBHOU (DYHKILUHM, PACTIPOCTPAHEHHBI HA HEOTPDAHUYEHHYIO TPeXMep-
HYIO 006J1aCTh.
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2. Cayuair paspeiBnoit dyuxnuu. Ecau pyuxuusa f(x, y) HenpepriBHa B
OrpaHMYEHHOMN U 3aMKHYTOI 00sacTu Q BCIoAy, 3a uCKJIOYeHHeM Touxku P(a, b),
TO IIONAraIoT:

f f flx, y) dv dy = lim ” Az, y) dx dy, 2)
e—+
Q .

rae U, ecTs 061acThs AnaMeTpa €, cofep:kamiasa Touky P, u B ciyuae cyuecr-
BOBaHUSA Npejesla PACCMaTPUBAEMBblH HHTErpPaJ Ha3bIBAIOT Cx00AULUMCS; B
IIDOTHBHOM CJIy4ae — pPacxofauimcs.

IIpepnonaras, yro B6au3u Touxu P(a, b) uMeer MecTo PABEHCTBO

fx, y) = ﬂf—-‘ﬂ

’

rue abcomoTHan BennyuHa QyHKIuu Q(x, y) 3aKaI0UeHa MEXKAY ABYMS 110-

JIOKUTENbHBIMU YucHaMu m U M u r= J(x—a)?+ (y - b)?, nonyuum, 4To
1) npu o0 < 2 unrerpan (2) cxogurca; 2) upu o = 2 — pacXogUTCA.
AHaJIorMYHO onpenensaercsa HecoOCTBEHHBIN uurerpat (2), ecan PyHK-
nua f(x, y) UMeeT JUHUIO Pa3phIBa.
IlonsiTue HecOGCTBEHHOIO HHTErpasia OT PA3PHIBHOM (GYHKIUMU JIETKO I1e-
PEHOCHUTCA Ha Cay4yail TPOHHBIX MUHTErpanos.

HccnenoBaTk Ha CXOLUMOCTh HecOGCTBEHHBLIE MHTErPAJbL ¢ Oec-
KOHEYHOH 06JIacThIO nHTerpnpOBaHpm (0 <m <|o(x, y)l < M):

4161. J'J' (x2+y) dxdy.

x+y
400 400

____dxdy
4162.
6 J. .[ (L+xlp) (1 +{yloy

—~00  —00

4163. J' J' Y gy dy.

(1+x2+y2)
0sy<1
d
4164. >0,qg>0).
[ & lle+IyIﬂ @=>0.9>0)
Jxl + 1yl 2
4165. J' f wdx dy.
(x+y)r
x+y>21

4166. JoxasaTs, YTO eciau HenpeprlBHas GyHknua f(x, y) Heor-
punarenssa u S, (n= 1, 2, ...) — raxaa-HubYAb IIOCTELOBATEI -
HOCTSL OTPaHUYEHHBIX U 3aMKHYTHIX ofJyiacreil, HcuepIbiBaolai 06-
nacTte S, TO

'Lff(x’ y) dx dy = ,}l_'n}’o J;;l.f(x, y) dx dy,

rjge JieBadA yacTh HMeeT CMBICJI OLTHOBPEMEHHO C npaBoﬁ U He IMeeT €ro.
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4167. Iloxkasars, 4T0

lim J:[ sin (x? + y¥) dx dy = =,

n— oo
fxl<n
lyl<n

TOTZA KAK
lim '['[ sin (22 + y¥)dx dy =0
"o

x?4y2<2nn

(n — HaTypajibHOe UHCJO).
4168. IToxasars, uTo HHTeI‘paJI

” (xl+y2)2 dx dy

xz21,y21

pacxogurca, X0TA IIOBTOPHBIE MHTErpasbl

+00 400

x2 - y? x2 - y?

fdxf Giryp W o Idy TEYOE
1 1 1 1

CXOnATCS.

Brraucaurs I/IHTeI‘paJIbI (mapameTpsl TOJIOKUTEILHEL):

4169. '[J' 4170. ” _dxdy
xry? (x+y)p
xy =21 x+y=21
xz1 0<x<1
xdy dxd
4171 J.J. ./l-xz—z/z A172. .[.[ (x2+y2)p
x2+y?<1 +y2>1
4173, ” dedy, 4174, f J' e 0 dx dy.
y2x241 0<x<y

Hepexo,cm K IIOJNIAPHBIM KOOPAWHATAM, BLIYHCJINUTL NHTErpaJIbL:

+00 400

4175. J' J‘ e-2+) dx dy.

+00 400
4176, J' J‘ e~ 400 cos (x2 + y?) dx dy.

-00 -0

+00 400
4171. f J' e+ sin (12 + y?) dx dy.

-0 ~0C
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BriyucauTs HHTerpangsl:

+00 400
4178. '[ J' eax?+2bxyseyt+2dz 2e0+l gy dy, rmea <0, ac — b > 0.

—-00  —00

(e
4179. f e gy dy.

.‘L_>1
+
a2 b2

+oo $oo

_+ petll, 0
4180. J. fxye ab *Zde dy (0<[5[<1).

Wccnegosatsh Ha CXOAMMOCTE HeCOGCTBEHHBIE ABOMHbBIE HHTETPA-
JBI OT pasphIBHBIX byHKIMIE (0 < m < |o(x, y)| < M):

4181. J‘J. %, rae obmacte Q onpexessiercsa yCHOBMAMU:
y

| < 2% 2+ y2< 1.

4182. ” ) gy gy
(x2+xy+y?)

x24+y2<1
dxd
4183. ” _dxdy (1,50, > 0).
((H<1|x|l’+|y|q ® q>0)
x{+{yl s

4184. f f Q0 1) gy gy,
) ) [x—ylp

_exy) g
4185. J'J' ) —dx dy.

x2+y?<1

4186. Jokaszary, uto ecnu: 1) pynxkuua ¢(x, y) HempepbIBHA B
orpaEnuYeHHoOM obnactn a < x< A, b < y < B; 2) dyaruua f(x) ue-
IIpepbIBHA Ha cerMeHTe a < X< A u 3} p < 1, To uHTeTpan
A

def 2x¥) 4
j Fxy- ol Y
a

O ey 1y

CXOAUTCA.
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Boruncnnts cne,u;yzom,ne HHTErpasbl:

4187. J-J. dx dy.
x2+yz

x24y?<1

4188. | d > 0).
[or] ety @

4189. '[I In sin(x — y) dx dy,

rze obnacts Q orpannyeHa npaMeiMu ¥ =0, y=x, x = 7.

_dxdy
4190. J' J‘
TR y3

x+y<x

HccnenoBarb Ha CXOAMMOCTS CJEAyIOIe TPORHBIE MHTETrPAJIbL:
4191. ——({K—’LQ—dxd dz,rne0<m<|o(x, y, 2| < M.
JI] ciatimeaden ot .
x2+ytezlza

4192. J.J.J‘ ——‘ﬁ—’L)—dx dy dz,rne 0 <m <|o(x, y, 2| <M.
(x2+y2+22)
x2 4y 4 22
4193, J'” _dxdydz (50, 0> 0, r>0).
|x|"+|y|”+|21’
el + Iy + 12l = 1

a a a

4194. J. J. '[ f(x.y, z)dxdydz ,tre 0 <m <|f(x, y, 2| < M,
{ly-o(x)]2+[z- W(x)]2}p

ao(x)n \u(x) — HenpepbIBHBIEe QyHKIUK HA cermeHTe [0, a].

BuIuMCIUTE NHTETPAJbL:
1 11

4196.fj'fd—-‘L—xd dz 4197. ”J‘ _dxdydz _

xPyIzr (x2+y2+ 22)3

x24y?p22321
___ dxdydz dz
4198. ”J' .

¥24ylsz2<1
+00 400 400

4199. J‘ J‘ J' e-Gytea dy dy da.

~00 -~00 —00
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4200. BeryucauTs, HHTErpan
400 400 400

'[ J. J. e P Te ) gy di, dxg,

—00 ~00

rae P(x,, Xy, X3) = Z Z a,x.x;(a; = @;) — DOJOMUTENHLHO OTIpe-
i=1 j=1
IeJeHHAd KBaJpaTudaas dbopma.

§ 10. MuOrokpaTHbIe MHTErPAJBI

1. HenocpeacrBeHnoe BBIYMCAEHMEe KPATHOTO MHTerpana. Ecau QyHK-
nus f(xy, x5, ..., X,) HEIpEPLIBHA B OTpaHUYeHHOH 06aacTu Q, onpede/sie Mot
HepaBeHCTBaMH

x < x; € xY,
xp (1) < 2, < xf (xy),
x, (xl, gy vee s X, 1) S X, < 2 (X4, Xy oe s Xpo 1 )
rge x|, x{ — I[OCTOAHHBIE YUCHA, X5(X,), XYy (%), «.or X, (X, Xyy ooey X, - q),

"7 (Xys Xgy «1ey X, 1) — HENpepsiBHbIE QYHKIUH, TO COOTBETCTBYIOIIHI MHO-
FOKPATHBIN HHTErpasl MOXeT ObITH BHIUHCACH N0 PopMy.ie

J.J‘J. flxy, 25, ooy x,)dx; dx, ... dx, =
Q

xi’ x'z‘ (xl) x’,; (xl, P . 1)
= J. dx, '[ dx, ... '[ f(xy, x4y ..., x,) dx,.
x x5 (xp) xp(xys s Xy y)

2. 3ameHa NepeMeHHBIX B KpaTHoM HHterpaie. Ecnu: 1) Gyskuusa
f(x,s X9, ..., X,) PABHOMEDHO HEINPEPBbIBHA B OrPAHUYEHHOH H3MEpUMOii 06-

nactu Q; 2) HenpepsIBHO quddepeHiupyeMsie GYHKIHUY

X = (pi(él’ ézr see én) (i=12,..,n
OCYILECTBAAIOT B3aUMHO OZHO3HAYHOE oTobpaenue objaactu Q npocrpas-
crsa Ox,x, ... x, Ha orpanuuenHyio obnacts Q' npocrpascrea 0°¢,8,...5, n
3) Axobuan
D(xlaxZ:'-' n) ¢0
D(él» éZ) .. &n

B obnactu ', To cupasemuBa GhopmyJa

'['[...J‘f(x,, Xy, oony X,) dXy dXy... dX, =
[

=H...ff(cpl. 02y oes @) U] dE, dE, ... dE,.
N

I =
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B wacTHOCTH, IPH N€peXo/ie K NOJAPHEIM KOOPAMHATAM (', Oy, Py ooy O - 1)
no (popmynam
X, = rcos ¢y,
X, = rsin ¢, cos @,

n-1=rsin @; sin ¢, ... sin @,_,cos ¢, _,
x,=rsin @, sin @, ...sing,_-,sing,_,,

nMeeM

3

Dlxp Xy 0y %) "~ lsin "2, sin" "~
1

—_—r—————— = [0} ... Sin n-2¢
D(ry(pli"'r(pn—l) ’ ¢ :

4201. IIycts K (x, y) — HenpepbiBHaA GyRKIHA B o6nactu R(a < x < b;
a<y<bu

K, (x,y) = K (x, tDK (£, ty) ... K (¢, y) dt, dt, ... di,.

8 C—— >
8 C—— >
| ———— >

JlokasaTb, 4TO

b
Kyomorlt, y) = j K, (x, DK, (t, ) dt.

4202. Ilycts f = f(x;, X3, ..., X,) — HenpepbIBHAA QYHKIIUA B 00-
dactu 0< x; < x(i=1, 2, ..., n). Joka3aTs paBeHCTBO

x * Xno1
J.deJ. dxg ... J. fdx, =
0 0 0

4203. [Toxas3aThk, YTO

x

dx,lJ‘ dx, ...jfdxl (n>2).
xll

X2

O C— &

t t th_1 t
'[dtlj‘ dt, ... J' FEDE) .. (1) dt, = ,% If(t) dr b,
0 0 0 1o

rze f — HenpepnIBHaA QYHKIHA.

BrruncnuTe ciaepyiouiue MHOTI'OKpPAaTHbIE HHTErpaJbl:

11 1
4204. a)-[J....J‘(xf + 6k 4+ x2) dxy dxy ... dxy;
0

6) (X, + x5+ ... +x,.)%2dx, dx, ... dx,.

O, = O
O, = O
O———, —
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4205.1, = J'J'J' dx, dx, ... dx,.

xIZO.xZZO,..A,xn>0,
<
Xy+Xyt.tx,<a

1 Tn_1

1
4206.J.dx1J. dx, ... J. XXy ... Xpdx,.
0 0 0

4207. HJ Jr F x5 %, dx, dxy ... dx,.

x1>0.x2>0,m,xn20,

<«
xl+x2+.,.+xn<1

4208. HaiiTin 00beM n-MepHOI'O I1apalijiesernunesa, OrpaHuueH-
HOT'O ILJIOCKOCTAMHU
anxy tapx, + ..o+t a,x,=th, (i=1,2,..,n),
ecim A = |a;| # 0.
4209. IaiiTu oO’beM n-MepPHOM MUPaMIUIbI
x x, x
T I S
ay Qs a,

(¢;,>0,i=1, 2, ..., n).

<1, x>0 (i=1,2,...,n)

i

4210. HatiTn 06beM n-MepHOr0 KOHYCa, OrPAHUYEHHOT0 I1I0BEPX -
HOCTSAMHU

2 2 2 2
X X X, _ X
S +=2+.+2= =2 x,=a,
al az an-l an

4211. Haiitu o6beM n-MepHOro u1apa

2 2 P
x] + x, + ...+ 22 <d

4212. Haitta J:[ -[ x,z, dx, dx, ... dx,, roe obnacrs Q onpepne-
Q

JiAeTCsA HepaBeHCTBaMI

2 2 2
Xt xp e+ xh, <, —;lgx

N
N

4213. BeIunCcINTE

J‘J‘ J‘ dx,dx,..dx,
5, . Jl—xf—xﬁ-...—xi

X+, 4x, <1
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4214. JTokazaTb paBeHCTBO

x Xy Xa

.!:dx,-([ dx,.. j f(x,) dx, = _[ f(u)g‘—ulx).—l

4215. [loxasaTh paBEHCTBO

X xy *n

J.xl dle.xz dx; ... J‘f(anrl) dx,, 1=
0 0

~u?)" f(u) du.
2 n’

4216. Dokazats opmyny Jupux.ne

pl—l p2 1 p, -1
J‘I J. vee x," dxydx,...dx,=

Xp Xy

Xpt+xg+ + n

C(p)0(py)-- T(Pn)
C{py+ps+...+p,+1)

@y Py o P> 0).
4217. Noxazats popmyny Jayeurni

-1 p,-1 p,-1
'” J. f + 2+ o+ x)xy Xy e x dxy dXy ... dx,=

Xy Xy
xl+x2+

= L(p)T(ps)... J. (u yPrtpat -1du >0
C(py+py+ +pn ) (P1s Pys vs Pn > 0),

rae f(u) — HenpepbIBHAs PYHKIIAA.
VY kKaszadue. [IpuMeHuTs METOA MaTEMATUYECKON UHAYKILUAU.

4218. IlpusecTH K OJHOKPATHOMY MHTEI'DaJIy n-KPaTHBINA MHTET-
pain (n 2 2)

‘“‘ J.f x1+x2+ )dxldx2 . dx,,

pacIpocTpaHeHHBIH 110 obJsactu xf + xﬁ + ...+ xi < R?, roe f(u) —
HempepsIBHAA QYHKIINAA.



414 PA3JEJ VIil. KPATHBIE U KPUBOJIMHENHBIE HHTEI'PAJIBI

4219. BoIUUCIHTD NOMeEeHyuanr Ha cebs OGHOPOJHOIO 1iapa pa-
nuyca R u nioTHOCTH Py, T. €. HAWTH MHTErpasa

J‘J-”” dx dyldz dxydy,dz,

x? +y‘+z 2 < Re

x2+y2+22§R2

TRE Iy, p = «/(xl X)2+ (Y~ Y2)?+ (21 —2)%.
4220. BeiusicnuTh n-KpaTHBIA MHTErpan
n n |

400 +00 4oc ~ E a,;x‘xj+22 hl.xl.+c
\i,j:l ic1

dxy dx; ... dx,,

ecau z a;xx;(Q; = @;) — TMOJOMKHUTENbHO OPe/leIeHHAasA KBaapa-
ip=1
TuHas dopMma.

§ 11. KpuBonuHeiinbie MHTErpaJist

1. KpnBoanneiinpiit uaTerpan 1-ro poaa. Ecau f(x, y, 2) — Qyuxiud,
onpeeneHHas U HENPEPHLIBHAA B TOUKaX rJagKoi kpusoi C

x=x(t), y=y(t), 2=2(t), (,, < t<T) (1)

n ds — puddepenuuat Ayru, To

J f(x, y, 2)ds = j flx(t), y(1), 2(O)Jx'2(1) + y'2(t) + 2'2(2) dt.
C t

OcobeHHOCTb BTOIO MHTErpaJa COCTOUT B TOM, UTO OH He 3aBMCHUT OT Halpas-
Jgenus Kpusoin C.

2. MexaHnuecKue TPIIOKEHHA KPUBOJIWHeHHOro MHTErpada 1-ro po-
na. Ecan p = p(x, y, 2) — nuHedHas NJIOTHOCTHL B TEKyUIel Touke (X, y, 2)
kpusoit C, 1o Macca kpusoii C paBHa

M- J' p(x, y. 2) ds.

Koopournamer yenmpa macc (xq, Yy, 29) 970 KpuBoii BeIpakairca (op-
MyJaMy

xo = 1\14 j xp(x) y) 2) dS, yO= ﬁ J‘ yp(x» Y, 2) dS, 20= % -[ zp(xx Y, Z) dS.
C C
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3. KpuBonuneiinbiit unrerpan 2-ro poga. Ecnu ¢yuknuuu P = P(x, y, 2),
Q= Q(x, y, 2), R= R(x, y, 2) HenpepuIBHEI B TOUKaxX Kpusoi (1), npoberae-
MOIl B HallpaBJIeHUU BO3PACTAHUA IapameTpa t, TO

IHLyJﬂW+QHJA@dy+MLyJNh=

c

T
= J. {P(x(2), y(2), 2(£))x'(2) + Q(x(2), y(&), 2(Ny'(¢) + (2)
ty

+ R(x(2), y(t), 2(t)z'(8)} dt.

Tlpn n3aMeHeHUH HalnpaBAeHHA obHXxoxa KpuUBOM C 3TOT UHTErpas U3MeHAeT
cBOI 3HaK Ha ofpaTHblil. MexaHuueckuit uHrerpan (2) npejgcrasager coboi
pabomy nepemennoir cuavt {P, @, R}, ToUuKa NPUIONKEHUA KOTOPOU ONUCHI-
Baer Kpusyio C.

4. Caryyait noanoro guddepenuana. Ecnu

P(x, y, 2)dx + Q(x, y, 2) dy + R(x, y, 2) dz = du,

rae u = u(x, y, 2) — ogHO3HAaYHasA QYHKIUA B 061acTH V, TO HE3ABHCUMO OT
BUga KpuBoii C, HeNNKOM DACHOJIOMeHHo# B o6nacTu V, umeeMm

I Pdx + Qdy + Rdz = u(xy, y,, 23) — u(xy, Y1, 21)»
c

rae (x, Yy, 21) — HavanbHad U (X,, Yy, 23) — KOHEWHAA TOYKHM NyTH. B npo-
crelinieM ciaydae, ecau o6aacTs V ogHoCcBA3HA 1 hyHKIMHK P, @ u R o6nagamor
HeNpepbIBHBIMU YACTHHIMH NIPOU3BOAHBIMHU I1€DBOI'0 NOPAAKA, AJd 9TOT'O He-
00X0AMMO U AOCTATOMHO, UTOOBI B o6nacTu V ObIIN TOMKAECTBEHHO BBHIIIOJ-
HEHBI CAEAYIOLUE YCAOBUA:

o° _ 00 09 _ 3R IR _ P
dy odx’ 0z 9y’ dx 9z

Torga, B npocreiliieM cjyuae cTaHAAaPTHOU mapaiejonujaibpbHON 00-
jgactu V, GyHKIUIO 4 MOXHO HallTu 1o hopmyne

X

y z
um%n=jmn%aw+ q%%a@+ijmmwmm
o Yo 2y

rae (Xo, Yo» 20) — HEKOTODaA (PUKCHUPOBAaHHAA TouKa obnactu V u ¢ — npo-
U3BOJIbHAA MOCTOAHHAS.

BeunCcaHUTE Caegyole KpHBOJIMHENHBIE HHTErpaJsl 1-ro posa:

4221. J (x + y) ds, roe C — KOHTYp TPEYrOJAbHUKA C BEPUIMHAMH
C

0(0,0),A(1,0) uB(0,1).
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4222. f y? ds, rne C — apKa IIMKJIOKIBI
x—a(t—smt) y=a(l-cost) (0<t<2m).

4223. I (x* + y?) ds, rne C — xpusas
;=a(cost+tsint),y==a(sint—tcost) (0 <t < 2n).

4224. f xy ds, rae C — pyra runepboJisl
c
x=acht, y=asht (0<<ty).

4 2
4225, j (x3 +y ) ds, rae C — xyra acTpoman X3 + y

2
3

win

= q°.

4226. j ev**+v* ds, rage C — BBINYKJBIH KOHTYP, OrpaHHUYEHHbII

KpuBsiMH r=a, ¢=0, ¢ = E (r ¥ ¢ — TOJIApDHBIE KOODPJAUHATEI).
4227. I |yl ds, rme C — gyra memumcKaTsl

(2 + y9)? = a¥(x* - P).

4228. I x ds, rge C — gacThb jorapudMUUeCKOR CIIMpasIu r = ae*?

C
(k> 0), naxogsaiascsa BHYTpH Kpyra r < a.

4229. f Jx2 + y2ds, rne C — oxpyxkuocTs x° + y° = ax.

4230. I 5 rne C — LenHas JUHEA Y = a ch =

Haity anmsbl gyr OPOCTPAHCTBEHHBIX KPHUBBIX (ITapaMeTphl 1o-
JIOXKHUTEJIbHbBI):

4231. x = 38t, y = 8t%, 2= 213, or 0 (0, 0, 0) 7o A (3, 3, 2).
4232. x=e¢"cost,y=e'sint,z=¢", npu 0 < t < 400,

- X _ay a-x
4233. y = a arcsin S 2= lna — OT 0O (0, 0, 0) go A (x4, Yos 20)-

4234.(x —yYP =a(x +y), x> -y’ = gxz or O(0, 0, 0) nmo
A (%0, Yos 20)-
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4235. x* + y? = cz, % = tg% ot O (0, 0, 0) 10 A (xy, Yg» 20)-
4236. x2 + y® + 2° = a?, Jx?+y? ch (arctg %) =@ OT TOUKH
A (a, 0, 0) zo Toukn B (x, y, 2).

BBIUMCIUTL KPDUBOJHHEHHBIE KHTErpajnl 1-ro poja, BaAThHIE
BJIOJIb I POCTPAaHCTBEHHBLIX KPUBBLIX:

4237. J. (x* + y% + 2%) ds, rge € — 4YacTh BUHTOBOM JIMHUK
b
x=qacost,y=asint, z=>bt (0<t < 2n).

4238. | x? ds, rpe C — OKPY’KHOCTh

At

Pryt+=a,x+y+2=0.

4239. J. zds, rae C — KoHuUuecKas BUHTOBAA JHHUA
c

=tcost,y=tsint,z=1¢(0< t< t).

4240. J. 2 ds, rie C — nyra kpusoit x* + y? =22, y® = ax oT TOUuKHM
¢

O (0, 0, 0) 1o Touku A (a, a, ﬁ ).

4241. 1. HaitTn maccy KpuBoii x =acost,y=bsint(a = b> 0;
0 < t < 2m), ectu NHHeitHAA TIOTHOCTH €€ B TOUKe (X, y) paBHa |y|.
2. HaiiTu maccy ayru napabosist

y® = 2px (o<x<g),

eCJIH JINHEMHAA NJIIOTHOCTH napaboJibl B TeKyLIel Touke M(x, i) paB-
Ha |yl.

3. Haitru mMaccy Ayru KpHUBOU x = af, § = % #z= g PO<t<,

. 2
IIJIOTHOCTHh KOTOPOM MEHAETCA 0 3aKOHY P = 2y .
a

4242. BeIlunucJauTh KOOPAUHATHL LIEHTPA Macc AYyTH OLHOPOJHOMN

KDHUBOH § = a ch':—c1 ot Touk# A (0, a) no rouxku B (b, h).
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4243. OnpelesInTh LEHTP MAcC AYI'd IMNKJIOUAbI
x=a(t-sint),y=a(l -cost)(0<t<m).

4244. 1. HaiiTi cTaTiyecKk#e MOMEHTHI

S, = des, S, = ‘[yds
c c
ayru C acTpousibl
2 2

2
x3 + y3 = ab

(x>0, y>0)

OTHOCHTEJILHO OCell KOOpAMHAT.
2. Ha¥iTu MOMEHT HHEDIIUH OKDPYXKHOCTH

2ty =a

OTHOCHUTEJBHO ee JuaMerpa.
3. HaliTu nojiApHbsle MOMEHTHI HHEPLLUN

I, = '[(xz +y?) ds
C

otHocuteasno touku O (0, 0) caepgyromux jgunnit: a)kourypa C
kBagpaTa max {|x], [y} = a; 6) konTypa C mpaBUILHOTO TPEYTOTBHUKA
C BEPIIMHAMH B NOJAPHBIX KOODAMHATAX

P(a, 0), Q(a, %"j R(a, 4?“)

4. HaiiTu cpeHu# TTOJAPHBIA paguyC acTPOUAEI
2 2 2
x3 + y3 —_ a3 y

T. €. UKCJO Iy (ry > 0), onpegenseMoe dopmynoi
2
IO =8 7‘0 5

roe I, — IOJAPHBIA MOMEHT HHEPIIUY ACTPOULEI, OTHOCUTEIbHO Ha-
yasia KoopauHart (cMm. 4244.3) u s — pauHa AYrd ACTPOUADLL.
4245. BeruucauTs KOOPAUHATHL IEHTPpa Macc KOHTypa chepuye-
ckoro TpeyrosipHuKa x° + ¥ + 22 =a% x>0,y > 0,2 > 0.
4246. HaiiTu KOOpAHHATHI IIEHTPA Macc OJHOPOJHON Ayru
x=¢ecost,y=esint,z=e' (-0 <t<0).

4247. Ha¥iTyn MOMEHTEHI HHEPINK OTHOCHUTEJLHO KOODAUHATHLIX
oceif OAHOTO BUTK& BUHTOBOM JHHUHU

x=acost,y=asint,z=-2’int(0<t<2n).
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4248. BeryucauTh KpUBOJMHERHBIN MHTErPall 2-ro poja
fx dy — y dx,
04

rge O — HayajJlo KOOPAMHAT W TOYKAa A mMeeT KoopguHaThei (1, 2),
eciu: a) OA — oTpesok npsamol nuuuu; 6) OA — napabona, ock KO-
topoit ects Oy; B) OA — JjioMaHas JINHUA, COCTOALIAA U3 oTpe3ka OB
oc Ox u orpeska BA, napasnensnoro ocu Oy.

4249. BeruucanTs

dey+ydx
04

Lnsi nyrei a), 6) 1 B), yKa3aHHBIX B NIpejbInylueif 3agaye.
Bruruucnuts crenyonie KpUBOJINHEeNHbIE UHTErPAJIbI 2-T0 Poaa,

B3ATHIE BAOJb YKA3AHHBIX KPMBLIX B HAIIPABJIEHUH BO3PACTAHUA T1a-
pamerpa:

4250. _[ (x* — 2xy) dx + (y® — 2xy) dy, rne C — napa6osa
c
y=x (-1<x<1).

4251. J.(xz +y dx + (x*— y?) dy, roe C — xpusasa
C
y=1-]1-x (0<x<2).
a? b2

4252.-[(x + y)dx + (x — y) dy, toe C — saunc x? + v 1,
C

npoberaeMbiii IIPOTHB XOLA YACOBOM CTPEIKH.

4253. J. (2a — y)dx + x dy, rae C — apKa NUKJIOU/IbI
c

x=a(t—-sint),y=a(l -cost)(0<1t<2n).

4254, § & ﬂ/)d’; = (’; —¥)4Y e C — oxpyskmocts x2 + y? = a?,
X + y

c
nnpoberaeMas NpPOTHB XOJ4a YACOBOI CTPEIKU.

4255. § %Cli—dﬂ , rme ABCDA — KOHTYD KBajpaTa C BepIIH-

ABCDA |yl
namu A (1, 0), B (0, 1), C (-1, 0), D (0, -1).
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4256. J.dx sin y + dy sin x, rge AB — 0OTpE30K NPAMON MeXXay
AB
toukamu A (0, ) u B (1, 0).
4257. é; dy arctg% - dx, rne OmA — 4dacTb napabossl y = x2

OmAnO
u OnA — oTpe3oK IpAMOHR y = X.

Y6enuBUINCE, YTO IOABIHTETPAJIBHOE BbIDAXKEHNE ABIAETCA 110J-
HBIM auddepeniinagioM, BHIUHCIUTE CAeAyIOLIHEe KPHBOJIHHENHHBIE
UHTErpaJsbl:

2,3)
4258. f xdy +y dx.

(-1,2)
(3,-4)

4259. x dx +y dy.

(0,1)
(2.3)

4260. J' (x + y) dx + (x — y) dy.

(0.1)
(1, 1)

4261. J' (x — y)(dx — dy).

(1.-1)
(a,b)

4262. J. f(x + y)(dx + dy), roe f(u) HenpephIBHA.

(0,0)
(1.2)

4263. ﬂ—’i;—xdz BIOJIb Ny Teil, He nepecekaroux ocu Oy.
X
(2,1)
(6,8)
4264. xdx +ydy BIOJIb IYTEH, He MPOXOAAIIUX Uepe3 Havua-
x2+y2

(1,0)
JIO KOOpAHHAT.
(x2~ yz)

4265. _[ o(x) dx + y(y) dy, rre ¢ 1y — HenpepbIBHBIE HYHK-
(xy.y4)

LK.
(3,0)

4266. J' (x* + 4xy®) dx + (622 — By*) dy.

(=2,-1)
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(1,0)
4267. f x;ily: )‘zx BIOJIb IIyTei, He IlepeceKaloUluX IpH-
(0.-1) Y
MOH y = Xx.
(2.7
4268. f (1 - Q—i cos ﬂ) dx + (sin Y+ ¥ cos Q) dy BROJb Iy TEH,
X X X X X
{(1.m)
He nepecexkawInux ocu Oy.
(a,b)
4269. J. e*(cos y dx — sin y dy).
(0,0)
4270. Jokasars, uro ecau f(u) — HenpepblBHadA GYHKIIUA

# C — KYCOUHO-TJIafKUH 3aMKHYTBIH KOHTYD, TO

:{ﬁ(x? + y?)(x dx + y dy) = 0.
C

HaiiTu nepBoo6pasnyio GYHKIMIO 2, €CIH:
4271.dz = («* + 2xy — y°) dx + (x* - 2xy ~ y) dy.

279 dz = _Ydx-—xdy
4 ? T 3 2xy+ 3

4273. dz = X2+ 2xy+5y*)dx + (x% - 2xy + y*)dy

(x+y)°
4274.dz = e[e'(x —y + 2) + y]l dx + e*[eY(x — y) + 1] dy.
o7 ) _ grrmaly + grn+m+ iy i
4 5 dZ axn+laym dx axnaym+ldy
— E)n+n1+1 l _ an+m+1 l
4276. dz Tanegg 1 (ln r) dx Tan Togn s (ln r) dy, rne

r=Jxt+y?.

4277. NJokasars, YTO AJA KPUBOJWHEHHOTO MHTErpaja clipaBes-
JIUBA caenyiomas OLeHKa:

fpdx+Qdy‘<LM,
C

rae L — pgauHa nyti narerpauuu 1 M = max JP2+ Q2% wa ayre C.
4278. OueHNTs MHTETPAT
In= ydx - xdy

(x2+xy+y2)?
224 y?=R2

Loxkasathb, uro lim Ip = 0.

R— o0
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BbruncauTs KpuBOINHEHHbIE MHTEIPAJIBI, B3ATHIE BAOJb IIPOCTPAH-
CTBEHHBIX KPUBBIX (KOODAMHATHAS CHCTEMAa IPEINOJIaraeTcs IPaBoit):

4279. J. W -2 dx+2yzdy—x*dz,tneC —xpuBag x =1,y = {2,
c

z=1*(0 <t < 1), npoberaemas B HAIIPaBIEHUH BO3PACTAHNUA IIapaMeTpa.
4280. J. y dx + 2z dy + x dz, rge C — BUTOK BUHTOBOM JUHUK
c
x=acost, y=asint, z= bt (0 < t < 2m), npoberaemoil B Hapas-
JIEHUH BO3PaCcTaHUA IIapaMeTpa.
4281. J‘ (y—2)dx+(z2—x)dy + (x - y) dz, roe C — OKPY’KHOCTH
c
x?+yt+22=4a? y=xtg o (0 << 7), npoberaemas IPOTUB XOfa
YacoBOM CTPEJIKH, eCJIN CMOTPETh CO CTOPOHAI TOJOXKUTENbHBIX X.
4282. J- x*dx + 2% dy + x? dz, rne C — uacTp KpuBoii BuBnann
F .
2+ +22=a? x2+ y? =ax (2> 0, a > 0), npoberaemMas IPOTUB

YacoBOM CTPEJIKM, €CJIU CMOTPETHh C TIOJOXKUTENIBHOU YacTh (X > a)
ocu Ox.

4283. J. Y2 -2 dx + (2% — x%) dy + (x* — y?) dz, rne C — KoHTYD,
C

orpaHmumuBaomui yacts chepet x> + y? +22=1,x>0,y>0, 2> 0,
npoberaeMblit Tak, UTO BHEIIHSAA CTOPOHA BTOH HOBEPXHOCTH OCTAETCS
cieBa.

Haiitn craexyomie KpUBOJMHeHHBIE HMHTerpajbl OT IIOJHBIX

auddepeHINaNoB:

(2,38,-4)

4284. x dx + y?dy — 2° dz.
(1,1.1)
(6,1,1)

4285. yz dx + xz dy + xy d=.
(1,2,3)
(Xg.Yg 25)

4286. xdx+ydy+zdz a(xy, Yy, 2 oK

86 i JxTryre 2t e TouKa (Xy, Y;, 2;) PACIIOJOMKEHA
171 <)

Ha chepe x% + y? + 2% = a?, a Touka (x,, Y, 2,) — Ha chepe x% + y? +
+22=b%(@>0,b>0).
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(x5. Yg. 29)
4287. J‘ o(x) dx + w(y) dy + x(x) dz, rme @, ¥, Y — Hempe-
(xlAyl‘zl)
pBIBHBIE DYHKIIUA.
(xz~y2'22)
4288. flx +y + z)(dx + dy + dz), rne f — HenpepsIlBHAA
(xy,41,2y)

(pyHKIUA.
(xzv Yo 22)

4289. J. f(Nx2+y?+22)x dx + y dy + z d2), rne f — He-
(x1, 47, 29)
npepblBHaA QYHKIIUA,

HaiiTi nepBoo6pasHyio GyHKIINIO U, eCIIH:
4290. du = (x? — 2yz) dx + (y* — 2x2) dy + (2 - 2xy) dz.

4291 du= {11+ Dax+ (¥ + Z)ay- Y.
Y 2 z y? 22

_(x+y-z)dx+(x+y-2)dy+(x+y+2)dz
x2+ Y2+ 2%+ 2xy )

4293. Haiit paboTy, NPOU3BOAUMYIO CHJIOH TSXKECTH, KOTla
TOUKA Macchl m IepeMelaeTca U3 ION0MXKeHns (X, Y,, 2;) B IIOJOMKe-
HHe (X5, Y,, 25) (0cb Oz HanpaBJeHa BEPTUKAIBHO BBEPX).

4294. Haiity paboTy ynpyroil cuibl, HanpaBJEeHHOU K Hadaly
KOOpAWHAT, 3HAYEHNE KOTOPOH IPONOPUMOHATIBHO PACCTOSHUIO OT
MaTepHaJbHOM TOUKH 10 Hadyaja KOOPAUHAT, €CJIM 3Ta TOUKAa OIUCHI -
BAaeT B HAIlPpaBJIEHUU IPOTUB X014 YACOBOM CTPeIKU MOJOXKUTEIbH VIO

4292. du

2 2
YeTBEPTH JIJIUIICA x_2 + }% = 1.
a

4295. HaliTu paboTy CHIIBI TATOTEHUA F = % ,Taer= Jx2+y?+ 22,
r

G — TpaBMTAUMOHHASA TOCTOAHHAsA, AedcTBylomled Ha e MHUYHYIO
Maccy, Korja nociefHsdA nepeMeniaercd U3 TOUukUd M (xy, y,, 2;) B

ToUKy M, (249, Yy, 25)-

§ 12. ®dopmyaa I'puna

1. CBa3b KPUBOJIUHEHHOTO MHTErpaja ¢ nsoHbIiM. Ecnu C — 3aMKHY-
THI IPOCTOH KYCOYHO-IIAJKUE KOHTYD, OTPAHMUYMBAIOIINI KOHEUHYIO OJ-
HOCBS3HYIO 00nacTb S, npoberaemsolii Tak, uro objacTs S ocraercsa ciesa, u
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dyuxuun P (x, y) u Q (x, y) HenpepbrIBHBI BMECTE CO CBOMMH YACTHBIMH IIPO-
MBBOAHBIMHU IepBoro mopagka P (x, y) u Q, (x, y) B obnactu S ¥ Ha ee
rpaHUIE, TO UMeeT MECTO Qopmyara I'puna

§P(x, y)dx + Q(x, y)dy = J.J. ('())4?—%5) dx dy. (1)
c s

@opmyna (1) cipaBefnrBa TakKe U A KOHEUHOH obnacTu S, orpaHu-
YEeHHOU HECKOJBKHUMH IIPOCTHIMU KOHTYPAMH, ecaH oA rpauunei C nocnen-
Hell IOHUMATh CYMMY BCeX I'DAaHUYHBLIX KOHTYDOB, HallpaBJeHUe 06X0ona KO-
TOPBIX BhIOUpAETCA TaK, UTO 00J1aCTh S OCTAETCA CJeBa.

2. lnomaar nnockoi obnacru. Ilnomazs Guryps! S, orpaHuueHHON
IIPOCTBHIM KYCOUHO-IJIAAKUM KOHYTPOM S, paBHA

S=§xdy=—§ydx:%ﬁ(xdy~ydx).
[

c c
B srom naparpade, ecau He OTOBOPEHO IPOTHBHOE, IPEATIONAaraeTc, YTo
3AMKHYTBHIA KOHTYD WHTErDUPOBAHUA TPOCTOH (0e3 TOUEK camolepeceye-
HUsA) U poberaeTcsa Tak, UTO OrPaHMUYCHHAA UM 00JACTb, HE cojieprKalnas
feCKOHEUHO YAANEeHHOH TOUKH, OCTAETCA CcaeBa (II0J0KUTEIbHOE HallpaBiie-
HHUE).

4296. C nomompio dhopmyiasl ['pruHa 1peobpa3oBaTh KPUBOJIUHEN-
HBIA WHTerpasn

I= §A/x2+y2 dx + y[xy + In (x + Jx2+y?)] dy,
C

rae koHTYp C orpaHUYMBaeT KOHeUHyI0 obsacTh S.
4297. Ilpumenssa dopmyny 'puHa, BIUNCIUTD KPUBOJIUHEHHBIH
MHTerpaJ

I=jS(x+y)2dx—(x2+y2)dy,
K

rae K — nipoberaembii B IIOJIOYKUTENBLHOM HallpaBJIeHNH KOHTYP Tpe-
yronbHuka ABC ¢ sepminnamu A (1, 1), B (3, 2), C (2, 5).

IlposepuTrs HallleHHBIN PE3YJbTAT, BHIYMCIAA MHTErpaji Hero-
CPELCTBEHHO.

ITpumensaa ¢opmyny 'puHa, BEIUNCANTD CAEAYIOUINE KPUBOJIK-
HelMHbIe HHTErPaJbi:

4298. jf) xy® dy — x%y dx, rae C — oxpysxHocts x° + y? = a’.
C
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4299. 4; (x +y)dx - (x — y) dy, rope C — aanumc
C

g L
a? b2
4300. § e*[(1 —cos y) dx — (y — sin y) dy], rre C — npoberaembrit
c

B IIOJOMKHUTEIBHOM HAlIPaBJIEHUN KOHTYD, OTPAaHUYMBAIONMA 00-
gacts 0 < x <m, 0 < y <sin x.

4301. § e-(x*-vY (cos 2xy dx + sin 2xy dy).
x2 4 y2=R2
4302. Ha cKOJBKO OTJIMYAIOTCA APYT OT APYyra KPUBOJUNHEHHBIE
UHTErpajbl

L= [@+pdr-e-prdy
AmB
I, = J' (x + y)? dx - (x - y)? dy,
AnB
rne AmB — npamasd, coepuHAmIasg Touku A (1, 1) u B(2, 6), u
AnB — mapa6osa ¢ BepTUKaJIbHOH OChIO, IPOXOAAINIAd Yepe3 Te Ke

TOuKMN A n B 1 Hayayio KoopauHar?
4303. BeruucaInTs KPUBOJUHEAHBIM HHTErpas

(e* sin y — my) dx + (e* cos y — m) dy,
AmO
rae AmO — BepXHAA NONYOKPYsKHOCTb X2 + y? = ax, npoberaemas
oT Touku A (a, 0) no Trouxku O (0, 0).
Vkasauue. Jononaurs nyts AmQO 10 3aMKHYTOr0 HPAMOJUHEHHBIM
otpeskom OA ocu Ox.
4304. BeluncauTh KPUBOJIUHEHHBIN MHTerpal

J. [p(y)e* ~ myldx + [¢'(y)e* — m] dy,
AmB
rre O(y) u ¢'(y) — HenpepbiBHbIE PYHKINU, a AmB — IPOU3BOJb-
HBII IyTh, COEIUHAIOIIUN ToUuKH A (X, y;) ¥ B (x;, y,), HO OTPAHUYHA-
BAIONIUU BMECTE € 0Tpe3KoM AB miomans AmBA NaHHON BeTUYUHBL S.
4305. OupenenuTsb ABE ABAYKIBI HENpEPHIBHO AU depeRITUPyeMble
dbyurimu P (x, y) 1 @ (x, y) Tak, 4ToOL KPHUBOJNHEHHBIN UHTEIDAT

I=§P(x+oc,y+[3)dx+Q(x+a,y+ﬁ)dy
C

s 11060ro 3aMKHYTOI'O KOHTypa C He 3aBUCeJ OT IOCTOSTHHBIX O U B
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4306. Kakomy yciIoBHIO OKHA YROBJIETBOPATH AuddepeHn-
pyemas pyHKuua F (x, y), 4To6bl KPUBOJIUHENHBIH UHTErpaJ

F(x, yly dx + x dy)
AmB
He 3aBUCEJ OT BUJA NYTH UHTErPUPOBAHNA?
4307. BeruncauTse

x%4 y?

[ = %xdg—ydx
c

rpe C — npocToi 3aMKHYTBIN KOHTYD, He IPOXOAAILINN yepe3 Havuallo
KoopauHAT, npoberaeMbiil B NOJIOMKUTEILHOM HaIllPABIECHUHU.

Vkaszauue. PaccMorpers aBa cayuast: 1) Hauajo KOOPAMHAT HAXO-
AUTCA BHE KOHTYpA; 2) KoHTYyD C OKpyKaeT HAYaJa0 KOOPAHMHAT.

C mOMOITbI0 KPUBOMUHEHHBIX MHTErPAJIOB BHIYHCIUTh IIJIOIIALMY,
OTpaHMYEHHBIE CJAENYIONIMMHI KPUBBIMI:

4308.x = acos t, y = bsin ¢ (0 < ¢t < 27m) (s s1HIC).

4309. x = a cos® t, y = b sin® ¢ (0 < t < 27m) (acTpouna).

4310. (x + y)? = ax (a > 0) u ocvio Ox (mapa6oua).

4311. x® + y® = 3axy (a > 0) (neTna KexapTOBa JHCTA).

Yxaszauue. ITonoxurs y = tx.

4312, (x* + y?)? = a®(x? — y?) (nemuuckara).

Yrxasanue. IHomoxurs y= x 1g ¢.

4313. Kpusoit x* + y® = x? + y? u ocaMu KoopAuHAT.

4314. BeruncanTts njomianb, orpaHNYeHHY0 KPUBOH

(x+y)n+m+l:axnym (a>0,n>0,m>0).

4315. BoluucauTs niomanb, OTPaHUUYEHHYI0 KPUBOKI

(g)" +(%’)n =1(@>0,b>0,n>0)

H O0CAMUM KOOPAUNHAT.
2

x .
Yxasauue. [lonoxurs = =cos ", % =sin " Q.
a

4316. BeruncanTs NJI0OMaAb, OTPaHNMEHHYI0 KPUBOMH

(E)" + (Q)n _ (E)rhl N (%),.71 @5 055005 1)

a b a

K OCAMU KOODAUHAT.
4317. BpiuucauTh niomanb NHeTan KPUBoH

(5)"” + (E)z"” - c(’ﬁ) (%) (@>0,b>0,c>0,n>0).

a b a
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4318. Snuyurnoudoit Ha3bIiBaeTCA KpHUBas, ONUCHIBaeMas TOU-
KOU NOABUKHOM OKPYKHOCTH pasuyca r, karauieiicsa 6e3 CKoJIbKe-
HHUA II0 HENIOABMIKHOM OKPYKHOCTH panuyca R M ocrawigeica BHe
Hee.

Haiitu niomans, orpaHuYeHHYIO STUOUKIOUA0N, IpefIIoaaras,

yro oTHOmeHme & = n ectn neaoe uucao (n = 1).
r

PasobpaTk yacTHbIM ciayuail r = R (Kapauouga).

4319. 'unoyurxnoudoit Ha3LIBAGTCA KPUBAas, ONHUCHIBAEMAS TOU-
KO MOABM>KHOM OKPYXHOCTU paguyca r, KaTameicsa 6e3 CKoJIbxe-
HHUA 110 HENOABMMKHON OKPY'KHOCTU paauyca R u ocraloieiica BHY-
TpH Hee.

Haiitu niomanb, OrpaHHUYeHHYI0 TMIOUMKJIONAOMN, Ipemmosa-

ras, YTO OTHOILeHHE R _ n ecTh 1mesioe Yucao (n = 2).
r

PaszobpaTh yacTHBL cayyail r = g (acTpoupa).

4320. 1. BeIUNCJUTh IJIOHIaAL YaCTH MUIMHAPUIECKONH HOBepX-
roctH x% + y® = ax, BbIpesaHHO! moBepxHOCTBIO X% + y? + 2% = @2,

2. loxasaTb, UTO 06BEM Tesa, 0OpPa30BAHHOTO BpalleHNeM BO-
kpyr ocu Ox MPOCTOTO 3aMKHYTOrO KOHTYpa C, PACIOJOMEeHHOTO
B BepxHel nonyriockoctu y = 0, paBen

V= —nj; y? dx.
c
4321. BeruucJamuTh
[= L f{XdY-YdX
27 X24+Y?

c
eciu X = ax + by, Y= cx + dy u npocroil 3aMKHyTbI# KOoHTYD C
OKpy2KaeT Havayso KoopguHar (ad — bc) # 0).

4322, Beruncauts uHTerpas I (cM. NpeAbIAyIIVIO 3a1ady), ecJau
X =0(x, y), Y = y(x, y) u npocroii KoHTYp C OKpy>XKaeT HA4aJIOo KO-
opauHAaT, npuYem Kpusble O(x, y) = 0 u y(x, y) = 0 UMeT HECKOJBKO
IIPOCTBIX TOUEK NepeceueHnss BHYTpu KoHTypa C.

4323. IlokasaTs, 4To ecau C — 3aMKHYTBIH KOHTYp ¥ [ — 1po-
M3BOJIbHOE HallpaBJIEHUE, TO

§; cos (1, n) ds = 0,
c
rje n — BHEIIHAA HOPMaJb K KOouTypYy C.
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4324. HaliTu 3HaueHue MHTErpaia

I= § [x cos(n, x) + y cos (n, y)] ds,
¢

rge C — npocras 3aMKHYTas KpUBas, OrpaHUYUBAIOIIAA KOHEYHYIO
obsacTe S, ¥ n — BHEUIHAS HOPMaJb K Hell.
4325. Haiitu

lim l,j} (F - n) ds,
disy—o0 S
C

rage S — miaomagb, orpaHnueHHas KouTypoM C, OKpysKalOmuM TOY-
Ky (X4, Yo)» A(S) — nuameTp obmactu S, n — E€AUHUIUHBIK BEKTOD
BHemrHell Hopmanu Koutypa C n F{X, Y} — BekTop, HENpPEPBIBHO
nuddepenuupyemorit 8 S + C.

§ 13. dusnueckue NPMIOKEHUA
KPMBOJMHEHHBIX UHTErpalioB

4326. C kakol cuoii npuTArusaer Macca M, paBHOMEPHO pac-
npefieleHHAA 10 BepXHeHl MONYyoKpyaKHOCTH X2 + y? = a?, y > 0, ma-
TepUaJbHYI0 TOUKY MAaCChI M, 3aHuMawuyo nouaoxkenue (0, 0)7

4327. BRIYUCIANTE J02QPUGMUYECKUL NOMeHyuans npocmozo
caosa

u(x, y) = ﬁ K ln % ds,
c

rfie K = const — MIOTHOCTD, I = J/(§ - x)2 + (N - y)? n KoHTYp C ecrb
OKpy»HOCTB &2 + 1? = R% ‘

4328. BLIYMCIUTD B NOJAPHBIX KOOPAMHATAX O U (¢ JoTapudMu-
YeCKHUe IIOTEHIIHAJBI IIPOCTOTO CIOS

2n 2n

I, = J. cos m\uln%d\u u I,= J. sin mwln%dw,
[¢

T[e r — pPacCTOAHUE MeXKJAY TOUKOM (P, ¢) M InepeMeHHOHU TOUKOH
(1, y), a m — HaTypaJbHOE YHUCIO.
4329. Beruucaures unmezpan Iaycca

u(x, y) = § Mri’—n-)ds,
c

raer= J(E-x)2+ (N~ y)? — QINHA BEKTOpA I, COETUHAIONIETO TOY-
Ky A(x, y) c nepeMeHHol Toukoit M(, ) mpocToro 3aMKHYTOI0 IIaf-
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koro Kourypa C, (r, n) — yroJ MeXXAy BEKTOPOM I ¥ BHelIHel HOpD-
MaJbpio n K Kpusoii C B Touke ee M.

4330. Beruucanrs B NOJMAPHBIX KOOPAMHATAX P U ¢ JIOTApU(PMU-
YeCKHe MOTEHINAJBI [BOHHOIO CJI0s

2n P
K, = J. cos mwwfﬂdwnIQ: J' sin mwcosg:,nzdw’
0 0

rJie r — paccTOAHUE MeXy TOUKoH A (p, ¢) ¥ IepeMeHHOH TOYKOii

—
M (1, y), (r, n) — yrog mexKay HanpasienueM AM =r U paguycom

—
OM = n, npoBefeHHBIM U3 Touku O (0, 0), ¥ m — RHarypajabHOE

YHCJIO.
4331. OBaxns guddepeHnupyemas GyHKIUa u = u(x, y) Ha3bl-

. d2u d%u
BaeTCA 2apMOHUYECKOIL, ecliu Au = B + (7—3 = 0. TokasaTth, UTO U
0x dy
€CTh rapMOHUYecKasad GYyHKIUSA Torga U TOJbKO TOTAA, eCJIH
u
—~=ds=20
on ’

C

rge C — NpoU3BOJBHBIA 3aMKHYTBIH KOHTYD U %’f — TIpOM3BOAHASA
n

110 BHELIHEH HOPMAJIX K 3TOMY KOHTYPY.
4332. JoxasaTh, 4TO

c)u - du
“. ()x dy)}dx dy J.J‘uAudx dy + ﬁu das,

rae raagkui KoHTyp C orpaHUYMBaeT KOHEYHYI0 06J1acTh S.

4333. oxkasaTb, YTO GyHKINUA, TAPMOHUYECKasa BHYTPU KOHEY-
Ho1 o6JtacTu S 1 Ha ee rpadune C, O4HO3HAYHO ONpeessieTCA CBOUMU
3HayeHNAMU Ha KoHType C (cM. 3amauy 4332).

4334. loxasarte emopyo gopmyry I'pura Ha IIIOCKOCTH

Jdu Ju
J'J' Au Bo | gy dy=j§ 3 9 | ds,
o} u v
rae raagKkuil KoHTyp C orpaHHYMBaeT KOHEYH Yo 0061acTh S 1 -a%-l —

IPOM3BOJHAA IO HAIIpaBJeHNI0 BHellHel HopMmaau K C.
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4335. Ionwaysick Bropoit hopmyaoit I'puna, fokasaTs, 4TO ecan
u = u(x, y) — rapMoHUYecKasa GYHKIUA B 3aMKHYTON KOHEUHOH 06-
Jactu S, TO

-1 dnr ), pou
u(x, y) = 27[1; (u n In )ds,
C

rpe C — rpauuna obnactu S, n — BHeUIHAA HOpMaJib K KoHTYpY C,

(%, y) — BHyTpeHHsA Toyka obmactu S 1 r= J(E-x)2+ (1 -y)? —
paccTosiHNe MeX Iy TOYKOH (X, y) U IepeMeHHOH TouKoii (£, 1) KoH-
Typa C.

VY kasauue. Boipesars Toury (x, y) us obnacru S BmMecre ¢ 6ecKoHey-
HO MaJIoil KPYroBOi OKPECTHOCTHIO €€ M NTPUMEHUTH BTOPYIO (popmyay I'puna
K ocTaBlueiica yacty obaactu S.

4336. loxkasaTb meopemy o cpedHem I0js rapMOHUYECKOH QyHK-
uuu u (M) = u(x, y):

uw (M) = 2%235 u(t, m) ds,
C

rie C — OKpPY»KHOCTH paguyca R ¢ nedTpoM B Touke M.

4337. Hokazars, Ur0 pynKuus u(x, J), rapMOHHYecKas B Orpa-
HUYEHHOR M 8aMKHYTO! 06JaCTH 1 He ABJIAIOMAACA TOCTOAHHON B
3T0# 06J1aCTH, HE MOXKET AOCTHUIATh CBOMX HAMGOJBLIErc 1 HAUMEHb-
LIEro 3HAUEHUI BO BHYTPEHHEH TOUKE dTOH 06IacTh (npuHyun max-
cumyma).

4338. Joxasats popmyay Pumana

J'J' u]Mlvl dx dy = jQde+Qdy,

rae
d2u ou ou
= o | pou

L[u] 3xoy + aax + % + cu,
_ 9% _ dv

M[v] %95 ax bay + cv

(a, b, c — nocrosiHHbIE), P 1 Q@ — HEKOTODLIE ONpeAeIeHHbIe PYHK-
My 1 KoHTYp C orpaHMYMBaAeT KOHEUHYIO 06JIacTh S.

4339. Ilyers u = u(x, y) n v = v(x, YY) — KOMIIOHEHTHI CKOPOCTH
YCTaHOBHUBIIETOCA IOTOKA JKUAKOCTH. ONIpemennTh CKOPOCTh U3Me-
HeHUA KOJIMYECTBA KUIKOCTH B OTPaHUYEHHOM! KoOHTypoM C obacTu
S. KakoMy ypaBHEHUIO YAOBJIETBOPSAIOT GYHKIMYA U U U, €CIU KUJ-
KOCTb HecXXHMaema ¥ B 00J1acTH S OTCYTCTBYIOT UCTOUHUKY U CTOKMU 7
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4340. Cornacuo 3axony Buo—Capapa dJIeKTpUYECKHU TOK i,
IIPOTEKAIOUIUI 110 BIEeMEeHTy IIPOBOJHHKA dS, CO3JaeT B TOUKE NPO-
crpaHcTBa M(x, i, 2) MarHUTHOe I10JIe HAIIPSAXKEHHOCTHIO

dH = ki £X45)
~

e T — BEKTOD, COeNHUHAIOIINN 3IeMeHT ds ¢ TOukot M, u k — Ko-
adhduIIMeHT NPONIOPITMOHATBHOCTH.

Haitru npoexuun H,, H,, H, HalpAXeHHOCTH MarHUTHOTO TOJIA
H B rouxe M ana cayuyas 3aMKHYTOTo npoBogHuka C.

§ 14. IloBepXHOCTHbIE MHTEIPAJIbI

1. IToBepxHoCTHBII MHTerpajg l-ro poma. Ecsu S — KycouHo-TVIafKas
IABYCTODOHHSAA NOBEPXHOCTH

x = x(u, v), y = y(u, v), z = 2(u, v), ((1, v) € Q) (1)

u f(x, y, 2) — PYyHKUMA, onpelleNeHHAS U HeNpPephIBHAA B TOUKAX ITOBEDX-
HOCTH S, TO

J.JA f(x, y,2)dS = jj f(x(u, v), y(u, v), 2(u, V) JEG-F2du dv, (2)

S Q

e=(5) () + (5
o= () G ()

po Qx| udy y dede
Judv  Judv  Judv

rae

B uacTHOM ciyuae, ecsiu ypaBHEHUE TOBEPXHOCTU S uMeeT BUJ

z=2(x,y) ((x,y)€o0),

rpe z(x, y) — oNHO3HaUYHas HenpepblBHO auddepeHnupyemMas PyHKHA, TO

J-J- flx, y, 2)dS = J-J- f(x, y, 2(x, 1)) fl +(g§)2+(g§)2 dx dy.

S c

ITOT MHTErpaJ He 3aBUCUT OT BbIOOpaA CTOPOHB! OBEPXHOCTH S.

Ecau ¢pysxnuio f(x, y, 2) paccMaTpuBaTh KaK IJIOTHOCTb TOBEPXHOCTH
S B Touke (x, y, 2), TO nuATErpan (2) npeacrapiaset co60# Maccy aTOH NOBEPX-
HOCTH.
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2. ITopepXHOCTHBIN MHTerpaJj 2-ro popa. Ecau S — riaagxas JBYCTOPOH-
HAA NOBEPXHOCTh, S* — ee cTOpOHA, XapakTepudyeMas HaIpaBJIeHUEM HOD-
manu n {cos a, cos B, cos v}, P = P(x, y, 2), @ = Qx, y, 2), R= R(x, y, 2) —
TPU PYHKIUY, ONpedeSe Hble X HenpepbiBHbLIE HA NOBEPXHOCTH S, TO

fdeydz+Qd2dx+Rdxdy=
s}

=J'J'(Pcosa+QcosB+Rcosy)dS. 3)
‘ s

Ecnu mopepxHOCTh S 3aflaHa B mapamerpudeckoM suze (1), To Hanpas-
JAI0IIHEe KOCUHYChl HOpMAaJM h onpeaenAloTcs no gpopMyaam:

cos O = ———-iq————,cosﬁ= ——B—,
tJAZ+ B2+ C? +JA2+ B2+ C?
cos Y = ¢

+JA%+ B2+ C?
rae

_ oy, 2) _ 9(z,x) _ o(x, y)
A D(u,v)'B D(u,u)’c oNu,v)’

Y 3HAK 1epeJl PaJUKAJIOM BbIOMpAETCA HAAJMEMAIUM 00pa3oM.

IIpwm nepexopne K apyroit cropoxe S™ nopepxHocTy S uHTerpaa (3) Menser
CBOH 3HAK Ha oOpaTHbI.

4341. Ha CKOJIbKO OTIHYAIOTCA APyl OT APYra IIOBepPXHOCTHBIE
HHTEerpaJibl

11=”(x2+y2+22)ds,
s
I,= ” (x* + y? + 2% dP,
r
rae S — mosepxHOCTD cdepsl x2 + y? + 22 = a? u P — moBepxHOCTD
oxrasapa |x| + ly| + |2| = a, Bnucannoro B ary chepy?
4342. Briuucanrs
.[f zdS,
S

rae S — yacTb nmoBepxHOCTH X2 + 2% = 2az (a > 0), BrIpe3anHas 1o-

BEPXHOCTBIO 2 = Ax2+ y?.

BrryucnuTh cienyoiiine IOBePXHOCTHBIE MHTErpanbl 1-10 poxa:
4343. J-J. (x +y + 2)dS, roe S — NOBEPXHOCTDH
s

2+ yP+22=a? 2>0.
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4344. “‘ (x* + y*) dS, rge S — rpauuna Tena
5

JxZ+y? <z< 1.
4345. __4das , roe S — TpaHHIa rerpaspa
(1+ x+y)?
S
x+y+2<1,x>20,y=20,2>0.
4346. J-J- |xyz| dS, rne S — uacrs noBepxHOCcTH 2 = x° + yZ, o1-
s

ceKaeMas IIJIOCKOCTBIO 2 = 1.

4347. J-J. d]—;g , Te S — IOBEePXHOCTD JININICOHAa U A — paccros-
s

HHe LIeHTPa 3JLINIICOUAA [0 IIJIOCKOCTH, KACATEIbHOR K dJIeMeHTy dS
MOBEPXHOCTU DIIIHUIICONAA.

4348, J.J- 2z dS, rape S — 4YacTb NMOBEePXHOCTH TeJIMKOHIA
s

x=ucosv,y=usinv,z=v0<u<a; 0<v<2m).
4349. J-J- 22 dS, rge S — uacTh HOBEPXHOCTH KOHYCA
s

x=rcos@sino,y=rsin@sin o, z=rcos o

(0<r<a; 0< @< 27m) ¥ L — NOCTOAHHASA (O<(x< g)
4350. J..[ (xy + yz + zx) dS, roe S — 4acTb KOHUUECKOH I1OBEPX-
s

HOCTH z = /X% + y?, BHIpE3aHHAA IT0BEPXHOCTHIO
x? + y? = 2ax.
4351. Hoxazarb gpopmyary ITyaccona
1
” fax + by + c2) dS = 271.[ f(uJaZs b2+ c?) du,
S -1

rae S ecTb MOBepXHOCTH cdephl x° + y? + 2% = 1.
4352. 1. Haiit maccy napaboandecKkoit 060JI04KH

z=%(x2+y2) (0<2< 1),

IIJIOTHOCTb KOTOPOI MeHAeTCs 10 3aKOHY P = Z2.
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2. Ha# it maccy noaycdepst

+yt+z2=a® (220),

ILIOTHOCTb KOTOPO! B KaKI0M ee Touke M (x, y, 2) paBHa E .
3. HaliTu craTHuyecKue MOMEHTHl OJHOPOZHOU TpeyroJbHOM
ILIaCTHHBI
x+y+z=a (x20,y=20,220)
OTHOCHTENILHO KOOPAMHATHBIX IIJIOCKOCTEH.

4353. Beiuncauth MOMEHT MHEPIHM OLHOPONHOU cdepUuecKom
060710UKH

x*+yt+22=a% (220)
ILJIOTHOCTH P, OTHOCHTeabHO ock Oz.

4354. BeiuncanTh MOMEHT HHEPLHH OJHOPOLHOU KOHHYECKOM
000JI0YKH

g+§—z—z=o (0< 2< b)

IIJIOTHOCTH Py OTHOCUTEJILHO npAMOU

x _y . z2=b
1 0 0

4355. Haittu KoopamHaThl eHTpa Macc:
a) yacTH OJHOPOAHON MOBEPXHOCTH 2 = ./x?+ y?, BBIpe-
BaHHOM HoBepXHOCTHIO X% + Y2 = ax;
6) OHOPOAHOI IIOBEPXHOCTH 2 = Ja? — x2 —y?2 (x> 0;y = 0;
x+y<a).

4356.1. HaiTy nonspHble MOMEHTH HHEPIIUH

I, = J'J‘(Jc2 +y? + 29 dS
S

CcIeAVIOUIHNX NOBEPXHOCTEN S:
a) nosepxHocTH Kyba max {x}, |yl,
6) nonHo nosepxuocTy nuanuapa x° + y? < R4, 0<z< H.
2. Haitty MOMEHTHI HHEPIMH TPEYTOJbHOU NIACTHHKH

x+y+z=1 (x20;,y=>0;220)

2} = a;

OTHOCHTEJIbBHO KOOPAMHATHBIX MJIOCKOCTEH.
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4357. C xaKoil cuJIoil OAHOPOAHAS yceueHHAs KOHHUecKas IO-
BEPXHOCTD

x=rcos@,y=rsin@,z=r (0<@<2n,0<b<r<a)
IJIOTHOCTH P, NIPUTATNBAET MaTepUATIbHYIO TOUKY MAacchl m, moMe-
IIEHHYIO B BepIIVHE 3Tl TOBEPXHOCTH?

4358. HaiiTu noreHuyaJ ogHOPOAHOU cd)epUUYecKOl ITOBEPXHO-
cru x% + y? + 2° = a? (S) noTHOCTH P, HA TOUKY M (X9, Yo» 24), T- €.
BBIUMCJIUTH MHTETrPaJ

pedS
= ==,
$

rae r= J(x - %)%+ (y - yo)?+ (2 - 2)% .
4359. Bpruucaurso

F(t) = j j flx, y, 2) dS,

x+y+z=t

rae
1-x2—-y? — 2%, ecm X% + y? + 22 < 1;
0, ecim x° + y? + 22 > 1.

flx, y,2) = {

Ilocrpouts rpadpur pyaruuu u = F(t).
4360. Beluncanry HHTErpa

F(t) = j j T w248,
x2 4yl 22
¥ +y’ ecamx = JxZiyl.
X, Y, 2) =
A, v, 2) 0, ecnu x < Jx24y?.

4361. BeraucauTy HHTErpas

F(x, y, 2 1) = H f& m, O dS,
S

roe

rae S — InepeMeHHas chepa
E-0"+ M-yl +C-27=1%
1, ecmm&t+ P+ < a’
&, O { 0. ecnm E2+m2+ > a°,

npeznosgaras, 4ro

r=Jx?+y?+2? >a>0.
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BBIYHCINTD cllelyIol]He NOBEPXHOCTHLIE HHTErpalbl 2-T0 poja:
4362. fJ. (xdydz + ydzdx + zdxdy), rne S — BHeIIHAA CTOPOHA

coepnr x2 + y? + 22 = a®.

4363. J‘J‘ f(x)dydz + g(y)ydzdx + h(z) dxdy, rme f(x), &),
h(z) — Honpepbmﬂme byHKIIMK 11 S — BHENIHAA CTOPOHA IIOBEPXHO-
ctu napannenenunefa 0 < x<ag; 0<y<ph;0<z<c.

4364. J-J-(y - 2)dydz + (z - x)dzdx + (x — y)dxdy, rge S —

BHEIIHAA CTOPOHA KOHHYECKOi nosepxuocty x% + y* =22 (0 < z < h).
4365. J‘J‘(dydx + Gzdx dxdy) , Toe S — BHeLIHAA CTOPOHA
X ¥4

y

22 22
JUIANICOMAA — + L = =1

a? b2 c?

4366. J.J. x?dy dz + y?*dz dx + 2* dx dy, rge S — BHemIHAA CTO-
pora cdepsl (x —a): + (y — b2 +(z — ¢)> = R?

§ 15. ®opmyaa Crokca

Ecan P = P(x, y, 2). Q = Q(x, y, 2), R= R(x, y, 2) — HeIpepbIBHO An(D-
(pepenuupyembie byHKum U1 C — mpocToit 3aMKHYTBIH KYCOUHO-TIAALK U
KOHTYp, OTPAaHMYUBAIOIIMH KOHEUHYIO KYCOUHO-IIAAKYIO ABYCTOPOHHIOI
MoBEePXHOCTH S, TO uMeeT mecto Qopmynra Cmokca:

cosa cosf cosy
&de+Qdy+Rdz*-”- 9 9 lds,
Ox dy dz
p QR R
I'1e ¢os o, cos [, Cos Y — HATIPABIAIIINE KOCHHYCHI HOPMAIH K [IOBEPXHOCTH S,

HanpasJIeHHOU B Ty CTOPOHY, OTHOCHUTENIbHO KOTOPO# 06x0/ KoHTypa C coBeprna-
¢'ICsl ITPOTHB X0/1a 4aCOBOH CTpENKH (/15 TpaBOH KOOPAUHATHOI CUCTEMBI).

I

4367. [Ipumensaa dopmyny Crokca, BBIUMCINTD KDPHUBOJHNHEH-

HBIH MHTErpan
ﬁydx + zdy + xdz,

rae C — oxpyskrHocts x° + y% + 2% = a®, x + y + z = 0, ipoBeraemas
IPOTHB XONa YacOBOH CTPENKM, eCIH CMOTDPETh C IOJOKUTeIbHOM
croponsl ocu Ox.

IIpoBepHTh Pe3yILTAT HEIOCPEACTBEHHBIM BEIYHMCICHHEM.
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4368. BoIuucjuTh MHTErPAJI

(x* = y2) dx + (y? — x2) dy + (2% — xy) dz,

AmB

B3ATHIN 110 KYCKY BUHTOBOM JHUHHAN

x=acos@,y=asing, z= U
2n
ot Touku A (a, 0, 0) no rouku B (a, 0, h).
Yrxasanue. IonomrHuTs KpuByio AmB npAMOInHEeHHbIM 0TPE3KOM
¥ nnpuMeHUTh Qpopmyny Croxca.

4369. IIyctb C — 3aMKHYTHIA KOHTYP, PACIIOJIOMKEHHbBIN B ILJIOC-
KocrH x cos 0 + ycos B+ zcosy — p = 0 (cos 0, cos f3, cosy — Ha-
IIPABJIAILINE KOCHHYChI HOPMAaJIH IJIOCKOCTH) U OTPaHMUYMBAIOIIHI
mnomaaky S. Haiitu

dx dy dz
§ coso cosf} cosy |’
c x y 2

rae kouTyp C npoberaerca B IOJOKHTEILHOM HAIIPABIEHHUH.

IIpumenasa ¢dopmyny CTokca, BBIUMCIUTE UHTEIrpajbl:

4370. %(y +2)dx + (z + x)dy + (x + y) dz, rue C ecThb annumnc
c

x=asin’t, y=2asin t cos t, z= a cos® t (0 < t < 1), npoberaemsrit
B HaIpaBJIeHHH BO3PACTAHUA IlapamMerpa f.
4371. §)(y ~2)dx + (z — x)dy + (x — y)dz, rae C — smmmc
C
C+yi=a% X+ % =1, (a> 0, h > 0), npoberaeMsIit IPOTHUB XOJa
a
4acOBOM CTPEIIKH, ECIIH CMOTPETD C TIOJIOKHTENbHOM CTOPOHBI ocH OX.

4372. f# (¥2 + 2%) dx + (2% + 2%) dy + (x% + y?) dz, rae C ecThb KpuBas
C

x? + y? + 22 = 2Rx, x* + y? = 2rx (0 < r < R, z > 0), npoberaemas Tax,
YTO OTPAHMYEHHAA €10 HA BHeUIHeil cTopoHe cdepb! x? + y? + 22 = 2Rx
HAaMMeHbIIas 00JIaCTh OCTAETCA CJIEBA.
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4373. § (Y% — 2%) dx + (2% — x%) dy + (x® ~ y?) dz, rme C — ceuenne
C

nosepxHocTH Kyb6a 0< x< a, 0< y< a, 0 < z2< a NI0CKOCTHIO

x+y+z= ga, npoberaeMoe NPOTHB X0Ja UACOBOM CTPEJKH, €CIH
CMOTpeTh C NMOJIOKHUTEJIbHOM CTOPOHBI ock Ox.

4374. § y22? dx + 2%x% dy + x%*y® dz, rne C — 3aMkHyTad Kpupas
c

x=acost,y=acos2t, z= acos 3t, npoberaemas B HallpaBJIeHUH
BO3pacTaHusa napamerpa t.
4375. [lokasarb, 4TO PYHKIIUA

W (x, y, 2) = ki J'J' 0S5 1) 4 (k = const),
S

roge S — nJomanka, orpaiudeHHas KoHrypom C, n — HOpMaJb K
IOBEPXHOCTH S M ' — pPaAMyc-BeKTOP, COeAMHSAIOINN TOYKY IIPO-
crpanctea M (x, y, 2) ¢ rekyueit roukoit 4 (&, 1, {) xourypa C, sB-
JseTcs NOTeHUHAJIOM MarHuTHoro nons H, cosgasaeMoro ToxkoMm i,
nporeKaminuM 1o KoHrypy C (cM. 3agauy 4340).

§ 16. ®opmyna Ocrporpaackoro

Ecnu S — KyCOUHO-TJIARKAA TOBEPXHOCTh, OPAHUYHBAKIAA o0beM V,
nP=P(x,y,2),@=Q(x,y, 2), R=R(x, y, 2) — QyHKIHHU, HENpEDbIBHbIE
BMECTE CO CBOMMY UaCTHBIMHU MPOU3BOAKRLIMU 1-ro mopanka B obmactu V + S,
TO cnpaBefauBa (popmyara Ocmpozpadciozo:

(Pcosa+ Qcos 3+ Rcosy)dS = (Q—E +QQ+(?—E)dxdydz,
: ox dy dz
v

rme cos 0O, cos 5, cos Y — HAIpaBASIOIIME KOCHHYCHI BHEUIHEH HOpMAaJH K
noBepxHoCcTH S.

I[Ipumensas dopmyny Ocrporpagckoro, npeofpa3oBaTh Clemyio-
IMe MOBEPXHOCTHBIE HWHTETpalibl, Hojarasi, YTO TaafKas NoBepX-
HOCTL S OrpaHWYHMEBaeT KOHEYHBLIHA o6beM V u cos o, cos B, cos ¥ —
HaNpaBJIAOUe KOCHHYCH] BHEIlIHel HOPMAJH K IOBEepXHOCTH S:

4376. ffxgdydz + y*dzdx + 2%dxdy.
s

4377. J‘J‘yzdydz + zxdzdx + xydxdy.
S
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4378. J‘J’ XCOS0 + ycosf + 2cosy ds.

Jat+ y? 4 22
4379. J..[ ()u cos o + (;:cos B+ a—ucos y) ds.
()R oP _JR JQ _ ()P)
4380. J-f co oc+(dz ax)cosB+( % cosy] ds.

4381. ,D;oxaaa'rb, Y70 ecI S — 3aMKHYyTasdA IIpocTas IOBEPXHOCTD
u 1 — mr060e nocrosiHHOe HanpaBJIeHHUE, TO

J;fcos(n, 1) dS =0,

Ifle n — BHEIIHAA HOpMajib K IOBepXHoOCTH S.
4382. [flokasars, 4T0 06b€M TEJI&, OTPAHMYEHHOT0 10BEPXHOCTHIO
S, paBeH

V= %ff(x cos oL+ y cos B + z cos y) dS,
S

rje cos o, cos 3, cos y — HallpaBIAOIINe KOCUHYCHI BHEITHeH HOp-
MalH K IIoBepXHOCTH S.

4383. [lokasars, uro 00beM KOHyCa, OTPAHHYEHHOTO I'JIaqKoi
KOHUYECKON IOBepXHOCTBIO F (x, Yy, 2) = 0 U IJIOCKOCTHIO
Ax + By + Cz + D = 0, paBen

=1
3 SH,

rge S — niouiaZb OCHOBAHUS KOHYCa, PACIOJIOMEHHOT0 B JAaHHOU
JIOCKOCTH, U FH — ero BbIcOTAa.
4384. Haitru 06'beM TeJIa, OTPAHUYEHHOI'0 [IOBEPXHOCTAMMU: 2 =+¢ U

x=acosucosv+bsinu sinv,
y=acos ucosv—bsinu cos v,

z =csin u.
4385. 1. Haiirn o6beM Tena, OrpaHUYEeHHOTO OBEPXHOCTBHIO

x=uypucosv,y=usinv,z=-u+acosv (u=0,a>0)

1 naockocraMu: x = 0 u z= 0.
2. Haiitu 00'beM Tesia, OTPAaHUYEHHOTO TOPOM

x = (b +acosy)cosy,
y = (b +a cos y) sin ¢, (0<ac<b).
z =asiny.
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4386. [loxasars hopmyny

o { _[” f(x, y, 2, t) dx dy dz} -

x2 4 yly 222
- J'J' f(x, y, 2, 1) dS + J'J' f-;i:dxdy dz (t > 0).
(¢
x24y2 42242 xZry2e 22 <2
C nomoibio (popMyasl OcTpOrpazicKoro BEIUHCIUTE CIeyIoNae
NIOBEPXHOCTHBIE NHTErPpAJIbI:

4387. ff x*dy dz + y* dz dx + 2% dx dy, rne S — BHEmIHAA CTO-
s

poHa rpaHunbl ky6a 0< x<a,0<y<a,0<2z<a.
4388. J‘J‘x:’ dy dz +y* dz dx + 2* dx dy, rae S — BHemHAA cTO-
s

pOHa c(epsi
x4+ y? + 22 =as.

4389.If(x—y+z)dy dz+(y—z+x)dzdx+(z—x+y)dxdy,
3

rae S — BHeIIHAA CTOPOHA IIOBEPXHOCTH
x—y+z+ly-z+x+lz-x+yl=1.
4390. BeruuciauThb

IJ (x* cos o, + y* cos B + 2% cos y) dS,
s

rae S — uyacTh KOHHMYecKoi mosepxHocTu x2 + y? =22 (0< z< h) u
cos 0, €os B, coS Y — HaNpaBIAIOIIile KOCHHYChl BHEIIHEH HOpMAaIn

K 9TOIT NOBEPXHOCTH.
Yrkaszauue. IIpUcoeguHUTh YACTh IMIOCKOCTH

z="h, x*+y*<hi

4391. [loxasars HopMyay

f”d‘éiﬂﬂ = %J-J'COS (r, n) dS,
v S

rge S — 3aMKHyTad [10OBePXHOCTh, OrpaHHYHBaias odseM V, n —
BHEIIHAA HOPMaNib K IIOBEpXHOCTH S B Texkyumieil Touke ee (§, 1, 0),
r=JE-x)+(n-y)2+({-2)2 ur — paguyc-BeKTOp, MAYIIMII OT
rouku (x, y, 2) ¥ rouke (&, 1, 0).




§ 16. ®opmyna OcTpOrpajcKoro 441

4392. Beruucaurs unmezpan l'aycca

I(x,y, z)=”£°s%£2ds,
S

rge S — mpocrad 3aMKHYyTad rjajKas I0BEPXHOCThL, OTPAaHUUMBAIO-
mad o6sem V, n — BHEMIHAA HOPMAaJb K [IOBEPXHOCTH S B TOUKE ee
(&, n, §), r — pagnyc-BeKTOP, COEAUHAIOIINI TOUKY (X, Y, Z) C TOUKOH
EnYur=JE-x)2+Mm-y)?+(L-2)°.
Paccmorpers aBa cayuad:
a) MoBepXHOCTL S HE OKPYy’Kaer ToOuKy (x, y, 2),
0) IOBEPXHOCTHL S OKpPYy’KaeT Touky (x, y, 2).
4393. JloxaszaThb, UTO €CaU
Au = d2u  d2u , J%u
dx? oy 0z
1 S — raagxkas IOBePXHOCTh, OrpaHMYMBAaIOMad KOHEUHoe Tejo V,
TO CIPaBeAJUBLI cjeayiouiiie PopMyJIbl:

a)J;jg—Z dS=jjjAudxdydz;
offees- 112+

+(a”) de dy dz +
3

+ .”.J‘ uAudx dy dz,
14

rge u — (pyHKUUA, HEIIPEPHIBHAS BMECTE CO CBOMMH YACTHBIMIL IIPO-
M3BOJHBIMH JO BTOPOTIO IIOPALKA BKJIIOUUTEJLHO B o6Jactu V + S, u
f;—u — IIPOU3BOAHASA II0 BHEIIHEH HOpMAaJK K IIOBepXHOCTH S.
on

4394. Joxkasars emopyo (popmyay ['puna B IpocTpaHCTBE

Il

rie 06seM V orpaHMueH OBEPXHOCTHIO S, n — HallpaBJieHUe BHeIIHell
HOpPMaJH K moBepxHocT: S U pyHKUUU u = u (x, y, 2), v =v(x, y, 2)
JBaxabl nuddepeHIupyeMbl B obiactu V + S.

4395. dyukuua u = u(x, y, 2), obragarmouias HenpepbIBHLIMH
[IPOU3BOLHBIMY [0 BTOPOTO IOPA KA BKIIOUUTENHHO B HEKOTOPOI 06-
JlacTH, Ha3bIBAETCA 2apMOHULeCKOl B 3TOil 06acTH, €CIu
_Ou,+()2u W_u___a

o0x?2 dy? Jz?

du Jv
Au Av dx dy dz = J.J‘ ()Il ()n S!

Au
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JlokasaTh, 4TO €CJH U4 — rapMOHHUYecKad (PYHKIUA B KOHEUHOH
3aMKHYTOH o6sacTu V, OrpaHUYEHHOU ITJ1aJK0il IOBEPXHOCTHIO S, TO
crpaBedIuBbLl OPMYJIbI:

a)jjS—ZdSzO;
Of[[IG) +(5) + (5 Jow v gz = [[uy s

rie n — BHEIIHAA HOPMalb K IIOBEPXHOCTH S.

ITons3ysick popmysoit 6), fokasaTh, YTo GYHKIUA, TapMOHUYE-
cKasi B of6sacti V, 0fHO3HAYHO ONPENesaeTcss CBOUMU 3HAUEHUAMH
Ha ee rpaHune S.

4396. Joxkaszarb, uro ecnu GpyHKUUA 4 = u(x, y, 2) — rapMoHu-
yecKas B KOHEUHOM 3aMKHYTOi ob6iactu V, orpaHUYeHHOH rialKoin
[I0BEPXHOCTHIO S, TO

u(x, y, )——” C—‘ﬂﬂ? + ““]ds,

ron

rge r — pajuyc-BeKTOD, UAYIUA U3 BHYTPEHHe# TOuKu (X, Yy, 2)
ob6nacru V B mnepemennywo touky (£, 1, () mosepxmocrm S,

r=JE-x)2+(M-y)2+({-2)2, n — BEKTOp BHELIHEH HOPMAJIH K
nosepxHocTH S B Touke (&, 1, ).

4397. Hoxkasarb, uTo ecau u = u(x, y, 2) — QYHKIUA, TADMOHU-
ueckas BHyTpu cepsl S paguyca R ¢ meHTpOM B TOUKE (X, Yg, Z5), TO

uCios Yoo 20) = s | [ wtw, v, 2)aS
S

(meopema o cpeduen).

4398. Jokazars, uro GyHKUUA & = u(x, y, 2), HEIpPEepPLIBHAA B
orpaHUYEeHHOH 3aMKHYTOH ob6sactTu V u rapMOHHMUYECKasA BHYTPH Hee,
He MOXKeT JOCTUraTh CBOMX HAUGOJBIIEr0o U HAUMEHbLIIEr0 3HAYeH Uil
BO BHYTPEHHE TouKe 00J1aCTH, ecy oTa GYHKIIUS He ABJIAETCA TOMK-
JEeCTBEHHOMU ITOCTOAHHOI (NpUHYUN MaKcumyma).

4399. Teno V 11e1MKOM TIOTPYIKEHO B MHUAKOCTh. Mcxons us sa-
koHa [lackand, ZoKasaTh, UTO BRHITAJKWBAIOLIAA CHUJA MKUIKOCTH
paBHA BeCY KHUIKOCTH B 06beMe Tea U HAIlpPaBJeHA BEPTUKAJALHO
BBepx (3axon Apxumeda).

4400. ITycrs S, — nepemenHnas cepa (E - x)2 + M —y)? +({—2)% =

2 u pynxnua f(&, n, {) senpepuipHa. [JoKkasaTs, 4To PYHKIUA

— L f > b
u(x, y, 2, t) ype jj Mt ds,
St
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YAOBJIETBODSET B0NHOB0MY YPABHEHUIO
dx2 dy? 0z2 0t2?

1 HAYaJIbHBIM YCJIOBHAM: u|,=0 = 0, %—l:' = f(x9 Y Z).
t=0

Ju ..
Ykaszanue. IIpoussoguyio 3 BLIPA3UTH TPOWHBIM MHTEI'PAJTIOM.

§ 17. Dn1eMeHTHhI TEOPHH MOJIS

1. 'paguent. Ecau u(r) = u(x, y, 2), rae r = xi + yj + 2k, ects Henpe-
pBIBHO nuddepeHIUpyeMoe CKaaApHOe oJe, TO zpaduenmonm ero HashbiBa-
eTCsA BEKTOD

du, , Jdu.  du
gug 4 cu gu
ox ay1+82

uiu, Kopoue, grad u = Vu, rue V = i,—a- + j_i + ki . 'papuenT nonsa u B
ox oy 0z

JaHHOM Touke (x, y, 2) HauUpaBJieH IO HOPDMAJU K NOBEPXHOCMU YPOBHA

u(x, y, 2) = C, npoxoasaiiel yepe3 3Ty TOUKY. OTOT BEKTOP AJs KAKAOH TOU-

KU I10JiAg 10 MOAYJIIO

au)2 (au)z (au)z

rad uj= || —=| +|[ =] +| =

lgrad J(ax 5 oz

¥ HANPaBJEHHUIO JAeT HAUOOJBIUIYIO CKOPOCTh U3MEHEHUS (DYHKIIUHK U.

IIpoussoaHaA MOJA U B HEKOTOPOM HanpasaeHuu l{cos o, cos B, cos v}
paBHa

grad u =

du du du du
@ - 1= + & + & )
B gradu 1 35 08 & % cos 55 Co8 Y

2. InBepresuns moJsi ¥ porauua (Buxps) noas. Eciau
a(ry=a,(x,y,2)i+a,(x,y,2)j+ta,(x,y, 2k

€CTh HENIPEPHLIBHO Au(depeHIIUPYEMOE BEKTOPHOE IIOJIE, TO CKAJAD

da, . da oa,

diva=Va= =+~ + =
ox dy 0z
Ha3bIBaeTCA Jugepzenyuell UIu pacxoduMoCnbio 3TOTO MO,
BekTop
i j k
rota= Vxa= 9 9 9
x Jdy 09z
a, a, a

HOCHUT Ha3BaHHE pomaluu UIK suxXpi noad.
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3. IToToOK BeKTOpa uyepe3 IoBepxHoCThb. Ecam BekTop a(r) mopoxjaer
BEKTOpHOE M0Jie B 00J1acTH 2, TO nOMOKOM 6exmopa “epe3 OaHHY0 NoGepx-
Hocmb S, PACHOJNOMKEHHYI0 B , B YKa3aHHYIO CTOPOHY, XapaKTepU3yeMylo
eMHUYHBIM BEKTOPOM HopMaJu n{cos o, cos 3, cos Y), HasbIBaeTCs UHTErpas

jja"ds=jj(a,cosa+a,,c0sB+az cos v) dS,
s S

rje a, = an — HOPMaJibHas NpoeKuusa BeKTopa. Popmyra Ocmpozpadckozo
B BEKTOPHOI TPAKTOBKE NMPUHUMAET BUJL

ga" ds = J:':[ div a dx dy dz,
S %

rae S ecTb MOBEPXHOCThL, OrpaHuuuBawas odbem V, ¥ n — CAUHUUHBIN
BEKTOD BHECILUHEN HOPMAJU K MOBEPXHOCTU S.

4. nprynsauusa Bexkropa. JIunelinvtm unmezpanrom or BexTopa a(r),
B3ATHIM N0 HEKOTOpoil kpusoit C (paboma nons), Ha3bIBAETCA YUCIIO

jadr= jaxdx+aydy +a, dz.
c c

Eciu korTyp C 3aMKHYT, TO NUHEHUHBIH UHTErpas Has3blBaeTCA UUPKY-
Aayuell @ekmopa a Baoak KoHtypa C.
B BekTopHOIt hopme opuyra Cmoxca uMeeT BUA

ﬂ; adr= .['[ (rot a), dS,

C S

rae C — 3aMKHYTBIA KOHTYP, OrpaHHUMBAIOUUN IOBEPXHOCTL S, NPUUEM
HanpaBJieHHe HOPMAJIM N K ITOBEPXHOCTU S AOJKHO OBITH BRIOPAHO TaK, UTO-
Obl JJ1A HAGJIIOJATENsS, CTOALLErO Ha HOBEPXHOCTH S, rOJIOBOM 110 HATIpaBJe-
HUIO HOpMaJIK, 06X04 KoHTypa C coBepiiaJicsi IPOTHUB X0/a YaCOBOIH CTPEJIK U
(ana npaBoil CUCTEMBI KOODJUHAT).

5. IToreHuuaabHoOe noJge. BeKTopHOe 1mose a(r), ABNA0UIeecs IPajueH-
TOM HEKOTODOTO CKAaJapa U:

grad u = a,

HAa3bIBAETCA NOMEHUUALbHbIM, 2 BETAYNHA U HA3LIBAETCS NOMEHYUALOM TIONA.
Ecnu norennuan u — ogHosHauHas GyHKUUS, TO

'[ adr=u(B) - u(A).
AB
B uacrrOCTH, B 3TOM cayuyae HHUPKYJALUSA BEKTOpA @ PaBHAa HYJIO.
Heob6xoauMbIM 4 AOCTATOUHBIM YCJIOBUEM IOTEHIIHAJIBHOCTY I10J14 4, 3a-
JI@aHHOI'O B IIOBEPXHOCTHO O/{HOCBA3HOI 06J1aCTU, IBJASAETCA BbIIIOJHEHUE yC-

JIOBUA
rota =0,

T. €. TAaKOE T0JIe JOJKHO OBLITL 6E3BUX PEBLIM.
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4401. 1. Ha#itu MoAaysnbs ¥ HalpaBJeHUE TrpagueHTa II0JsA
u=x%+2y*+ 82>+ xy + 3x — 2y - 62 B Toukax: a) O (0, 0, 0);
6)A (1,1, 1) u B) B(2, 0, 1). B KaKoif TouKke IrpafUeHT I10Jd PaBeH
HYJIi0?

2. Ilycrs

u=xy— 2%

Haittu mogyns 1 HanipaBienue grad u B Touke M (-9, 12, 10). Yemy
paBHa ITPOU3BOAHAA %—'Z‘ B HallpaBJIEHUH GICCEKTPUCHI KOOPIUHATHO-

ro yraa xOy?
4402. B xakux TouKax mpocrpaHcTBa OJxyz IpagyueHT 10

u=x*+y® + 2% - Bxyz

a) neprnesaukyadape ocu Oz; 6) napannenen ocu Oz; B) paBeH HyNi07
4403. Ta"o ckanapHOE IoJe

u=1nl,
-

rner=(x—a)2+(y-b)2+ (x - c)?.B KaKUX TOYKAX IPOCTPAHCTBA
Oxyz ©MeeT MecTo PaBEHCTBO

lerad u| = 1?

4404. ITocTtpouTsh NMOBEPXHOCTH YPOBHS CKAJAPHOTO I10JIA

u= Jx?+y2+(2+8)2 + Jx?+y?+ (2-8)2.

Haiitu noBepxHOCTh YPOBHSA, IIPOXOASAINYIO uepes Touky M (9, 12, 28).
Yemy paBeH max u B obaactu x2 + y? + 22 < 36?
4405. Haiitu yros ¢ MexXay rpagreHTaMu I0Js

- x
x2+y?+22

B Toukax A (1, 2, 2) u B (-3, 1, 0).
4406. Ilycrs faHO CKaJNApHOE IIOJE

X

JxZ+y?+ 2?2

ITocTpOUTH OBEPXHOCTH YPOBHA U IIOBEPXHOCTH PABHOTO MOAY-
N TPafiMeHTa ToJ.
Haitru inf u, sup u, inf |grad u|, sup |grad u| B o61actu 1 < z < 2.

u=
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4407. C TOYHOCTBIO A0 GECKOHEUHO MAaJIblX BBICUINX IOPAIKOB
HaWTHU paccTodHue B Touke M, (xg, Yo, 2¢) MEXKAY ABYMA 6ECKOHEUHO
6AM3KUMHU OBEPXHOCTAMHU YPOBHA

u(x,y,z2)=c u u(x,y, 2)=c+Ac,

rae u (xo, Yo, 20) = c (grad u (xo, Yo, 20) # 0).

4408. Doxazars GopMyJabl:
a) grad (¢ + ¢) = grad u (¢ — IOCTOAHHO);
6) grad cu = ¢ grad u (¢ — TOCTOAHHO);
B) grad (u + v) = grad u + grad v;
r) grad uv = u grad v + v grad u;
n) grad (u?) = 2u grad u;
e) grad f'(u) = f(u) grad u.

4409. Brruucanrs:

a)grad r; 6) grad r%; B) gradl, roe r= Jx%+ y2+ 22,
-

4410. Hatitu grad f(r), roe r = Jx2+ y?+22.
4411. Haitru grad(cr), rae ¢ — MOCTOSHHBIA BEKTOP U I' — pagu-
yC-BEKTOP U3 Hadaja KOOPAUHAT.

4412. Haittu grad{c x r|*} (¢ — mocToAHHBI BeKTOD).
4413. JToxasars dhopmysry

grad f(u, v) = ,gf-grad u -+ ,a—fgrad v.
du du
4414. 1. [JoxazaTb GpopmMyay
V2 (uv) = u V% + v V2u + 2 Vu Vv,

rue

2. okasars, 4To ecau QyHKIUA U = u(x, y, z) auddepesuupy-
eMa B BHIYKJOH o6aactu Q u |grad u| < M, rme M — nocroAanHad,
TO AJas ai00bIX ToueK A4, B usz Q umeem:

lu (4) - u (B)| < Mp (4, B),
rxe p(A, B) — paccrosHue MeXAy ToukaMu A u B.

4415. Ona dysknuu v = u(x, y, 2) BeIpaduTh grad u: a) B nu-
JIMHAPHUYECKUX KoopauHartax; 0) B chepuuecKUX KOOpAUHATAX.
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. 2 2 2 .
4416. Haiity Ipou3BOAHYIO IOAA U = % + 53 + % B JaHHOIl

Touke M(x, Y, 2) B HANIPABJIEHUU PAAUYCA-BEKTOPA I 3TOH TOUKH.
B xakowm ciayuae ara npousBogHas 6yeT paBHA BeIUUNHE Ipagy-
eHra?

, THe r= Jx?+y?4z2,

4417. Haiitu npoOU3BOAHYIO HONA U =

S =

B Hamnpasiaenuu 1 {cos o, cos 3, cos y}.

B KakoMm cayuae aTa Ipou3BOAHAA paBHA HYJIO?

4418. Haiitu npous3BoAHYIO OJAA U = U (X, y, 2) B HallPaBJIEHUN
rpagueHTa mond v = v (x, Yy, 2).

B kakom ciyuae ara npousBogHaa 6yaer paBHa HYaI0?

4419. Hanucarnb B opTax BeKTOPHOE 110Je

=¢ x grad u,
ecau

u=arctg—=—— wu c=i+j+k

Jx?+y?
4420. OnpefenuTh CUJIOBbLIE JUHUU BEKTOPHOTO I10JIA
a=uxi+yj+ 2zk.

4421. JloxazaTrh HEIIOCPEACTBEHHBLIM BBIUMCJEHHEM, YTO JHBED-
FeHIIMA BEKTOpa a He 3aBUCHUT OT BbIGopa NPAMOYroJIbHOH KOOpIH-
HATHOM CHCTEMBI.

4422, Jlokasars, 4TO

diva(M)= lim H_[a ds,
s

a(s)y—0

rae S — 3aMKHyTasl IIOBEPXHOCThL, OKPyKarouias Touky M u orpa-
HHUYMBaoIad o6beM V, n — BHEIIHAA HOPMaJib K IIOBEPXHOCTH S,
d(S) — muameTp NOBEPXHOCTHU S.

4423. 1. HaiiTy AUBEPTreHIIUIO TIONA

a= —ix+jy+kz
JxZ+y?
B Trouke M (3, 4, 5). Yemy npubinKeHHO paBeH IIOTOK /] BEKTOpa a
yepes GecKkoHeuHO Manyo chepy (x — 3)2 + (y — 4)2 + (z — 5)* = €%?
2. Haiitu

k
9
0z

QO
®
glo

=
=
=

,
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4424. [lokasaTs, UTO:
a)div(a +b)=diva + div b;
6) div (ue) =c grad u (¢ — ITOCTOAHHBIN BEKTOD, U — CKAJAD);
B) div (rva) = u diva + a grad u.

4425. Haitru div (grad u).

4426. Haitru div [grad f(r)], roe r = Jx2 + y2 + 22 . B KakoM cay-
ugae div [grad f(r)] = 0?

4427, Beruveauts: a) div r; 6) diVE.

4428. Buruncaurs div [f(r)c], rae ¢ — mOCTOAHHLBINA BEKTOP.

4429, Haittu div [f(r)r]. B Kakom ciyuae nuBepreHIus 3TOro
BEKTOpPa paBHAa HYJ0?

4430. Haiitu:

a) div (u grad u); 6)div (u grad v).

4431. JugkocTs, 3anoNHAIONIAA IPOCTPAHCTBO, BPAIllae€TCA BO-
Kpyr ocu Oz NPOTUB YACOBOH CTPENKHU C ITOCTOAHHOM YIJIOBOM CKO-
pocrbio w. HallTu JUBEPreHIMI0 BEKTOPAa CKOPOCTH V U BEKTOpA yC-
KOpeHUs W B Trouke M (x, y, 2) IPOCTPAHCTBA B TaHHLIA MOMEHT Bpe-
MEHH.

4432. Haiitn AuBepreHNUI0 I'PaBUTAIIMOHHOIO CHUJIOBOrO IIoJA,
CO371aBa€MOT'0 KOHEUHOM CHCTEeMOH IIPUTATMBAIOIUX IIEHTPOB.

4433. HaifiTu BbIpaeHne [AUBEPreHIMM IIJIOCKOI'O BEKTopa
a = a(r, @) B IONAPHBIX KOOpAUHATAX I' U (.

4434. Bripasursb div a(x, Yy, 2) B OPTOTOHAJLHLIX KPHUBOJHHEH-
HBIX KOOPAMHATAX U, U, W, €ClIH

x = f(u, v, w), y=gu, v, w), z=hu, v, w).

Kax uactHbIfl ciyuail mosyuyuTs BhlpakeHue div a B mUAMHApUYE-
CKUX ¥ c(pepruuecKNX KOOpAUHATAX.

Y kxaszaunue. PaceMOTpeTh IOTOK BCKTOPA a Yepes 6eCKOHeUHO MAJbIX
napajjeJenune]], oOrpaHuueHHbld MOBEPXHOCTAMU U = const, v = const,
w = const.

4435. Jlokasars, UTO:

a)rot (a +b)=rota + rot b;
6) rot (ta) = urot a + grad (u x a).

4436.1. Haiitu: a) rot r; 6) rot[f(r)r].

2. Halitu moxyns u HanpaBiaeHue rot a B Touke M (1, 2, —2),
eCcIu

a=Yi+ 2j+ Xk,
F4 x Y

4437. Hajttu: a) rot ¢f(r); 6) rot [e x f(r)r] (¢ — mocTosiHHBIHA BEK-

TOp).
4438. Hoxasars, uro div(a X b) =brot a — a rot b.
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4439. Haitru: a) rot (grad u); 6) div (rot a).

4440. JugxocTsh, 3aM0JHAOIAA IIPOCTPAHCTBO, BPAaIillaeTcsa Bo-
KpyT ocH l{cos o, cos 3, cOs Y} ¢ IOCTOSAHHON YIIOBOM CKOPOCTHIO (.
HafiTu poranio BeKTopa JUHellHOIl CKOPOCTU V B TOUKE IIPOCTPAaH-
ctBa M (x, y, 2) B 1aHHLIA MOMEHT BPEMEHU.

4441.1. Haiitu Bripa:XeHNe POTALIMH ILIOCKOTO BeKTOpa a = a (r, @)
B IIOJAPHBIX KOOPAUHATAX I' U .

2. Buipasurs rot a (x, y, 2): a) B HIUIMHAPUUECKUX KOOPAUHATAX;
0) B cpeprueCcKUX KoopAuHAaTax.

4442, 1 HaﬁTI/I norox Berc'ropa r: a) yuepe3 O0OKOBYIO IIOBEPXHOCTH
ronyca x° + y? < 22 (0 < z< h); 6) uepes OCHOBaHME BTOTO KOHYcCA.

2. Hafitu morok BekTopa a = iyz + jxz + kxy: a) yepe3 GOKOBYIO
moBepxHOCTh muauHapa x2 + y? < a? (0 < z < h); 6) uepes nonHyIo
NOBEPXHOCTH 3TOTO IUJNHIDA.

4443. Haiitu oroxk paguyca-BeKTopa I uepes3 IoBepPXHOCTH

z=1- Jx2+y%2 (0<2z<1).

4444. Haiitu 11oTok Bex'ropa a=x%+ yzj + 2%k qepea TOJIOMKU-
TenbHBI oKTaHT cdepnr x2 + y? + 22=1,x> 0,y >0, z> 0.

4445.1. Haittu notok BekTopa a = yi + 2j + xk depes moaHyio
[IOBEPXHOCThL IMPAMHUALI, OTPAHUYEeHHOI miaockocraMu x = 0, y = 0,
z=0,x+y+z=a(a>0).

IIposepuTts pesynasrar, npumenas dopmyay OcTporpajckoro.

2. HajiTt moToK BeKTOpa

a=2x%+ '+ 2%k

uepes chepy x? + y? + 22 = x.

4446. JoxasaTb, UTO IIOTOK BEKTOpA a Uepe3 II0OBePXHOCTH S, 3a-
JaHHYIO YpaBHEHUEM r = r (i, v) ((u, v) € Q) paBen

a ds ()r ()r d dU
" () ()U

The d,=an U N — eJUHWUHBII BEKTOP HOPMAaJH K [10BEPXHOCTH S.
4447. HailTu IOTOK BEKTOpa a = m% (m — mocroAHHAas) Yepes
r

3aMKHYTYIO IOBEPXHOCTH S, OKPY?KAIOILYI0 HAUaI0 KOOPAHUHAT.
4448. Hafitu I0TOK BEKTOpa

a(r) = Z grad( nr,)

i=1
r'fie e; — IOCTOAHHBIE U I; — PACCTOAHUA Touek M, (ucmounuKu) ot

[epeMeHHOM Touku M(r), Yyepe3 3aMKHyYTYIO [IOBEPXHOCThL S, OKPY-
saromyio touku M, (i= 1, 2, ..., n).
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4449. JToxasaTs, 4TO

” a—”ds=”fv2udx dy dz,
on
S 14

rie MOBEPXHOCThL S orpaHUYHUBaET TeJ0 V.
4450. Kotu4yecTBO TEIIJIOTHI, IIPOTEKAIOIIEE B I10J1€ TEMIIEPATYPhI
I 38 eJUHUIY BPEMEHH uepes 3JIEMeHT [IOBEPXHOCTHU dS, paBHO

d@ = —kn grad u dS,

rae kB — xo3hdUIIMeHT BHYTPEHHEH TeIJIONIPOBONHOCTH ¥ N — efu-
HUYHBIA BEKTODP HOPMAaM K HoBepxHocTH S. ONpeneauTs Kojude-
CTBO TEIJIOTHI, HAKOIIJIEHHOoe TejoM V 3a eJuHHUNY BpeMmeHU. HMc-
[I0JIL3yA CKOPOCTH NOBBIILIEHUA TEMIIepaTyphl, BEIBECTH YpaBHEHUE,
KOTOPOMY YyZOBJIETBOpPAET TeMIlepatypa Tena (ypasHenue menao-
nposodrocmu).

4451. HaxopamasAaca B IBUXKEHUM HECKUMaeMas MUIKOCTb 3a-
nonusier o6beM V. Ilpeanonaras, uro B o6acTu V OTCyTCTBYIOT HC-
TOUHUKM U CTOKY, BHIBECTH YPABHEHUE HePA3PbLEHOCMU

dp 4 gi -
T, + div(pv) = 0,

roe p = p(x, Yy, 2) — IJOTHOCTH KUJKOCTH, V — BEKTOD CKOPOCTH,
t — BpeMd.

Ykaszanune. PaccmorpeTs MOTOK MXHUAKOCTH YepPe3 NPOU3BOJILHBLIN
o6bem , cogepxaluitca B V.

4452. 1. Haittu pabory BekTOopa a =r B0Jb KyCKa BUHTOBOM JIH-
HUU r = ia cos t + ja sin t + kbt (0 < t < 2m).
2. Haiitu pabory mons
a=1i+1lj4+ 1k
y 4 x

BIOJb NIPAMOJUHENRHOrO 0Tpe3Ka, coenundAouiero rouku M (1, 1, 1)
uN (2, 4, 8).
3. Haittu paboty monsa
a=1iey " *+je* ¥ + ke V¥
BAOJB NIPAMOJUHEHHOro oTpeska Mexay toukamu O (0, 0, 0) u
M (1, 3, 5).
4453.1. Haiitu pabory nons

a=(y+201+z+x)j+(x+yk

BIOJIbL KpaTuaiilneit ;yru Gosbioro kpyra chepst x2 + y? + 2% = 25,
coeguHaromeit Touku M (3, 4, 0) u N (0, 0, 5).
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2. Haitru pabory Bekropa a = f(r)r, rae f — HenpeprisHast GyHK-
1nud, BLOJb Ayru AB.
4454. 1. Ha¥itu mupKyIsaIIUI0 BEKTOPA

a=-yi+ xj+ck

(¢ — mocroAHHAasA): a) BAOJb OKPYXHOCTH X2 + y% =1, 2 = 0; 6) BRoIb
okpyskHocTH (x — 2)2 + P =1, 2= 0.

2. Haittu mupxyaanuio I Bektopa a = grad (arctg %) BJOJIb KOH-

rypa C B ByX caydadax:
a) C He okpyxkaer ocs Oz; 6) C okpyskaet ocw Oz.
4455. la#o BEeKTOPROE [0Je

a=-Li-ZXj+ [xyzk.
Jro Wz
Boeruncnus rot a B touke M (1, 1, 1), npubamrkeHHo HAWTH IIUPKY-
nanuio ' moss BLoIb GeCKOHEUHO MaJod OKPY’KHOCTH

(x-1)*+ -1+ (-1 =¢,
(x—1cosa+(y—1)cosP+(z2—-1)cosy=0,

rie cos® o + cos® B+ cos®y = 1.
4456. Tlnockuil ycTaHOBUBUIMICA MMOTOK KHUAKOCTH XapaKTepH-
3yeTcs BeKTOPOM CKOPOCTH

w=u(x, yi + v (x, y)j-

Onpenennrs: 1) KOIIMYECTBO KUIKOCTH @, IPOTEKAIOIIee Yepe3 3aMKHY-
TeI KOHTYp C, orpamuumBamIquil obaacth S (pacxos KMIKOCTH);
2) nupkynanuo I' BeKropa ckopocTy BRoJib KouTypa C. KakuM ypasHe-
HHUAM YI0BIETBOPSIOT QMYHKIIUH U ¥ U, eCIN KHUAKOCTh HeCoKUMaeMa U
NOTOK H6e3BUXpPeBOH?

4457. 1. IToxasars, Uro molie

a=pyz@x+y+2i+xz(x+2y+2)j+xy(x+y+22)k
noTeHIUaJbHOe, H HANTH NOTEHIHMAN STOTO MOJ.
2. Y6eZuBLINCh B IIOTEHIIHAJBHOCTH IIOJIS
_ 2 . X . X
a= i 71 §k,
(y+2) (y+2)%  (y+2)?

1
2

HaliTu paboTy 110 BAOJb IIYTH, COeQUHSAIONIEr0 B MOJOMKUTEILHOM
oxranTe Touku M (1, 1, 3) u N (2, 4, 5).
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4458. Haiitu nmoTeHuan rpaBUTaIiOHHOr0 IOJIA

Cco371aBaeMOI'0 MAacco! m, NOMeUIeHHON B HauaJjle KOOPAUHAT.

4459, HaiiTy noTeHIMaJ TPAaBHUTAIlMOHHOTO mOJs, co3gaBae-
Moro cucrteMoit macc m; (i = 1, 2, ..., n), noMeleHHBIX B TOUYKAX
M (i=1,2, ..., n).

4460. JoxkasaTtb, 4yTo nose a = f(r)r, rae f(r) — oAHO3HAUHAS He-
npepbIBHAA QYHKIUA, ABIAETCA IoTeRIHANbHELIM. HalTy noTeHiman
STOTO HOJIA.

4461. [ToxasaTtb popMyJy

gradp{jﬂp@)d%’} ” p(@ nS + jjjgradg @,

rge S — IOBEPXHOCTbL, OrPAaHMUYMBAOIAA 06beM V, n — BHeWIHAA
HopMaJib K IOBEepPXHOCTH R, r — paccToaHHe MeXJY TOYKaAMHU

P(x, y, 2) 1 Q(&, m, 0).

4462. Toxasarts, uTo ecau a = grad u, rae

u(x, y, 2) = —ﬁjﬁ DML g an dt,

r=JE-x)2+(n-y)?+({-2)2,
TO
div a = p(x, y, 2)

(npeznonarasi, 4YTO COOTBETCTBYIOIIAE MHTEIPAJLI UMEIOT CMBICJ).
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R = -
e <x<- 2k S (k=0,1,2,..). 188.x>0, x#n (n=1, 2, ...).

ah- 1
159.—%<x<1.160.lx—knl<§(k=0,+1 +2,...). 161. 10\ 2)“<x<

26+ 1
< p0En (k=0,+1, 42, ...). 162. x = -1, -2, -3, ... m x > 0. 163. x < 0,

x#* -n(n=1,2 ... 164.1<x< 2. 165.a) x= 1,1, 2,2 ...;6)x> 4;

H4n<x< 3TE.

2
mhn+ I <x<krd 2 (k=0,%1,%2..))0<x< 5

4 T
4
166. — 1<x<2,0<y<1%.167.2kn+§<x<2kn+%ﬂ
—0<y<Ig3. 168, ~c0o<x< +00; O0<y< m 169.1 <x<100; - <y<

170. x = —£—  rpe m u ¢ — nensle yucna; y = 1. 171.P=2b+2(1—- l—’)x
2g+1 h

O<x<h);S= bx( )(0<x<h) 172. a = J100 - 96cosx (0 < x < );

S =24sin x (0 < x < 7). 173.S=;£-Bx2,ecnn0<x<a;b;S=h(x—‘%bj,

- — 2
ecnn ‘iz—b<x<“T+b; S:h[f”—b*ga—ﬁl}, ecau %—b<x<a.

2 a-b
174. m(x) = 0, ecint —© < x < 0; m(x) = 2x, ecnn0<x 1; m(x) =2, ecnu
1<x<2 m(x)*3 ecsn 2<x<3; m(x)=4, ecau 3 < x <400,
178. E, {0<y 4}. 179.E, = {1 <y < 3}. 180.E, = {0 <y < 1}.
181E <yl < +o0}. 182.E,=({1<y<2}. 183 a<y<bmnpua<b
b<y<anpua>b 184.1 <y <400, 185.0>y> -0y +00 >y > 1,
186.0<y<%. 187. 400 > y > —co, 188. 0<y<-u- y < 2. 189.0; 0;
0; 0; 24. 190.0; —-6;4. 191.1;1;1; 2. 192.-1;0; 1; 2; 4. 193.1, 1
x

~-X 2 x-1 1+x - - -
T T il 1o 194. a) f(x) = 0, ecau x l,x=0unx=1;
flx) >0, ecimu -0 <x<~-1uw 0<x<1; flx) <0, ecim -1 <x <0 n
1 1

< —_—
el T T

1 <x<+00; 6)f(x)=0, ecmu x = i%; f(x) > 0, ecnn

-1 S . = . 1 1
2k+1<x< T (=0,1,2,..) f(x) <0, ecrin T <x<2k+1
_4 . =

n 5% <x<- 2k T (k=0,1,2,...); B)flx)=0,ectmx<0umx=1; f{x)>0,

ecnmux <0umx=1;f(x)>0, ecim 0 <x <1; f(x) <0, ecnul < x < 400,

195. a) a; 6) 2x + h; B)af'“”}zl. 197.f(x)=§x—2;f(1)=%;f(2)=2-2-.

198. f(x) = x +167 x+1; f(—1)=—§; 70, 5)=2-;—1. 199. f(x) = 1—°x3-



OTBETHL 455

‘%xz 269x+2 200. f(x) = 10 + 5+ 2%, 203. a) 2kn < x < 1 + 2kn
(k=0,%1,22); )l <x<e; B)x>0,xZk(k=0,1,2,...). 205.a)z=x+y;

= X . P . _ X+ oA _ oox,
6) 2 x—-}y, B) 2 _il—xy’ r) z ——a”—1+xy. 206. p(p(x)) = x*; wy(x)) = 2%%;

O(w(x)) = 255 wlp(x)) = 2**. 207. p(p(x)) = sgn x; Y(y(x)) = x (x = 0);
@(w(x)) = w(p(x)) = sgn x (x # 0). 208. p(o(x)) = ¢(x); w(p(x)) = w(x);

wy(x)) = @(yx)) = 0. 209. —_1-;_", x (x# 0, x=1). 210. f,(x) = 1+nx2

2
211. x? - 5x +6. 212. x2—2(|xl>2lj. 213, 1. Lralrx? 2.f(x)=(-_x_j )
2 x 1-x

221. a) Boaspacraer npu a > 0 u y6sisaer npu a < 0; 6) npu a > 0 yOniBaer
B UHTEpBaJe ( —~00, —21) ¥ BO3pacTaeT B UHTePBaJe ( - 2% , +0<>) ; B) Bo3pac-
a

TaeT; r)upu ad — be > 0 Bogpacraer B UHTepBaax ( —00, —4) u ( -d , +00) :
c c

n) Boapacraer npu a > 1 u y6eiBaer npu 0 < a < 1. 222. MoxHO, ecan

oCcHoBaHue jorapudmos Gonplire 1. 224, 15—3 (~© < y < +0o0). 225, a) —.Jy
(0 <y < +00); 6) Jy (0<y < +00). 226. ﬁ (y = -1). 227.2) —J1-y?

O<y<l)y; 6)-J1-y2 (0<y<1l). 228 Arshy=1In(y + J1+y?)

(—00 <y < +00). 229, Arth y = % In 1Lty (—l1<y<1). 230. x =y, ecnu
Yy

1-
—o<y<1; x=Jy, ecrul <y < 16; x =log, y, ecan 16 <y < +oo,
231. a) Heuernas; 6) yerHad; B) yeTHasi; T') HeueTHasd; J[) HedverHad.

- 2mn,
n

ckas, T = 6n; r) uepuoguueckas, T = N; 1x) HEHEPUOZUYECKAs; €) IepHOLU-

233. a) I[Tepuoguueckas, ; 6) nepuoguyeckas, T = 21; B) mepuoAuye-

yecKkasi, T = M; ’X) HellepHOAWUECKAaA; 3) HemepumoAuueckasa. 241.1¢ = lgc,

~_ql __b 4dac-b
= 33M. 243. x, 3.0 Yo = ——-—-—4a 244. y=x — 36000 ; 9 kmM; 36 kM.
251. o= -%; yo= 9. 252.p=12 (v>0). 263. k=2, m=U2"20
c c 14 a, af
n=2% —ﬁ(a1b~ab1), x():—ﬁ. 264.y=1—0. 287. A= Ja? + b2; sinx,=-2,
a4 a, x? A
cos xo=§. 356. y = 2sin x, ecnn |x - nk| < %, u y=(-1)* ecan

<lx- nkl< T k=0, +1, 2, ...). 357.a)y=%(x+lxl); 6) M B)y = x%,

ecnu x 2 03 y=0,ecnnx<0; ryy = x, ecin x < 0; y=x% ecmm x > 0.
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358.a)y=1; 6)y=1,ecmu 1 <|x|< J/3; y=0, ecom |2 < 1 mam |x| > /3 ;
B)y=1,ecmul<1; y=2,ecmm|x]>1; )y =-2,ecmm|x{> 2; y=2—(2 - 2,
ecau |x] < 2. 359. Ilpu x < 0 umeem: a) 1) f(x) =1+ x, 2) f(x) = (1 + x);
6) 1) f(x) = 2% — x%, 2) f(x) = 2x + x% B) 1) f(x) = /%, 2) f(x) = — -
r) 1) f(x) = —sinx, 2) f(x) =sinx; @) 1) f(x) = ¢, 2)f(x) = -
e) 1) f(x) =In (—x), 2) f(x) =—In (-x). 360.a)x=—§%; 6)x=%; B)xzb;a;
r)x=kn(k=0, %1, £2, ...). 361.a) (x,, ax, + b), rae X, — [IPOU3BONLHO;

d a b 3 2
6)(“27 %)2 B) (Xo, Yo), THE Xo= T3, HYo T aXo +bxp +exp+d; 1) (2, 0)

o) (2, 1). 372. Kopnu: —-1,88; 0,35; 1,53. 373. 2,11; -0,25; ~1,86.
374. 0,25; 1,49. 375.0,64. 376.1,37; 10. 377.-0,54. 378.0; 4,49.
379. x, = -0,67, y, = ~1,26; x,=-0,42, y,=1,19; x3 =0,45, y; = 0,74;
x4=0,54, y, =-0,68. 380. x, =-1,30, y, = 9,91; x,=2,30, y,=9,73;
x;=-0,62, y; =-9,98; x,=1,62, y, =-9,87. 382. a) Boob1re rosops, HeT;
6) na. 385. Orpanuuena cpepxXy u HeorpaHuueHa cuudy. 387. f(a) u (b).

388.0; 25. 389.0; 1. 390.0; 1. 391.2; +0oo. 392.-1; 1. 393.-./2; /2.
394. %;4. 395.2) 0, 1; 6)0, 2. 396.0; 1. 397.a)8; 6)0,8; 8)0,08; r) 0,008.

398.a)n; 6)m; B) W 1) m. 411.a) 1; 6) §; B) % 412. 6. 413. 10.

_n(n+1)

414. L nm(n - m). 415. 575, 416. (5)” 417.n 2 . 418.-1 419. 1.
2 : 2) 2" 2

1 1 3" n(ns1), gl m
420. 1. 421. ;. 422. 7. 423 (2) . 424. 2 225 6) 2. 425 2.
426. ’Jiﬂz“—Da"-Z. 427. Eﬂn_ztﬁ 428. I1 . 429, x+ 2. 430.x2+ax+‘§.

431. 1. 432. % 433. 3. 434. ‘%” 435. 1. 436. L. 437, % 438, -2.

NG
L 1 L 1 12 Loy 1
439. T M0~ 41 L. 42,1, 443 2 44d. w5 2 6.1
2 3 4 i 21 @ B o8B
A7, 2. 448. 5. 449.43 . 450. . 451. -1 452. & - D 453 2 4 D
455.1. 2. 2. 1 456, L. 457. La+b). 458.1. 459.-1. 460.1.
m 2 n! 2 2 4
461. § 462. 2. 463. § 464.»%. 465. %(a] +a,+ ... +a,). 466.2". 467. 2n.
468. lim x; =00, lim x,=~£. 469.a = 1,b=-1. 470.¢,= £1; b, = 1%

(i=1,2). 471.5. 472.0. 473. (—1)”“",_":. 474. a)%; 6)1; B) % 475. %

476. 2. 477. 4. 478. 1_1, 479. % 480. 12[ . 482.cos a. 483. -sin a. 484.sec’a
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(@#@k+1)Z, k=0, £1, ...). 485. - i;a (a # kn, rae k — nenoe).

486. sma (a = (2k + 1)‘, rie k — uenoe). 487. ,Closza (a # kn, roe k —
sin

nenoe). 488. —sin a. 489. -cos a. 490. 353# (a# 2k + 1)7_r » Tae k — nenoe).
491, 2005‘1 (a # kn, rae k — nenoe). 492. 2 sin 24. 493, -3. 494, 14,

495. 496. -24. 497, - Los2a 2 (a # (2 + 1)“,mek — 1esoe). 498,

1
f

1

499. 1

. 500. g 501.~i2. 502. /2. 503.0. 504. 3. 505. 0. 506. a)

Ni=

’

6)[ B) 1. 507.1. 508.0. 509.0. 510.0. 511.1. 512. ¢ 513. 1. 514.¢72
by~ b,

515.¢*. 516.0, ecnu a, < a,; +00, genu G >ay e ‘U ecnua, =a, 517.e.

3
518.¢7'. 519.a) 1; 6) Je. 520. oc'€« (a # kn — uenoe). 521, ¢2. 522, o1,

x2

523. 1. 524.¢7%. 525.¢. 5926. _} 527.¢°*1 528.¢ 2. 529.1. 530. 1.
531. 1. 532.0. 533. 1. 534. 2. 535 3. 536. 2. 537, -loge 53g 2a
a 5 2 2 x? b
539. (g)z 540. 2) 05 6) n. 541.Ina. 542.0%In 2. 543. 4% In ca. 544, o°.
e

545. a) ;; 6) eh?-a?; p) SB‘; r) -2, 546. &% 547.1. 548. gaﬂ-ﬁ. 549. o’ In a.
550. a” In* a. 551.¢“*P. 552 In x. 553.1n x. 554, o/b. 555. Jab.

—1_ -1
3 apb.cya+b+oe 1 a at
556. 3abe. 557. (') . 558. = 559, (an) . 560. a«* In q.

561. a) 0; 6) %1‘_;' 562. In 8. 563. -In 2. 566. a)%; 6) é 567. 1. 568. 0.
2
569.Ina” 570. 1. 571. 1. 572.-2. 573.¢2. 574, o7 . 575, 2B 576. a) 1;
8 2 JoB
6) %; B) 1. 577. a) g; 6) 2sh - . 578. a) ch a; 6)sh a; B) —~1. 579. a)In 2;

I
2
22 _n s T 3n _1
0) 1. 580. ¢**. 581. 3 582. 3" 583. 3 584. T 585. T 586. 2.

2
g l. 589. 1. 590. e. 591. a) 0; 6) 0. 592. a) +00; 6) .21.

593.a)-1; 6) 1. 594. 1. ln— 595. a)" 6) —-275. 596. a) 1; 6) 0. 597. a) 0;
6) 1. 600.2;1; 2. 601. 0; (—1)" ' (=1)". 802.0. 603. 1. 604.0. 605. 1. 606. 0.
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613. 6)y—1 ecnu x| < 1; y=0,ecmmfx]=1. 614.6) y =0, ecnu 0 < x < 1;
y=§,ecnmx=1; y=1,ecmul <x <+, 615.y=~1,ecnu 0 <o < 1;
y=0,ecmuld=1; y=1,ecmulx|>1. 616.y=|¢. 617.y=1,ecmm0< x <1

y=x,ecnnx>1. 618.y=1,ecm»10<x<1;y=x,ecm/11<x<2;y=%2,
ecam x> 2. 619.y=0,ecnn0<x<2; y=2.2, ecnux =2; y=x% ecau
x> 2, 620.6)y=o,ecnnx¢(2k+1)g; y=1,ecnnx:(2k+1)g
(F=0,%1,+2,..). 621.y=In2,ecnu 0 < x < 2; y=Inx, ecizt x > 2.

622.y =0, ecn ~1 <x < 1; y—-(x D,ecmmx>1. 623.y=1,ecimx <-1;

y=e*"! ecom x > ~-1. 624. a) y = x, npu x < 0; y—— npux=0; y=1,

pu x > 0; 6))—16. 625. a)y=x iprO0<x<1ludk-1<x<4k+1; y=x

npudk —3<x<d4k-2udk-2<x<4k-1; y=%(ﬁ + x)mpux =2k~ 1

(k=1,2,3,..); 6)y =0, eciu x — panuoHAILHO; Y = X, €CJIU X — Hppa-
IHOHANBHO; B) kouTyp KBanpara maxflx], jyl} = 1. 627.a)x=1,x=-2,y

~x~1 6)y—x+§npnx~*00 y——xf—l-npnxﬂ—oo, B)y~%—x r)
y=xupu x — +°, y =0 npu x — - 11)y=0npnx—>~00,y—xr1pn
x = +00; ¢)y=x + 7. 628.0. 629. x. 630.5"_;‘£. 632.%. 633. 2.

634.% Ina. 635. Je. 636. e'F. 637. 1. %(1 + J1+4a). 2. § 3. T%l

4.@. 638.a) J1+x —1; 6) 1 — JT—x. 641.2) 2; 6) +00; B)0; 1) 1;
o) 2;e)l; x)2shl. 643.a)l=-1,L=2; 6)l=-2,L=2; B)l=2,L=e.
644.2)l=-1,L=1; 6)[=0, L = +00; B)l=%,L=2; r)l =0, L = +0o,

645. a) IlepBoro nopsAaKa; 6) BTOporo; B) IePBOTO; T) TPETHETO; JI) TPETLETO;

1
e) tpetbero. 653. a) 2x; 6) x; B) JC—z; r) x 655. a) 3(x — 1), 6) Q—_xﬁ;
2 2 3«/5
2 1

B)x—1; r)e(x - 1); 1) x— 1. 656.a) x?; 6) 2x%; B) x3; r) x®. 657.2a) Gc)s;
1 1

033w iG () e i) 02 () m )

nl. L ;5L . 663.a)9,95<x<10,05; 6)9,995 < x < 10,005;
n 1l-x x-1

8) 9,9995 < x < 10,0005; 1) V100 - € <x< /100 + €. 664. A< %; a)A < 3,7 mv;
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6) A< 0,37 Mm; B) A <0,037 Mm. 665. 100[1 ~ 107" V2 < x < 100[1 + 10"+ DE;
a) 81 < x <121; 6) 98,01 <x <102,01; 8) 99,8001 < x < 100,2001;

2
1)99,980001 < x < 100,020001. 666.5=min (fi 1 ) 667.5= 1_%;. ~0,001x2;
0

a)d=~10"% 6)§ = 1077; B)§ = 107, Hensssa. 669. a) Henbssa; 6) M0oxHO.

671. Her; orparuveHHOCTS B TOUKE x,. 672. Her; ecnu dyHruusa f(x) oupene-

JIeHA B KOHEYHOM NPOMEKYTKe (a, b), TO 9TH HepaBeHCTBA BBIIIOJHAIOTCH BCEr-

Jia; eCNIU [0 MeHblel Mepe @ WU b paBHO cuMBOMY ©0, To lim |f(x)] = -+oo.
X —

673. Het; oqHO3HAYHOCTD U HENIPEPLIBHOCTb 0GpaTHOR (pyHKuuu. 675. Hemnpe-
poiBEa. 676. HenpepoiBHa, eciu A = 4, ¥ paspslBHA IIpK X = 2, eclin A # 4.
677. PasprieHa npu x = —1. 678. a) HenpeprisHa; 6) paspsiBHa npu x = 0.
679. Paspripua ipu x = 0. 680. Herrpepsisua. 681. HenpeprisHa. 682. PaspriBHa
pu x = 1. 683. Henpepsisua npu a = 0 u paspeieHa npu a # 0. 684. PasprisHa
npu x = 0. 685. PaspsiBua npu x = k (B — nenoe). 686. PasprisHa npu
x=k(k=1,2,..). 687 x=-1 — rouKka 6eCKOHEYHOIO PasphIBA.
688. x = -1 — ycrpanuMas Touka paspeiBa. 689. x = -2 u x = 1 — TOUKH
6eckoneunoro paspeisa. 690. x =0 u x = 1 — ycTpaHUMbIE TOUKHN PA3PHIBA;
x = -1 — rouyka GeCKOHeyHOTrO paspeiBa. 691. x = 0 — ycrpaHumasa
ToOuKa paspeiBa; x = kn (k==*1, £2,...) — Touku OECKOHEYHOTO Pa3phiBa.
692. x = +2 — yerpaHuMEIe TOYKH paspbiBa. 693. x = 0 — ToyKka paspriBa

2-ro pona. 694. x = % (k=#1, +2, ...) — Touxku paspsiBa 1-ro poga; x =0 —

TOYKA paspeia 2-ropofa. 695. x=0ux= 2k2 1 (k=0, %1, ...) — ycTpaguMbIe
+

TOYKU paspbiBa. 696. x = 0 — Toyka paspeisa 1-ro poga. 697. x = 0 — yer-

panuMas Touka paspeia. 698, x =0 — Touka paspwsiBa 2-ro poza.

699. x = 0 — ycTpaHuUMAas TOYKa pa3pbiBa; X = 1 — Touka 66CKOHEYHOr0 pasphiBa.
700. x = 0 — Touxa 6eCKOHeUHOro paspniBa; x = 1 — TouKa pasphiBa 2-ro pozaa.
701. x = kn (k= 0, £1, £2, ...) — rouku paspsiBa 1-ro poma. 702.x =k
(k=0, £1, £2, ...) — Touku paspsiBa 1-ro poga. 703. x = k(k = %1, £2,...) —

TOYKH paspeiBa 1-ro poza. 704. Pyuknusa Henpepsisaa. 705, x = iﬁz
(n=1,2,...) — Touxku paspsisa 1-ro poga. 706. x = % (B==1, £2, ..)) —

TOuKM paspeiea 1-ro poga; x = 0 — Touka 6eckoHevHoro paspeisa. 707, x = %

(k=%1, 2, ...) — TouKHK paspniBa 1-ro poga; x =0 — ycTpaHHMAs TOUKA

paspoiBa. 708. x = 2 (=0, 1, +2, ...) — Toukn paspsiBa 1-ro poza;
(2k+ 1)n

x = 0 — TouKa paszpeisa 2-ro poga. 709. x = i;le uXx = i% (k=1,2,..)—
k
TOuKH paspsiBa 1-ro poga;. x = 0 — Touka paspsiBa 2-ro poga. 710. x = %

(k=%1, £2, ...) — TouKHu GECKOHEYHOTO pa3pbiBa; x = 0 — TOYKa pa3psIiBa
2

Bhe Dn (k =0, £1, +2, ...) — TOUKHN GECKOHEUHOTO

2-ro poma. 711. x =
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paspbiBa; x = 0 — TOYKA paspbiBa 2-ro pona. 712, x = +.Jn (n=1,2,..)—
TouKH paspeiBa 1-ro poga. 713.x =0, x =1 1 x = 2 — Touku paspsIsa 1-ro poga.

714.x =kn(k =0, *1, £2, ...) — Touxku GecKOHEUHOrO paspbBa. 715. x = +.Jkn
(k=0,1, 2, ...) — Touku 6eCKOHEYHOr0 paspbiBa. 716. x =-1nx =3 —
TOUKH 6ecKOHedHOro paspsiBa. 717. x = 0 — Touka pasppiBa 2-T0O poja.
718. x = 0 — ycrpanuMas Touka paspbisa. 719. x = £1 — TOouKM paspbiBa

l-ropoma. 720.y=1,ecnu 0<x < 1; y=%,ecnnx=1; y=0,ecnmux>1;

x =1 — rouka paspsiBa 1-ro poga. 721.y =sgn x; x =0 — TouKa paspsia
1-ro poga. 722.y =1, ecnm jof < 15 y = «%, ecaim |x| > 1. Ddyurnus wenpe-
peiBHa. 723. y=0,ecimx Zkm, y=1,ecnmm x = kn (k= 0, *1, £2, ...);

x = kM — ToukM paspbiBa 1-ro pona. 724.y = x, ecnu |[x — knl < 7_6t s y= g ,
ecnu X = krc+-,y 0, ec.rm~ lx - kni< (k=0, +1,i2,...);x=knig——

TOYKH paspsia 1-ro poga. 725.y = gx, ecau kn < x < km + g; y=-

AER=1
2]

crmkn+§ <x<kn-tm y= 0ecm4x~krt+ (k=0 ),xﬂ%"—

TouKy paspsBa 1-ro poga. 726. y = x npu x < 0; y = x? npu x > 0. @yHKuUA
HenpepruiBHA. 727.y =0 npu x <0 1 y = x npu x > 0. @PyHKUUA HENIPEPbIBHA.
728.y=~(1+ x)npux<0; y=0mpux=0my=1+xmpux>0; x=0—
TouKa paspeia 1-ro poga. 729. Her. 730.a = 1. 731. a) PyHK1usa Helpe-
peIBHA; 6) x = ~1 — Touka paspsiBa 1-ro poga; B) x = -1 — TOUKa paspbIBa
1-ro poga; ryx = k(k=0, 11, £2  ...) — Touxu OECKOHEUHOTO Pa3PbIBA;
mx#k(k=0, £1, £2, ...) — TOuKHK paspeIBa 2-To pofa. 732.d = —x npu

~0 < x<0; d=0uprn0<x< 1;d=x—1npul<x<g;d:2—xnpn
g<x<2;d=0npn2<x<3; d=x-3npu3d < x < +00, QyHKOUA
HellpepbIBHA. 733.S:3y—-'L2anO ys1; S= §+2ynpn1<y 2;

== + yaupu 2 <y<3; S=— npn 3 <y < ©0; (pyHKIUA — HEIIPEePHIBHA;

b—3 yopu0<y<l; b= 2npn1<y 2; b=1lmpu2<y<3; b=0
npu 3 <y < +00; x =2 U x =3 — TOUKH Pa3pbIBa [IepBOro poga. 735. PasprBHa
npu x #0 u senpepsisHa nipu x = 0. 737. PaspnIBHa IPU BCEX OTPUIATENb-
HBIX 3HAUEHUAX U [IOJOXKUTEIbHLIX PAIMOHANLHBIX 3HAYEHUAX apryMeHTa.
738. f(0) = 0,5. 740.a) 1,5; 6)2; B)O; r)e; n) 0; e) 1; x) 0. 741, a) [a;
6) uer. 742. a) Her; 6) Her. 743. Het. Ilpumep: f(x) = 1, ecau x — pauu-
OHAJIBHO, ¥ f(x) = ~1, ecnu x — uppauvoHansHo. 744. a) f(g(x)) HerpepbIBHA,
&(f(x)) paspeiBHa npu x = 0; 6) f(g(x)) pasppiBHA P x =~1, x =0 u x = 1,
g(f(x)) = 0 menpepsisHa; B) f(g(x)) u g(f(x)) neupepsiBHbL. 745. f((P(x)) = x.

759.x=‘c—‘;ﬁ—”; a+d=0. 760.x=y—Fk, ecnum 2k < y<2k+1
- a
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(k=0, £1, £2, ...). 764. f(f(x)) = x. 767.x =-.Jy (0 < y < +oo);

x=Jy (0<y<+2), 768.x=1- JT-y (-co<y< 1),x—1+,/_'y

(~00 < y < 1). 769.x=l_——'——“/‘/1_"(‘1<y<1),x=—-+—wj_(0<|yl<1),
¥ b4

770. x = (-1*arcsiny +kn (kR =0, £1, £2, ...) (-1 < y < 1).
T71.x =2kn + arccosy (k =0, 1, £2, ..) (-1 <y <1). 772. x =arctgy + kn

(B=0, 1, +2, ..) (o0 <y < +00). 776.¢=0, eciut xy < 1; = sgn x,
ecau xy > 1. 779.a)y=—g,ecnu—1 < x<0,y=2arcsin x - g,ecnn
0<x<1; 6)y=-(n+ 4 arcsin x), ecan ~1<x<—i, =0, ecan

J2

P ;y=1r—4arcsinx,ecrm—1— <x<1.780. y = I —x(J—t <x< T—t) .
NG /2 /2 2 2 2

T8l.y=Jx2-1 (1< x<+); y=Jx2-1 (1< x<+00), 782, Ina Bcex t,
JUIA KOTOpBIX ¢(t) = X, TAe X — TIPOM3BOJbHOE 3HaueHHe GyHKUMM O(F),
dbyHkuua Y(t) JoJsKHA MMeTh OAAHO M TO »Ke 3HaueHWe. 783, MHOKeCTBO
3HaueHu# ¥(T) mpu o < T < P momKHO OBITH MHTepBanoM (a, b). 784. Ona
BCex 3HaueHU# x, AJIA KOTOPBIX O(x) = u, rae & — IPOUBBOJILHOE UHCJIO U3
nHrepBana (A, B), GyHKIUA Y(x) TOMKHA IPUHUMATbL OJHO U TO *Ke 3Ha-

yenne. 785. |3 < -28—0 cM. a) 0,5 mm; 6) 0,005 mm; B) 0,00005 mMm.

786. a)6<i; 6)8<2,5-10"% B)5<g-10*7; r)5<§i’(a< 1).

793. a) Ma; 6) Her. 794. PaBHOMepHO HenpepbiBHa. 795. He aBnserca
paBHOMepHO HelrpepbIBHOH. 796. PaBHOMepHO HenpepbiBHA. 797, He asna-
eTcsa paBHOMEPHO HenpepbiBHOU. 798. PaBHoMepHO HellpepbiBHA. 799. Pas-
HoMepHo HempepbiBHa. 800. He aBidAercA paBHOMEPHO HelpepbLIBHOH.

802.a)5=5; 6)5=E; B) 8 =0,01g; r1)d=e?(c<1); ;1)6=§,

e) 8 = min (% 3+8) 803. n > 1800 000. 808. a) w,(8) < 33; 6) v, (§) < J8
() < i-; B) w,(d) < 5.J5. 818. f(x) = cos ax nnu f(x) = ch ax.
J2a

819. f(x) = cos ax; g(x) = * cos ax {(a = const).
Pasgen 11

821. Ax =999; Ay =3. 822. Ax =-0,009; Ay =990 000. 823. a) Ay = aAx;
6) Ay = (2ax + b)Ax + a(Ax)%; B) Ay = a*(a®* - 1). 825.2)5; 6)4,1; B)4,01;
r)4 + Ax; 4. 826. 3 + 3k + A% a) 3,31;./3; 6) 3,0301; B) 3,003001; 3.
827. a) v, = 215 m/c; ©) v, = 210,5 M/C' B) U, = 210 05 m/c; 210 M/c

828. a) 2x; 6) 3x%; B) - 1 (x #0); 1) 7 (x> 0); ) —]: (x #0); e) —— coszx
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- 1\x =0. + . ~_1 # =0.+1....) 1
(x = (2k 1)2 ,k=0, 1, ...); x) o' (x Zkn, k=0, +1,...); 3) Vi

. __1 . 1 -8 0- n
(x| < 1); n) = (] < 1); x) T 829. -8; 0; 0. 830.4. 831.1 + 1

832. f(a). 834.y'=1-2x;1,0,-1,21. 835.y =x%+x-2; a)-2; 1;
6) —1; 0; B) —4; 3. 836. 10a’x — 5x1. 837. ab' 838. 2x — (a + b).

a+

839. 2(x + 2)(x + 3)%(3x% + 11 + 9). 840. x sin 2a + cos 2a. 841. mn[x™ "1 +
Fx U (m o+ m)xmtr 1] 842 a) (1 — 0)X(1 — x2)(1 - ¥)X(1 + 6x +

+155% + 14x%); 6) ~20(17 + 12x)(5 + 2x)°(3 ~ 40", 843. (5 + 5+ 2}
X X X
(x = 0). 845, 2L+2X%) (1)1 = 1) 846, 2U1-2%) = gqy L-x+dx
(1- x2)? (IT-x+x2)? (A=) (1 +x)
12-6x-6x2+2x+5x'-3x5 _(A=-x)-p+rq)+(p-qx]
Z“1). . #=1). .
(] 1). 848 — (x#1). 849 Ty
(x # -1). 850. %[p ~(g+ Dx - @+ qg- 1] (x# -1).
1 1 1 1 1
851.1 + — + — (x> 0). 852. -— - - (x > 0).
2./x  33x2 ) x 2xJx  3xifx )
2 1 1+2x2 6+3x+8x2+4x%+2x%+3x5
853. + L (x> 0). 854. . 855.
33x  xJx N1+ x? N2+ x2 (3 + x)?
(x = 3~3). 856. (n-m)-(nemx 857, — 2 (4] < |a)).

(n+m)rrmJ(1-x)"(1+x)m (a2~x2)%

2x? . 1+x3 (x| = 1). 859. - 1 . 860. 1+ 2 /x+4/xdx+ Jx
3 —
(1+ x2)? 8 xnx+ Jxnx+ fx+x

1-x041~x3
(x#=0,x# -1, x #-8).

858.

(x> 0). 861 L 1 : 1
e’ sl iy
862. -2 cos x (1 + 2 sin x). 863. x? sin x. 864. —sin 2x - cos(cos 2x).
865. n sin® "' x - cos(n + 1)x. 866. cos x - cos(sin x) - cos[sin(sin x)].
867. 2sinx(cosxsinx? - xsinxcosx?) (F 2k k=1,2,..). 868.—1 + cos?x (x# kn

sin®x? 2sin’x
nsinx 2k -1 x?2
k=0, 11, £2, ...). 869. (x;c m, k—uenoe) 870, — X%
cos"*lx 2 (cosx + xsinx)?

871. "‘123} (x# km; k=0, %1, £2, ). 872.1+1g°x (x# 2k + 1F;
1

S1

-16 cosg

k=0, +1, +2,...). 873. 8 (x # kn, k — weunoe). 874. a
3sintxd/ctgx asin?2¥

a

(x # k% , k — uenoe ) . 875. -3 tg? x - sec? x * sin(2 tg® x) - cos[cos’(tg® x)]-
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1
(x 22 4+ km, b — uenoe)- 876. —2xe-x*. 877.-L -2 b seczl - 1n 2.
3 x2 x

878. x%*. 879. x%~* sin x. 880, L(SINX - COSX) (y o 9py p eJjoe).

ZS'm“J—ZC
881 ~LI0%3 in x. 882. Ja?¥b? e sinbx. 883. &L + (1 + e )],
884. y (ln % - a_;_lg) (x>0). 885.a% x*"-1 +ax* ' a*" Ina + a*a®* In?a.

886% lge-lga® (x#0). 887. — L (x>¢). 888. — 5 (x> o).

xlnxln(lnx) xInxIn(ln3x)

1 1
889. m (x> -1). 890. % (> 1). 891 T @0

2
892 (Ixﬂ>[) 893, i (d<1). 804 2(“&:_)( x>-1),

.896.In (x + Jx2+1).897.1n% (x + Jx2+1). 898, Jx2+a?.

895.

x?

8 1 B
899. L (|x| f) 900.-—2— 0<x<1).90L L ©<x-2m<r,

k — tiene). 902. —— (lx 2 < 2,k — U,enoe) 903. —ctg® x (0 < x — 2kn <,

k — 1enoe). 904, —

[x:: 2k - ln,k—uenoe).s)os. C0S’X (0 < x - 2km<m,
cosx 2 sindx

k — uenoe). 906. Y29 907, -1’ (x> 0). 908. L Inx (x > 0).

a+ bcosx

9 1+x+l+ln—
09. — <X . 910. - x x . 911, 2 sin (In x) (x > 0).
1+ %1+ (1+xln-1-)|t1+xln(—1-+ln-1-ﬂ
x x x

912.sin x - In tg x (0 <x—2km < g, k— uenoe). 913. - (x < 2).
-X
1 2ax
914, ——— (Jx - 1] < J/2). 915. - (a # 0). 916. (x #0).
N1+ 2x - x? 2
~/— > x i x >
917. W (x > 0). 918. - == arceos x (Jx] < 1). 919. arcsin - (x >0).
1 2k-1
920. ———— (jx| > 1). 921.sgn (cos x) | x # n, k — 1eJoe |.
|x| J/x2- 1 | ( 2 )
922, 2sgn(sinx) - cosx (x # 2km, k — uenoe). 923. SInX + €osx (o 5 b < 1‘ ,
J1+ cos?x Jsin2x (

k——uenoe) 924, —}f& (0 <l <1). 925. -

- (x=1). 926. 1( X+,
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2sgnx 4
PR —E2e 2 0). 929, —— ——
a+bcosx 1+x2 ( ) /1= x'arccos®(x2)

(% < 1). 930. 12X 931. -2 cos x - arctg (sin x). 932. ___»1——1_
l+x PENEES larccosj_—

X

k — uenee) 927.

(x>1). 933, — 2240 (x> gy 934, JaZ- x?. 935. —L- (x=-1).

(x+a)(x?+b2)

936. x41+ = (% ~1). 937. (arcsin »? (| < 1). 938. —‘&;";Sﬁ O <« < 1).

xInx Xarccosx 1
939. A (x> 1), 940. ZUCERE (] < 1). 941. ([x| ﬁ)

12x5 1
942, ==, 943. - ————— (x < 1). 944. x| <1). 945.
T T - __1_ (sl <1). 945. =

(0<x<a) 946. —2 (I +1]<./2). 947. . 948, __sin2x

1-2x-x2 1 rxd sinx + costx
(x # g%n, k— uenoe). 949. __\,lx—xZ - —2% _ .In }i%;‘ (|« < 1).
1-x2

x - arctg x. 951.
rx

9 1 53 sinasgn(cosx - cosa)

ex
. 952, ——— . .
1+ e2x 2(1+x?) 1- cosacosx

(cos x # cos a). 954. = 1_1) — (0<[xl 1). 955. ““‘ (x| # 1).

4 2x{cosx?+ sinx?) 1
956. —————8— (x| <1). 957. ————————/ [0<|x|< [lk+z
(1+x2)2/1-x2 (i ) Asin(2x2) ( | | ( ZJR

E=0,1,2, ) 958. 2x[sgn(cos x2) + sgn(sin x2)] (lxl:c ”_2", E=0,1,2, j

950.
1

959, _2M_ . pmiarcsin®) cog m (arcsin x) (x| < 1). 960. a) :2:11

N1 - x?
6) = ; B) ! ;
6144144/ Trxid (1+4/15x4)* (52 t)? xacosé(sm;l_f cos%)'\’ctg-é
F)21+%]112 - sin(2%%) - In(scc
3 3/x?. cos22¥%

(x>0). 962. x* x> (1 +aIn x) +a*x" (i +Inaln x) + x*a”" Ina(l +1n x)

i
2% . 961.1 + 251 +1Inx) + X x* (;15 +Inx +1n2x)

1.
(x> 0). 963. x* ? (1 -1lnx)(x>0). 964. (sin x)' "~ - (ctg? x — In sin x) -

= (cos x)! * 5" ¥ (tg? x — In cos x) (0<x—2kn< g E — U.enoe).

1+x2

965. 1. g%{%_)l[x—zlrxzacﬁLxlnxln(lnx)] (x>1). 2. y’=2y{ﬂ’fg—x X
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ey . ) .
arcsmsmzx +arctg2x'[ sinx - sgn(cosx) _ cosx - sgn(sinx)
arccos(cos®x) arcsin(sin?x)./1+ sin?x arccos(cos?x)./1 + cos?x

(x # kz—” E=0, +1,..). 966. *i(logx )’ (x>0,x#1). 967. th’ x.

968. - -2 (x> 0). 969. —L_. 970, SERGhY) (o » ) g7y, @tbehx
ch2x chx

shix b+achx’
972.- 302X 973 —__ 2 _ arccos x In (arceos x) (x| < 1). 974, - — %
J1+ costx 1-x2 ) V(1 + x)3
—x2 : —x2 x
975, —2nearesin(e T) (y » 0). 976. A2INE 4roty 4ox (0 > 0). 977. a) sgn x

3 1+ax)?
(1_()-2x2)2 ( )

(x # 0); 6)2lx|; B) i (x 2 0). 978. a) (x — 1)(x + 1)%(bx — 1) sgn (x + 1);

1
xJx?-1
—0<x<]l; y=2x-3 npu 1< x<2; y =1 npu 2<x< 400,
980. vy’ = 2(x — a)(x — b)(2x —a —~ b) npu x € [a, b]; y = 0 npu x € [a, b].
1

981. y' =1 npu x < 0; y’:—l———npn0<x<+00. 982, y' = pu
1+x 1+x2

6) %’ sin 2x - |sin x|; B) (J«} > 1); r) a[x]sin 2nx. 979.y = -1 npu

“1<x<1; y = % npu [x| > 1. 983.y = 2xe~** (1 — x?) npu |x| < 1;

, 1-x-x? 54 - 36x+4x2+ 2x3
= > 1. 4, : ES z=
Yy =0 npu |x| > 1. 984. a) prrpyk 6) 21— 57 (x%0,x# 1,

x# +3); ) Z o, i 1) " 985.a) ()" (x) + y(x)y' (x) (@(x) + yi(x) = 0);
i=1

x-a; 7 [Txx? N2 (x) + wi(x)
(@' (COW(x)-0(x)y' (x)) RAPIT: 1 v _9'(x) .
6) PTOTRTIES (@ (=) +y(x) #0); B) "Wy (x) OGN EE) Iny(x) s

y'(x) 1 _@'(x) Iny(x) IR . P2 A fr 2 a7
r) v ol otx) Infols) .986. 1. a) 2xf'(x*); 6) sin 2x{f(sin” x) — f(cos® x)];

B) ¢/ [ /(") + F@I(E]; 1) F@F P [7)]); ) 1000! 988. 322 + 15,

989.6x2.992.2)n>0;6)n>1;8)n>2.993. a)n>m+1;6)l<n<m+1.

994. @p(a). 995. ' (a) = —¢(a), . (a) = ¢(a). 999. a) HeguddepeHiiupyema

2kR-1
2

npu x = 1; 6) HeguQppepeHpyema npu x = n, kR — uenoe; B) nud-

(bepeHumpyema BClOAY; I') HeauddepeHUpyema npu x = kR, kB — uesoe;
n) Heguddepennupyema npu x = —1. 1000. f' = f/ =sgn xupu x Z 0 u
f1(0)=-1, f/(0)=1. 1001. f’ (x) = f; (x) = n[x] cos TTx TIpH X # LIEJIOMY YUCIY;
f/ (k) = n(k - 1) =Dl (k) = nk(-1)* npu k uesom. 1002. f (x) = fi (x) =

(k — uenoe); f’ (2k2+ 1) N

(cos T+ T sin E) sgn (cos’i) pu X # 2
x x x x 2k+ 1
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= -k + DI, f+( ) 2k + DI, 1003. f(x) = f/(x) = %ns—g npu

2kn < |l < JZE+ D (R =0, 1, 2, ...); f(0) = -1, £.(0) = 1;
fo (J(2k+ Dn) = Foo, £, (J2ZhT) = £00 (k=1, 2, ...). 1004. . (x) = f. (x) =

AN
_1+(1+;)e ’ ~ , - ’ . ~
=——nmnpux#0; f(0)=1, £,(0)=0.1005. f' (x)= fi(x)=

xe*
2 '
(1 + e’l‘) 1- e

mpu x #0; f(0)=-1; f.(0)=1. 10086. f' (x) = f.(x) = f rae £=-1
mpu O0<|x|]<1 m e¢=1 npu 1< x| < +o0; f(F1)=-1, f, (F1)=1.
1007. f/(x) = f (x) = 2B oy o = 315 £(F1) = F1, £ (F1) = +1.

1+ x2

1008. f'(x) = f* (x) = arctg 712 - ﬁ mpw ¥ %2 () =F5.

1009.1.2) 7/ () =-3. (=38 F()=F(D=1: B [ (0)=F(0)=0
1010. a = 2x,; b = —x2. 1011.a = f (x,); b = f(xg) — xof. (x,).
ky+ ky aky+ bk 3m? m?

= . 1013.a=- =-=__1014. :
Boay’ ¢ Y 013.a e , b 53 a) MoxxHo;
6) nenbssa. 1015. a) Henwasa; 6) Henbaa. 1016, a), 6), B) @yukuua F(x) moxer
KaK UMeTh nponsBoaHyto F'(x), Tak u He umets ee. 1017. x =kn (k =0,

+1, 12, ...). 1018. a) He mosxer; 6) mozxer. 1019. 1) He o6s3atensHo; 2) 064-
satearHo. 1020, 1) He ob6szarensho. 1021, He cneayer. 1022, He

cienyer. 1023. Boobiue rosopa, Henbsd. 1024.a) P, = 1- (”+1)x"+”x“1,

1012. A=

(1-x)?
.onx_. n+1l
Q - Ltx-(nsl)iens @n?y2n-Denioptzez o o _ sinTysinTmx
n 3 ’ ) s ——— ]
(1-x) S X
sin—
2
nsin%sin-———zn)r lx ~ gin2tX nshfz—xsh(nJr %)x~ shZ%J£
T, = 24 - 2. 1025. S, = .
25inzx 2X
sin 2 2sh 3

1026. S, = %. ctg éx_" —ctg x. 1029. 40m cm?/c. 1030. 25 m2/c; 0,4 m/c.

1031. 50 km/u. 1032. S(x) = %2 ,ecam 0 < x < 2; S(x) = x% - 2x + 2,

ecan x > 2; S’(x) =x,ecnn 0 < x< 2; S(x)=2x -2, ecntt x > 2.
1033. S(x) = |x| —xt + L 3 ® arcsin ' ; S'(x) = Ja2-x? sgnx (0 < |x| < a)

;o 1 ' 1 v — .
1034. yx—m.1035. v, —m.IOSB.a)—oo<y<+oo, xy—xfl,
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. T 1 L R) - . =
6) OO<y<+OO,xS/ -_,B) OO<y<+OO,x

1
1-x+y (VS P
X, = 1. 1087 @) xy = 1 /l-y (0 <y <) x=-J1-JT-y

-y

;i -l<y<l1;

O<y<1a=A1-JT-yg O<y<1)y; x,= J1+ /1y (-0 < y<1):

oo 1 o ) |y < N
=L (=1,2,3,4); 6)x, =~ -4 (0<y<1) x,
X = b G R e IR AR R
O<y<1) x :53‘_“5 (i=1.2); B) x, = -In(1l + JT-y) (-0 < y < 1);
Yy
xy=In LAl 8 (0« y <1y x) = A (i=1,2).1038. y :% x
Y

2((” (;Zx

x(1+1);=3; —g u —g (4 4).1039. _(1_‘_1_{;-\% (t>0,t#1).1040. y, = -1
H1-t

(0 <x<1). 1041. y, = S ctg t (0 < |t] < n). 1042, y, = 1—1’ cth ¢ (¢| > 0).
s

1043. y! —ftgt[ t= 2

n k— u,enoe 1. 1044. y. = ctg é (t # 2kn, b —

T

uenoe). 1045. y, =tgt - tg ((+ %/‘, (t = 1 +kmt g + }m\). 1046. y, =sgut

(0 <lt| < +00). 1048. ' =1=2-¥; 5.1 4049 2 1050. 2% 1051. —Jﬂ.
x -y 2 2 u azy x

1052. ~;,J§. 1053. 2%, 1054. a) tg (¢ + arcig ¢); 6) ctg i;f ((p;ﬁO,
x xX-y 2

(p»ti%—;—[); B)tg[(p+arct } 1055.a)y:-'i/4(x+1); y:—%.g(x-kl);

1
m
6)y=3,x=2;8) x=3,y=0.1056. a)(% %) 6) (0, 2). 1058. x| < I u

23’_‘ <|x| < m. 1059. max |y, — y| = 107 = 31,4. 1060. £ . 1064. a) 2 arctg ll
al
2 2
6) 2. 1066. |X|. 1069. ;L"_' 1071. b% - d4ac = 0. 1072. (E) + ‘} -0
n a v 3

1073. a = zi 1077.a)3x -2y =0, 2¢+3y=0; 6)3x-uv~—-1=0,
e

x+3y-7=0.1078.a)y =x,y=-x,0)3x-y-4=0,x+3y -3 =0;

B)y = —x; y= x. 1079. y - 2a = (x - aty) ctg % KacarenpHaa K

LOUKJIOUAE NEPITEHNUKY. IADHA K OTPE3KY, COeqMHAIIeMY TOUKY KaCcaHUudg C

TOYKOH CONPUKOCHOBEHUs Karsulerocs kpyra. 1081. 3x + 5y — 50 = 0,

5x-3y—-10,8=0.1082. x +2y -3 =0, 2x -y~ 1 = 0. 1083. Af(1) = Ax +

+ 3(Ax)* + (Ax)*; df(l) = Ax. a) 5, 1; 6) 0,131, 0,1; 1) 0,010301, 0,01.
1084. Ax = 20At + 5(At)?, dx = 20At; a)25m, 20 M; 6) 2,05 M, 2 Mm;
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1087.

x2 x2-q

5)0,020005 m, 0,02 M. 1085. ~%% (x # 0).

(x] # la}). 1088.

. 1089. ﬂ dx (x} <lal). 1090. a) (1 + x)e*dx;
Jx +a Ja?-x

6) x sin x dx; B)—3dx (x=0); r) 22 10% gy (x> 0); ) —FEE_; o) 9%
2xJx

2 3
A/a +x (1-x2)?

(< 150 2282 () < 1 0) —LEs (] > iw) L5 (5 T 4

cos3x
k— uenoe!). 1091. vw du + uw dv + uv dw. 1092. % (v # 0).

1093, -ddirvdy (2 4 2 5 0), 1094, 2dumkdy 2 4 g2 5 (),
(u?+ v2)? ity

1095. udzwvdv (12 + v¥ > 0). 1096. a) 1 — 4x* ~ 3x5; 6) (cosx si:x);

B) —ctg x (x # km, k — uenoce); r) —tg? x (x # g + kn, B — uenoe!) ;) -1

(|x] < 1). 1097. a) YBenanuurca Ha 104,7 cm?; 6) yMenbuiuTes Ha 43,6 cm?.
1098. VBenuuuts Ha 0,0223 M. 1099. 1,007 (110 Ta6aumam: 1,0066).
1100. 0,4849 (1o rabauuam: 0,4848). 1101. -0,8747 (1m0 rabaunam: —0,8746).
1102. 0,8104 = arc 46°26’ (no Tabnuuam: arc 46°24"). 1103. 1,043 (10 Tab-
mumam: 1,041). 1104.1. a) 2,25 (10 rabaunam: 2,24); 6) 5,833 (110 Tabaunam:
5,831); B) 10,9546 (o rabaunam: 10,9545); 1105. a) 2,083 (1o tabauiam:
2,080); 6) 2,9907 (no rabaumam: 2,9907); B) 1,938 (o rabaumam: 1,931);
1) 1,9954 (o rabauuam: 1 9953) 1106. 0,24 m?; 4,2% . 1107. 5, <0 33%.

1108. a) 8, = §; 6) 3, = 25,. 1109. 0,433, 1111. ;‘_lﬁ“—f)’;g 1112,

(1—x2)E

(el < 1). 1118, 2¢-% (2~ 1). 1114, ZE0E (oo 2ot R p =0, 41, .. ).
cosdx 2

1115. 12" _ + 2 arctg x. 1116, 3% _ 4 (Lx 2xfjaresinx 4 o3y 3197, 1
+ X X

(1 x2)2 (1 _ x2)5/2
(x > 0). 1118. _EH-%;MQ (f(x) > 0). 1119. —?; sin (In x) (x > 0).
1120. y(0) =1, y/(0) =1, y"(0) = 0. 1121. 2(uw” + u?). 1122. “”"u; w? "”"v; b2

(uv > 0). 1123, (2= vBuu v v )+ (wo = uv)® (2 4 25 ), 1124, " = U’ x

(u + 02)3/2

2 ’ 1,
Lk u— v 1nu) +v“”—u:2.‘-‘-f + %u_” + 1nu]. 1125. y” = 4x2 f"(x?) +

F2f/ ety = 87 [(x) + 12x f7(x%). 1126, 7 = - f”(l) +2 f(i)

X

xﬁ
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Y = eFf(er) + 3ePf(eF) + ef(e¥). 1128.y" = f;[f”(ln x) = f'(In x)1;

¥y’ = é [F(In x) = 3f"(In x) + 2f(In 1)]. 1129. 5" = ¢*(x)f"(0(x)) + ¢"(X)f (9(x));

v = @) (p(x)) + 30" ()" () (p(x)) + ¢ (%) (9(x)). 1130. a) ¢* dx?;
6) e(dx? + d%x). 1131, —94*¥' 13132 2Inx-3 .2 (45 ).
(1 + x2)3/2 x3

1133, x* [(1 +1n x)? + l} dx®.  1134. u d?v + 2 du dv + v du.
X

1135. (vd?u - ud?v) - zdv(vdu udv) (v > 0). 1186. u™~ 2 yn- 2{[m(m_1)v %
v

x du? + 2mnou du dv + n(n — Du? dv?] + uv(mv d?u + nu d?v)}.
1137. a* In a(du?® In a + d?u). 1138. [(v? — u?) du? - 4uv du dv + (u? - v?) dv? x
X (u? + v¥)(u d?u + v dPo)(w?+ vH? W+ v?>0). 1139.[-2uv du®+
+ 2(u? - v?) du dv + 2uv dv? + (u? + V¥ (v d*u - u al%)](u2 + v?)72

24025 0). 1140,y = —3 5 y"= — 3 (t#1). 1141. S
(u”+v">0) 0y =i Y Teag ¢FD V=
t
1 COS§
== BCOSL (4 hr, | — nenoe). 1142.y" = - oyt = —2
a®sin>¢ 4asintl 4q%sin7l
2 2
(t # 2k, k — nenoe). 1143,y = — ;= €X(2sint+ cost)
2 0053( ) ﬁcos5(t + g)
=T 4k :o,¢1,i2,...).1144. ” =) #0
(17§ VS Y e 070
1145. ¢ = L 1 =—L,x 1 51”-35”2;35 y’zy“—10y’ ’ /n+15ylr3
Y y'd y'® y'T
"% 0). L% .25 Thx 3 25 _ 225  qyqy47 p _p2 3p%
(v #0). 1146 -, 2 Thx 8 28 2 g f, -2, 3
114 _ x-y v 6 , 0o 54x . 1149. ’— 2x3g;
V=i Y T wma VT ey Vo1
v= 2R (301 4y 4 2xt (1 y)) 1150,y = EEU; = 2(EeuD)
y deg “[8(1 +y%) x* ( 2] y=— Y T

1151. a = —;—f”(xo); b= fx); c¢=flx). 1152.20 - 10¢, -10; 0, —10.

2na 27 4n2a 27
1153. v = - === sin =1¢, = — cos =t. 1154. x = v,t cos a,
53 T T w T2 T 0
. E 2
y:votsina~5—t—z;v:Jué—ZuOgtsina+g2 t2;w=g;y=xtga—#———:
2 2vgcosia

2 . 2
”021;‘2“; UEO sin 2a. 1155. x% + y? = 25; 5lo), 5wl 1156. y© = 4 - 61; y@ = 0.

_am(m+1)(m+2) (o) — _ 17! "
1157. y” porr (x #0). 1158. y —210 vz (x> 0), rge nl!
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obo3Havaer IIpox3BeaeHe HaTypaJibHbIX UyKceJI, He IIPpeBbIlIalid X Yucjia 1, u
8!
(1-x)°

— 1971399 -x 20) _ 920 ,2x
(x#1). 1160,y = _1971BI0=%) (1 1) 1161. 520 = 220> (x2 + 20x + 95).
y( 2100(] — x)mom y( )
At
Pt

OAMHAKOBOM YeTHOCTH ¢ HUM, T. e. 17! =1-3+5 ... 17. 1159. y® =

10 .
1162. y(19 = ¢* Z (-1) e Ay =10-9-...(11-i) n 4 =1.
i=0

i=

1163. y® — —% (x > 0). 1164, y® = % - lx_260 Inx (x> 0).

1165, y®» = 250 [—x2 sin 2x + 50x cos 2x + %25 sin Zx). 1166. y” =

= 27(1-3x)"-36 27_36 sin 3x — 201 -3x)7—28 21; 28 cos 3x (x;é %) . 1167, yto =
(1-3x)3 (1-3x)7
= -28sin 2x — 2'8 sin 4x + 2% - 3% sin 6x. 1168. y'°? = x sh x + 100 ch x.

1169. y!V = —4e* cos x. 1170. y® = ,% + (-1-;—15& - 1%0 + %) sin 2x +

+(8 - 180 + 12 4321 x) cos 2x. 1171.120d’. 1172~ 12 ax?
x x x 8x3 Jx

(x> 0). 1173. -1024(x cos 2x + 5 sin 2x) dx'°. 1174. ¢* [ln x+ % -5 4

x2

x3

+38 - %) dx!. 1175.8 sin x sh x dx®. 1176. 2ud"u + 20 du du +

+ 90 d%u d®u + 240 d®u d"u + 420 d'u d®u + 252(d%u)?. 1177. e“(du* +

+ 6du? d’u + 4 du d'u + 3 d%u?+ d'w). 1178, 24 _ Bdudiu  d%u
u

u? u
1179. d%y = y” dx® + y’ d®x; d’y =y’ dx® + 3y” dx d?x + y dix;
dly = yVdx' + 6y’ dx?d’x + 4y” dx d®x + 3y d®x? + y’ d'x.

dx dy dx| 4% 4y |_ 342, dx dy
L_|d*xd?y| o, | dixdiy d?x d’y ) = a.nl
1180. y et P 1187. P™Y(x) = ayn!
1188, G tnlen-t(ad - be)  qqgg. nz[ﬂﬂ +__1__}. 1190. (-1)"n! x
(cx+d)'”1 x:Hl (1~x)ll+l
1 1 1-3..(2n-1 1
- ) 1191, L1.3.(@n-1) < 1y,
[(x—Z)'”‘ (x—l)"”] 9 1 (x 2)
(1-2x)""2

(1)t 1.4 . (3n-5)(8n+2%) (159 pre on-1 nn
1192. TR (n>2x%-1). 1193 ~2"" cos( 2 +1F).

Lon-1 + o ,§~( M_Z'[ y_t)_
1194. 2 cos[Zx 2) 1195 4sm x + 2) 3 sin { 3x + >

1196.% cos(x+ -”2—“) + ?'4—" cos(3x+ %‘) . 1197. le—)—b" cos [ (a-b)x+ %‘} -
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_(a+b)" nn (a-b)" _ nn a+b)"
3 cos[(a+b)x+ 2]1198. 5 cos[(a bx + 2}+ 5 X

X COS [(a+b)x+%‘] 1199. Sa—z_”)" sin [(a—b)x+92_“] N a+2b"><

xsin[(a+b)x+22’_‘]1zoo.’lzfcos(ber 222) - (200 cos [(2a - by + 2F] -

- gza—sz cos [(Za + bx + %‘} 1201. 4" ! cos (4x + %‘)

1202. ¢" x cos (ax + EZE) + na" " !sin (ax+ %T) . 1208. o" [xz— n(n-1) L 1 } x

a

X sin (ax + %T) - 2na"~ ! x cos (ax + %I) . 1204, (-1)'e*[x% - 2(n - 1)x +

k41

_ _ < |1 S vk n(n=1)...(n-k+1)
+ (n - 1)}n - 2)]. 1205. e {x + ;( 1) = }

1206. e* - 272 cos(x + ”Tn) 1207. ¢ - 22 sin (x + %T)

a

b)'

1208. =D 1 4 pxyn 4+ (1) (@ - bx)"] (le <

(aZ — b2x2)n

1209. ¢ [a"P(x) + Cla" " 'P/(x) + ... + P™(x)]. 1210. %{[(x + n) -

- (D)"x—-n)]chx+[(x+n)+ (-1)(x - n)]sh x}. 1211. d"y = €* [ x" 4+

dx"

L

S SRl (el LGRS PR +n!} dx". 1212. m{lnx— Zl.
2! xn+1

i=1

(x> 0). 1214. a)(a® + bz)g . [cos (n(p - 9—2-7-[) ch ax cos (bx + 512—“) -

- sin (n(p - %t) sh ax sin (bx + %ﬂ, 6) (a® + 122)g l:cos (ng - %T) ch ax x

. nm . _ ﬂt‘ nn _ a
><sm(bx+ 7) +sm(n(p 2)shaxcos(bx+ 2)],mecosq> —
-1
i = b ) =t _1y thon-2p+1 _ v F 9p —
sin ¢ T 1215. f"(x) 1y T2 (» — k)" Cy, cos [( p

0

k=
- 2k)x + 2F]. 1216, a) i (_1),,”@-_223;12 Ch,.1 sin [(Zp - 2k +
k=0

-1
+ Dx + "—2"}, 6) i 2n-2+(p - k)"cf;,, cos [(2p - 2k)x + %‘},
0

k=
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p n —_ n
n Y 'L&:fj—+1lczp, | COS {(2;; 2k + 1)x + 2F ] L1218, G- D
k-0 (1+ xz)z
¥ sin (n arcetg x) (x = 0). 1219. a) %' [27' 1+ (-1)"]; 6) _rg22n”_—lL (n>1).

1220. a) n (n ~ 1)a" "% 6) f*(0) =0, " D(0) = (-1)2k) (k=0,1,
2,0 B) 0y =0, Y =(0)=[1-3...2k- 1P (k=0,1,2,..).
1221. a) /P9(0) = (=1)'m*(m® - 2%) ... [m® — (2k =2)*], f** "1 (0) = 0;
6) fE0) =0, f(0)=m, [ D0) = (~1)'m(m?* - 1%)...[m* — (2k —1)?]

L 200 = (—1)E- L. _ 1 1
(h=1,2,...). 1222. a) f2N0) = (-1)* " - 2(2k 1)!(\1+3 ot L 1)

FE0) =0 (k= 1,2, .); 6) f29(0) = 2271 [(k = DI, 71 (0) =0
(h=1,2,...). 1223. n!g(a). 1228. L,(x)=(-1)" [ ™ — m2xm 4
PR Ll et b (-1 ml] . 1231 H () = (20" - 2L 2t +

- m(m-1{(m-2)(m-3) (2x)" - 4
21
KoHeuHOU npoussogHol f(x). 1244. A (-1, -1), C (1, 1). 1245. He Bepna.

’x2+xAx+l(Ax)2—x
6) 0 — 3 (x > 0, Ax > O);

Ax

_ o fiahr g _ 1 1
n)nfz\;( 1. & 1) (x(x + Ax) > 0); 1) 0 ln Ax . 1248.¢ me

2. 1250, BooGwe rosops, HeT. 1261. f(x) = cp + c;x + oo + + ¢, _ 12" 71,

— ... . 1236. IIpu x = 0 He cymecTByeT

1246. a) 0 =

i

[

raec, (i=0,1,...,n- 1)nocrosaunst. 1268, ITpu —00 < x < % ()YHKIIUA BO3pacraer,

apn % < x < +00 y6piaer. 1269. IIpu -0 < x < ~1 Qpy"xkuusa yéuisaer, 1pu

-1 < x < 1 Boapacracr; nipu 1 < x < 400 y6pipaer. 1270. IIpu —0© < x < —1
(pvHkINA yOsiBaeT, upu ~1 < x < 1 QpyHKUMA BO3pacTaeT; mpu 1 < x < +00
yoemaer. 1271, TIpn 0 < x < 100 Qpyrruua sozpacraer; npu 100 < x < 400

vorBaer. 1272, dyrkuma soapacraer. 1273. B npomexkyTkax (%’—t , {ez_n + g)

(OVHKLI1A BO3PACTALT; B IPOMEKYTKAX (k—l[ + I ko g) youisaer (B =0, +1,

2 3 2
..). 1274. B npowemyTKam 1 ) u ( -1 1 j QyHKIUA
2}L+l 2k . 2k+17 2k+2
BO3DACTACT; B ITPOMEXKYTKAX ( 1 , -t ) u [—i -1 j y6bIBaer
: 2k+2° 2k+ 1 2k7 2k+1

(k=0,1,2,..). 1275. IIpu —© < x < 0 QpyHKIUA yObIBaeT; npu 0 < x < —1':%5
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BO3pacTaeT; Ipu -1-1% <x <+4ooypuiBaer. 1276, ITpu 0 < x < n QpyHKLMA BOZPACTACT;

npu n < x < +00 y6pisaer. 1277. YobBaer npu —0 < x < -1 1 0 < x < 1; Bogpacracr
- 7—" + 2km Qﬁ < 2k

mpu -1 <x<0ul<x <400, 1278. B npomeskyTrax ( ¢ 12 , e 12 |
\ ,

13n

17n
(OYHKIUS BO3PACTAET; B IIPOMEXYTKAax (e 12

— ~ 2kn
e 12 j ybObiBaer

v 2k%
B

(=0, =1, 2, ...). 1283. He o6azareasno. 1298. B touke A kpuBas BOrHYy ra
BBepX; B Touke B BorHyra Bauad; C — Touka neperuba. 1299. 'padux npu
—00 < x < 1 BoruyT BBEpX; IIpu 1 < x < +00 BOTHYT BHU3; X = | — TOUKa

neperu6a. 1300, Ipu x| < & — soruyrocts Buua; npu x| > - — sornyrocrs
3 3
BBEDPX; X = i% — rtouku neperuba. 1301, IIpu x < 0 — BOrHYTOCTHL BHHS;
3
rpu x > 0 — soruyrocts BBepx; X =0 — rouxa neperuda. 1302. Boruyrocts
peepx. 1303. Ilpu 2kn < x < (2k + 1)T — BOIHYTOCTb BHHU3: IpH
(2k + 1) < x < (2k + 2)I — BOTHYTOCTH BBEPX; X = KM — TOUKU Ieperuda

(B =0, 1, £2, ...). 1304. IIpu |x| < AE — BOTHYTOCTb BHH3; IIPH |x| > Jg -

BOTHYTOCTb BBEPX; X = iA/% — rtouku neperufa. 1305, IIpu [xf < 1 —-

BOPHYTOCTB BBEDX; 1ipu |x| > 1 -~— BorHyTOCTH BHM3; x = *1 — ToOukU
2k 38 26m+ 1
nepernba. 1306. Ilpu e b <x<e 4 — BOTHYTOCTB BBCPX; MpII
2km+ T 2km s 28 kn - &
e 1 <x<e 4 _ BOTHYTOCTb BHM3; X = e 1 — TouKl

neperuba (k = 0, £1, £2, ...). 1307. Borryrocts BBepx npi 0 « x « 407,

1309. 2 = -1 . 1310. Boruyta srua (npu a > 0). 1318. 2. 1319. 1.
o2

1326.

S &

1320. 2. 1321. -2. 1322. :li 1323. 7%. 1324. 1325.

LI
B

V2
1327. 1. 1328. &= b 1329. 1 In a. 1330. -2. 1331. 1. 1332. 9) . 13338, =
3ab 6 ) i

AN

o=

1334. % 1335. 1. 1336. 0. 1337. 0. 1338. 0. 1339. 0. 1340. 0. 1341. 0.

1342. 1. 1343. 1. 1344. -1. 1345. ¢*. 1346. ¢'. 1347. pi 1348. ¢!,

1349. 1. 1350. 1. 1351. 1. 1352. ¢inie (a = "2", k — uenoe |.

Lin2a - n2p) 1 1 1 _
1353. e? . 1354. 3 1355. 3 1356. 0. 1357. *§ . 1358, a(Ina — 1).
1 1 |

1 1 1
.1362. 1. 1363.a)e%;6)e 5;B)e?i1) e ?;

.2
n

1359. -£. 1360. 1. 1361. ¢
2 a
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%) ¢t. 1364, ¢ 2. 1365. ¢ 7. 1366, c1. 1367. % 1368. a) J/e; 6) 0.
1369.—%. 1370. a. 1371. tga. 1373.2. f(0) = -L. 3.y =1 (x+ ;)

1374. a) IIpaBuno Jlonuranag HelIpUMEHUMO, [Ipeses paBeH HYJ0; 6) npa-
BuJjo JlonuTais HEIIPUMEHUMO, [1pejes paseH 1; B) GOpMaIbHO IPUMEHEH~
Hoe npaeuio JlonuTana faeT HeBepHBI peayabrar, pasHblil 0, npesen He
CcyllecTByeT; ') NpuMeHeHHe IpaBuja Jlonuransga HE3aKOHHO U IIPUBOAUT

K HEeBEPHOMY pe3yJbTaTy, PABHOMY HYJIO, npeaen He cyuiecrsyer. 1375. % .

1376.5 - 13(x + 1) + 11(x + 1)2 = 2(x + 1)*. 1377. 1 + 2x + 222 — 2x* + o(xc?);

~48. 1378. 1 + 60x + 1950x2 +o(x?). 1379. a + — L — M- Dx2 4 )
mam— zmlalm—-l

1380. x + b+ o(x®). 1381. 1 + 2x + + 2 —§x3—%x4—1—15x + o(x%).

- X x2 o xt 1 _oxt _  xtd 13

1382. 1 3 + 3 =56 + o(x"). 1383. «x 8 3310 + o(x'?).
_x?_xt X8 6 o x? 3 X8, 2x°

1384. 5 13 & + o(x®). 1385. x 3 + o(x?). 1386. x + 3 + 15 +o(x®%).

_xr o xt x8 6 1 -1, _ 1y Y
1387. 5 180 2835+o(x).1388.1+2(x 1) 8(x 1)* +o((x — 1)°).

1889. (x = 1) + (x = 1) + 2 (x = )" + o((x ~ 1)"). 1390. y = a + £ + o(x).
11 1 LA IR i "
1391 L - L o[ L) 1802, mx+ & - S 1y R o).

1394. a) MeHnsblire 6) He IpeBbIIIAeT B) MeHsime 2 - 107%;

3 . 1 .
(n+ 1) 3840°
I') MEHbIIIe 11_6 .1395. 1. [x] < 0,222 = arc 12°30". 1396. a) 3,1072; 6) 3,0171;

B)1,9961;r)1,64872; 1)0,309017;¢e)0,182321;k)0,67474 =arc38°39'35";
3)0,46676 = arc 26°44'37”; u) 1,12117. 1397 a)2,718281828;6)0,01745241;

1) 0,98769; r) 2,2361; 1) 1,04139. 1398. —-L . 1399, 1 . 1400. 1.1401.1.
1402. 1 1 . 1403. In? a. 1404. 1 1 . 1405. 0. 1406a)1 6) 19, B) L ,p)l 1407. g;
408. x2. 1409. £, 1410.1. a = 2, =—l.. =--- =-L1 34-1
1408. % 1409. £. 1410.1. a 3,b 2. A iB=-L.3.4=1,
.1 po _2,

12 ,C=~3,D= 1 . 1411. a) :6) 4 x,B)mO ) d12.a=;

B= 1 .1413. 1(20 rie ot — MOJIOBMHA IEHTPANBHOrO yria aAyru. 1414, Makcumym

y= 2Z 1pu x = § . 1415. 9kcrpemyma Her. 1416, Munumym y = 0 nipu x = 1.

1417. Munumym y = 0 npu x = 0, eciu m — yeTHOE, ¥ SKCTPEMYMAa HeT [1pU

— . _ m™n" _m
x=0, ecau m — HeuyeTHOE; MAKCUMYM Y = (——)7— npux =
m+n)m+n m+n

s MUHUMYM
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y =0 npu x =1, ecnu n — yeTHoOe, ¥ BKCTPEMyMa HeT npu x = 1, ecau n —
neuyeTHoe. 1418, Munumym y = 2 npu x = 0. 1419. Muaumym y = 0 nipu
x = ~-1; makcumym y = 10%° = 1 234 000 npu x = 9. 1420. Makcumym
y=1mnpu x =0, ecnu n — HedeTHOe, U 3KCTpeMyMa Her Ilpu x = 0, ecmu n —

yeTHoe. 1421, Munumynm y = 0 npu x = 0. 1422, Makcumym y = é 3/4 =0,529

npu x = %; muaumMyM y =0 mpu x = 1; akcTpemyma Her npu x = 0.

1423. MunumyM f(x,) = 0, ecnu ¢(x,) > 0 u n — uerHoe; MakcuMyM f(x,) = 0,
ecau O(xy) <0 1 n — uderHoe; f(x,) — He BKCTPEMYM, €CJIX n — HedeTHOoe.
1425. Her. 1427. a) Muaumym f(0) = 0; 6) munumym f(0)= 0. 1428 MuHuMy™
7(0) = 0. 1429. ITpu x = 1 makcumyMm y = 0; npu x = 3 MunumMyMm y = —4,
1430. MunumyM y = 0 npu x = 0; makcumyMm y = 1 ipu x = 1. 1431. IIpn

5- .13
6

~ 0,23 MI/IHI/II\;IyM y = -0,76; npu x =1 makcumym y = 0;

x =
npu x = 5—+6“/—1—("i =~ 1,43 muaumym y =~ ~0,05; npu x = 2 aKcTpeMyMa HerT.

1432. IIpu x = —1 makcumyM y = ~2; npu x = 1 MmusumMym y = 2. 1433. Ilpu

x = -1 MmunumyM y = —1; npu x = 1 Mmakcumy™m y = 1. 1434. IIpu x = T

=

1

MUHUMYM Y = —2%4 . 1435. IIpu x = 0 u x = 2 — kpaeBoit MuHuUMyM Yy = 0; npu

x = 1 makcumyMm y = 1. 1436. IIpu x = i- MHUHUMYM Yy = —g 3/2 = -0,46;
npu x = 1 sxcrpemyma Her. 1437. Ilpu x = 1 makcumym y = ¢! = 0,368.
1438. IIpu x = +0 xpaesoit MakcumyM y = 0; 1pu x = ¢ 2 = 0,135 MUHUMYM

y = -2 = -0,736. 1439. Ilpu x = 1 munumym y = 0; npu x = ¢ = 7,389
e

MaKCUMyM Y = ﬁ ~ (,541. 1440. Ilpu x = kn (k =0, 1, +2, ...) MakcuMyM

y= (1) + %; npu x = i%’-t + 2kn (k =0, £1, 2, ...) MUHUMYM y = —% .

1441. TIpu x = kn (k = 0, 1, +2, ...) maxcumym y = 10; mpy x = n(k + %)

(=0, 1, £2, ...) murumyM y = 5. 1442. Ilpu x = 1 MaKcUMyM y =

w1

- % In2=0,439. 1448. Tpnx = - + 21k (k = 0, 1, 22, ...) MusuMym

_n,
y= ——“/de 4 m; npu x = 37475 + 2knt (R =0, 1, £2, ...) MakcHUMyM

an
y= g et W. 1444. TIpu x = -1 MakcumMyM y = e™2 = 0,135; npu x = 0

MuHumyM y = 0 (yraosas Touka); npu x = 1 makcumym y = 1. 1445. é ; 32.
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1446. 2; 66. 1447. 0; 132. 1448. 2; 100, 01. 1449. 1; 3. 1450. 0; lgﬂ ~ 36,8.

_3n
1451. 0; 1. 1452. 0; é(l + J2)=1,2. 1453. —ge 1 =-0,067; 1.

1454. 1.m(x)=—l,ecm/1 —00 < x < -3; m(x) = 1t x ,ecan ~3 < x < —1;
6 3+ x?
m(x)=0,ecmx—1<x<+00;M(x)=%,ecnu—OO<x<1;M(x)=3l+;2,

;
ccam 1 < x < 400, 1455.a) X2 = 177107 6) L ; 5) /3 = 1,44.
214 b ’ 200’ 3

1457. 9-+46—J§- ~4,85. 1438.q = ~%. 1459. 217. 1460. g(x) = (x, + x)x —

- é(x? + x5 +6x,0); A= %(Jc1 - x,)% 1461. % . 1462. OuH kopens: (3, +00).

1463. OxuH Kopenb: —00 < x; < —1, ecnut A > 27; Tpu KOpHA: —© < x| < -1,
-1 <2x,<3u3<x3<+00, ecau =5 < h < 27; oguH KOpeHb: 3 < X3 < +00,
ecau h < —5. 1464. JIra KopHsa: —~© < x; < -1 u 1 < x, < +00, 1465. Onun
KOpeHb: —00 < x; < —1, ecnum —% < a < —4; Tpu KopHA: —00 < x; < —1,
-1<x,<1ul<xy<+0, ecnu —4 < a < 4; oguH KopeHb: 1 < x; < +00,
ecau 4 < a < 400, 1466. Onun Kopenb: 0 < x; < 1, ecit —© < k < 0; aBa

xop}m:0<x1<i n% <x2<+00,ecnu0<k<l;xopneﬁHeT,ecnnk> L
€ e

2
1467. KopHeit ner, ecnut a < 0; oiH KopeHb: —00 < x; <0, ecmn 0 < a < % ;

2
Tpuxopﬂﬂ:—oo<x1<O,O<x2<2u2<x3<+00,ecnu% < g <+,

1468. [Ipa xopua npu ja| < 3./3 /16; ner kopHeit npu |a| > 3—1“? . 1469. IIna

KopH:: 0 < |x,| < & u & < |x,| < +00, rae & = 1,2 — nonourenbHbIi KOPEHb
ypasHenusa: cth x = x, ecau |k| > sh & = 1,50; kopuneit Her, ecnu [k < sh &,

1470. a) S—; + i—g > 0; 6) QL; + %2 < 0. 1471Y. CumMeTpus OTHOCUTENBHO

Hauaja xoopauHaT. Hynu dyuknuu: x =0unx =% = J3 £1,73. Munumym
y = -2 1pu x = —1; MmakcumyM y = 2 npu x = 1. Touka neperuda x = 0, y = 0.

1472. Cummerpusa oTHocurensHo ocu Oy. Hynu x = 41+ J3 = +1,65.

MunumyM y = 1 npu x = 0; MAaKCUMYM y = 1% npu x = +1. Toukn neperuba:

x=+1l = +0,58; y =1 % . 1473. CummMmerpus orHocuTenpHO Touku A (1, 2).
3

Hynu: x = -1 u x = 2. Mudumym y = 0 npu x = 2; Maxkcumym y = 4 npu
x = 0. Touxa neperuba: x = 1, y = 2. 1474. CuMMerpusa oTHocUTeNbHO ocu OY.

D K sagauam Ha [10cTpoeHMe rpadKOB HE Be3je JATCA I10JHbIe OTBETHI.
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Hyau pysxuun: x = £./2 =~ +1,41. MakcuMym y = 2 npu x = 0; MUHUMYM
y=1- ‘/75 ~-0,12npu x =+ /2 + /5 =~ +2,06. Touku neperuda: Xy, ,=20,77,
Y= 1,045 x3 4 = 2,67, y, , = —0,010. Acumnrora y = 0. 1475. Touku
paspbia: x =2 ¢ x = 3. Hynu: x = +1. Munumym y = —(10 — J96) = -0,20
npu x = ks—m =~ 0,42; maxkcumym y=—(10 + J96) =~ -19,80 upnu

x = 7%@ =~ 2,38. Touka neperuba: x = -0,58, y = —0,07. Acumnrorsi:
]

x=2,x=3uy=1.1476. Touxu paspsiBa: x; = —1 u x, = 1. Hynp byHKIUU
x=0. Touek akcrpemym™a Het. Touka neperuta x ~—-0,22, y = -0,19. AcumI-
ToThl: x = -1, x =1 u y =0. 1477. Hynp dpyuxnuuu x = 0. Touka paspsisa

x =-1. Muaumym y = 0 npu x = 0; MAKCUMYyM Yy = *9%—? npu x = —4. Touek

neperufa Her. AcuMnToThl: x = ~1 n y = x — 3. 1478. Munumym™ y = 0 npu

x = —1; rTouka neperuba x = -4, y = 6871" . Acumnrotel: x =1 n y=1.
3]
1479. MakcuMyMsbI y = —% =~ —8,82 nipu x = —§+—2“/E = -3,56 u

y =0 npu x = 0; MUHUMYM Y = §4——“/i-3’_%_—ﬁ = —0,06 npu x = @ = 0,56.

Touka 1eperuba x = -51;, y= *11—5. Acumnrorer: x = -1 u y=x - 3.
1480. CuMMeTpHsa OTHOCUTENIBHO Hauasia KoopAUHAT. ToUueK 9KCTpeEMyMa HeT;
Touxka mneperuba x =0, y =0. Acumnrorsi: x=-1, x=1 n y=0.

1481. Munumym y = 13% 1py x = 5; ToukH rieperuba: x =—1, y = 0. ACUMITTOTHI:

x=1uny=x+5. 1482, Munumym y = 2% IHpu x = 2; MaKCUMyM Yy =~ ~3,2
npu x = —2,4; rouka neperuba x = 0, y = 8. AcumnToTsl: X = ~1 u y = x.

1483. Cummerpus oTHOcKTeNbHO ocu Oy. Hynu Gyskuuu: x =+ -“/%_0- ~=+0,79.

Touek skcrpeMmyma HeT. Touku neperuta: x =+ Jg =40,71,y=-2 g . AcuMnToTsI

x=-1,x=0,x=1uy=0. 1484. O6aacrs cymecrroBanusa: 0 < x < +0o,
Hymu: x =0 u x = 3. MudumyM y = —2 11pu x = 1; KpaeBoif MakcumymM y = 0

1pu x = 0. BorsyrocTs Beepx. 1485. a) O6acTs cymiecTBoBasus: |x| < 2./2 = 2,83,
CuMMeTpusa OTHOCUTEJIBHO Havasa KOOPAMHAT U oceit koopnuHaTt. Hynn:

x=0ux==22/2. Makcumym |y| = 4 npu x = +2; munumym |y| = O mpu
x = 0; KpaeBoil MUHUMYM Iy] =0 npu x = +2./2 . Touex meperu6a Het;

0) Hysb QYHKIMK X = 2. MUHUMYM [ = — JB =—2,24 npu x =—0,5. Touxa reperuba

o=~ gy o 2,06 u x, - 128 20,425 4, ~ 1,40,
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Acumirrorsl: ¥ = ~1 npu x — - u y = 1 nupu x — +00, 1486. O6nacrs
cyitecrpoBanuda: 1 S x < 2u3d3 < x <40, Hynm:x =1, x =2 ux = 3,

Makcumym y = ?1) Y12 ~ 0,62 npu x = -6——%“—/—-3 =~ 1,42; kpaennlc MUHUMYMBI
=0 mpu x=1,2u3d. 1487 Munumym y =0 npu x = 1; makcumym

y = g :i/z_l =~ 1,06 ipu x = -% ; Touka neperuba x = —1, y = 0. Acumurora:

y=x- :—i . 1488. Cummerpus orHocuTepio ocu Oy, Munumym iy = —1 npu
x = 0. BoruyrocTb BHU3. Acumnrora: y = 0. 1489. CuMmeTpus OTHOCHTEJIBHO
Hauazna KoopjauHart. Hynas gyaknuu: x = 0. Munumym y = -4/16 = -2,52

npu x = -2; Mmakcumym y = 3/16 npu x = 2. Touka neperuda: x =0, y = 0.
Acumnrora: y = 0. 1490. CumMmmerpus orHocuTeabHO oct Oy. MUHMMYM

y = 3/4 =~ 1,59 npu x = +1; makcumym y = 2 npu ¥ = 0. Borayrocts BHUS.
1491. Cummerpusa OTHOCHTENBLHO Hawama KoopauHar. Toduka pagpbIBa:

x = *+1. Hyap dyHERuuu: £ = 0. Mutumym y = :—/;— ~ 1,38 npu x = Jg;
3/2
J3

MAaKCHUMYM Y = *;/;— Ipu x = - /3. Touxu nepernba x; =0, y, =0 u x, , = +3,
N2

Yoz = tl%. 1492. O6aacts cymecTBoBanusa GyHKuuu: lx} > 1. Cummerpus

orHocurenbHo ocu Oy. Kpaesoit munumym y = 0 npu x = +1. Boruyrocrs

BHU3. ACUMIITOTBI: §f = %' npux — +0ny = ~§ npu x — —00. 1493, O6aacThb

cyuiectpoBanud QpysHruuu: x > 0. Munumym y = —g J3 = 2,60 npn x = %

Boruyrocts BBEpX. AcUMITOTHL [/ = x + 3 u x = 0. 1494. O6nacrs cyiecr-

BoBauus: X 2 0 u x < -3, Hynb pyHruu x = 3—+—2—@ = 4

,30. MUHUMYM
y = 13 pu x = —4; Kpaesoit makcumym y = 1 npu x = 0. Borayrocrb BBepX.

Acummrorsl: Yy = :z —~ 2x npu x — —90; y = —% npu x — +99; x = -3 npu

[ NSRS

x - -3~ 0. 1495. Musumym y = 0 npu x = 0; Makcumym y = 44 = —1,59
npu x = ~2, Touxu nepernba: x; = —(2 ~ J/3) = —0,27, Yy =3 Q%—_S = 0,46;

x, = —(2 + Jﬁ) = —3,73, Yy, = —1 %—@:7 = ~1,72. Acumnrora x = —1.

1496. Cummerpusda oTHOCHTENBHO ocH Oy. PynKuUA Non0KUTE bHAA. MakcumMyM
y= M3 =1,783 mpux = 0; MIHHMYM y = /2 = 1,41 npu x = 1. Touxu neperuta:
Xy = 20,475y, = 1,14 1 x5 4 = £4,58, y, 4 = 4,55. Acumnrors y = *x,
1497. Ilepuox dyukuu: T = 27; ocHoBHaA obaacts 0 < x < 27, Hynu GyHKINN:
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x, =1 + arcsin “/——5211 =~ 1,21nu x, = 2 — arcsin ﬁz—_—l = 1,79n. MUHUMYMbI
y=1 npu x=7—2L u y=-1 npn x=37n; MAaKCUMyM y=1l pu x=g u
x=%’t.Tqun neperuba: x, = arcsin —~°2 1+“/_ ~0,32n, y, = 12 +332ﬂ— ~1,18;

X, =T — arcsin 1+—“/3_3 =0,687, y, = M

; X3 =T + arcsin @ = 1,20m,

Yz = 19 332“/_ = 0,055; x4 = 2n — arcsin —“/———1 ~1,80m, y, = %
1498. Tlepuos QyHKuuu: 271; OCHOBHAA oGnacm - < x < 1. CuMmMeTpusa
OTHOCHUTEJIBHO Hauasa KoopauHaT. Hymu: x; =0 u x,3; = . Munumym

Y —_185 15 =-7,3 npnx=—arccosi = —(0,42m; MakcuMyM y = 18_5 J15 =73
pn x = arccosi ~ 0,42n. Touxku mneperunba: x; = 0, y, = 0;

X, 3 = tarccos (—g) =~ +0,84m, y,3 =i 21 J_5 =12,64; x5 =11, y,5 =0.

1499. lepuoa Gyuxnuu: T = 211; ocHOBHAA 061acTh: ~ < x < 1. CuMMeTpuA
OTHOCHTEJIbHO Hauaja KoopausHaT. Hymu: x; = 0 u x5 3 = £11. MUHUMYMBIL:

y=-22~-094mpux=-2Tux=-1 y-2npuy=1

~ ; MAaKCUMyM
3 2 v

4
y=—2 npu x=-2 y= 2.2 mpu x =2 u x = 3% Toukn neperuba:
3 2’ 3 4 4
x, =0, y; =0; x,; = *arcsin «/% = 10,37, y,53 = i24—7 /30 = +0,81;
X435 =ir(n - arcsin jé) = +0,63n, y,5 = i A/ 0; x67 =727, ysr=0.

1500. ITepuon Gpyarkuuu: T = 271; ocHOBHAA oﬁnacm [~m; n]. CumMmMmeTpus

otHocurenbHo ocu Oy. Hynu dyrxnuu: x, , = tarccos 1_—2“/5 ~ +0,62n.
M R | -0y - 1 — dare ., = 3

HUHUMYMBI: Y = 3 npu x =0; y = *15 IIpyU x = +7; MAKCUMYMBL: § = n
npu x = ig . Touku neperuba: x, , = farccos L}ﬂ = 10,187, y, » = 0,63;

X34 = *arccos %ﬁ = 20,70n, y;4 ~ —0,44. 1501. Ilepuon dyHxmuu:

T= g ; OCHOBHAs 00J1aCTh [ —% , g] .CuMmmerpusa oTHOCUTENBHO 0cu Oy . DYHK-

uuA nojoxurenpHad. Makcumym y =1 npu x = 0; MUHUMYM y = npu

1
2
1502. ITepuox hyHKIMU:

x = i‘% Touku neperuba: x; , = £=, y;, =

el
]
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T = 1; OCHOBHAsA 0OJACTb [ } CumMerpua oTHocuTespHO ocut Oy. Hynn
+T
3

dbysrmn x; =0 ux, , = . Munumympl y =0 npux=0uny=-1n0pux= +§

MaKCUMyM Yy = —19(—5 Ipu x = Farccos i = %0,21n. Touxku neperuba:

Xy, = JL%arccos 1—+—i_ ‘6129 = 40,11m, y, , == 0,29; x5 = -_F% arccos I_—T—— ‘6129 =

= 10,367, y; 4 == —0,24. 1503. Ilepuox pyrxnuu: T = 1; oCHOBHAA 06.1acTh

0 < x < m. Touka paspblBa: X = -‘1—“ Hynu: x; =0, x, = 1. DKcTPEeMyMoOB

2
Her, GyHKIuA Bozpacraer. Touka neperuba: x = % , Y= % . Acumnrora

x = -3173 1504. a) Ilepuox pyukuuu: T = 27; ocHoBHasA o6aacth [-1; 7).

Cummerpus orHocuTensHo ocu Oy. Hynu QpyHKknun: x; , = . MuaumMmym

+I
T2

y = 1npu x = 0; makcumym y = -1 npu x = *n, Touku neperuda: x, , =

’

[\

Yy 2=0. Acummrrorsl: x = ig ux =ir3—47—t ; 6) mepuon Gyakuuu: T = 21, OCHOBHAA

obnacts ~ < x < . PyHKIUA HeuerHad. MuUHUMyM y = ——“/3-_?3 ~ —0,58 npu

%ﬂ . Toura neperuta: x, = 0,

x = —% ; MAKCUMYM Yy = I- =~ 0,58 npu x =
Yy =05%,3="F1, 1y, ,=0. 1505. LlenTpsr cummerpuu (kr, 2kn). Hynu GpyHKIUU:

x, =01 x,3=30,37n, ... . MakcuMymsl y = g -1+ 2knt npu x = E + km,
MUHUMYMBL Y = —(7—2[ -1+ 2k7[) npu x = —(g + kn) . Touyku neperuba:

x = kn, y=2kn. AcuMnrToTsi: X = n (B — uenoe). 1506. Cummerpus

2k+1

T2
OTHOCUTENBHO NpamMoil ¥ = 1. @yHKuuA nosoxxurenpHa. Makcumym y = ¢
npu x = 1. Touxu neperuba x, , = 1 + “—/22 s Y2 = Je = 1,65. Acumrrrora y = 0.

1507. CummeTpusa oTHocuTenbHO ocu Oy . PyHKIUA 00K UTe bHA. MaKCHUMYyM
B
=1 npu x = 0. Touxku neperuda: x, , = t@ = +1,22, Y, 5 :g e ? = 0,56.

Acumnrora y = 0. 1508. ®yHKuusa rnonoxurenbia. MuHumMym y = 1 npu
x = 0. Boruyrocts BBepx. AcuMnrora y = x upu x — +0°. 1509. a) Dyuxuus
HeoTpuuarenpHad; Hyap x =0. Murumym y =0 npu x =0; MakcuMyM

_2
y= ;1/‘3 e 3 =0,39npu x = % . Touku neperuba: x, = 2—‘3—-@ =-0,15, y, = 0,34
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2+ Jé
3
HeotpunarensHaa. Mubsumym y = 0 npu x = kn (k =0, £1, +2, ...); makcu-

. 13
_ 1 ~[8k¢§Jn o _ LT
MYMBI i = = € npu x = = + kn. Touku neperuba x, = (-1)*~ + km,
E 5 4 k 6

H Xy = ~ 1,48, y, = 0,30. Acumnrora y = 0 npu x — +00; 6) QyHKUUA

1 k
f2r+ L-ny¥in
yk=i e [ 8 ] . 1510. Dyuruua nonoxuTeNbHa 1pHu x > —1 M oTpuiarensHa
npu x < —1. Munumym y = 1 npu x = 0. BorayrocTs BBepx npu x > —1 u
BOTHYTOCTB BHU3 n1pu x < —1. 1511. CummeTpust orHOCUTENBHO Ocu Oy . PyHK-
LUA HeoTpuLaTeabHadA; Hyab x = 0. Murumym y = 0 (yrnosasa Touxa) npu
x = 0. Bornyrocts Buua. 1512, O6nacts cymecrtsopania QyHxuuu: x > 0.

Hynp Gpynxkuun x = 1. Makcumym y = 2 ~ 0,74 pu x = ¢? = 7,39. Touka
e

ricperuba: x = ¢*/* = 14,33, y = g(’““/” = 0,70. Acumnrorst: x = 0 mpu x — +0

uy =0 npux — +00, 1513. CumMeTpusa OTHOCUTEJHHO HAaUaJa KOOPAUHAT.
Hyan x = 0. Touek axkcrpeMyma HeT; PYHKUUA Bo3pacramoniaa. Touxku me-
peruba: x = 0, y = 0. 1514. CumMeTpusa OTHOCUTENLHO HaYaJla KOOPAUHAT.
Hyns Gpyaxkuuu x = 0. dyskpust BozpacTaeT. BorayrocTs Beepx npu x > 0
U BOTHYTOCTh BHU3 npu x < 0; O (0, 0) — rouka nmeperuba. 1515, O6nacts
cymiecTsoBanua GpyHkuuu: x| < 1. CUMMeTpUS OTHOCHTENLHO Hauaa Koop-
xuHaT. OyHKuA MOHOTOHHO BO3pacTaer. BoruyrocTs BBepX npu x > 0 u
BOTHYTOCTb BHU3 npu x < 0; Touka nmeperuba: x =0, y=0. AcuMOTOTHI:
x = +1. 1516. CummeTpHa OTHOCUTENBLHO HAaYana KoopAuHaT. Hynb QyHK-
puu: x = 0. Touek sxcTpeMyma HeT; (PyHKIUA Bo3pacTarwuiasa. Touka nmepe-

ru6a:x=0,y=0.AcuMnT0Tm:y=x—gnpux—*—oouy=x+-g npu

x — 00, 1517, Hyas Qpyskuuu x = —5,95. Mudumym y = % + ;—I = 1,285

3

npu x = 1; MakcumMym y = —= + —f =~ 1,856 npu x = —1. Boruyroctn BBepx

1
2
npu x > 0 u BorayrocTs BHU3 npu x < 0; Touka neperuba x =0, y =
AcuMnToTHIL: Y = %C +nOpux — -Ouy= g npu x — 400, 1518, Cummerpusa
oTHOcuTeNbHO ocu Oy. PyHKuNUA HeoTpuuareanta; Hyl1s ¥ = 0. Munumym

i

2x—1rxpux—>—00

y = 0 npu x = 0. BoruyTocTs BBepX. ACHMITOTHL: § = —
u y= gx -1 mpn x — +°0. 1519. CuMmMeTpua OTHOCUTEJBLHO Havaja

xoopausar. Hyns Qpyukuuu x = 0. MUHUMYM y = ~g (yrnoBas TOYKA) npu

x = 1; MaKcuMyM y = = (yrzopas Touka) npu x = 1. Touka neperuba x = 0,
Y= 3

y=0. Acumnrora y = 0. 1520. CummeTpusa oTHOCUTENLHO Ocu Oy, PyHKuUA
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HeoTpUpaTeabHa; Hyab x = 0. Munumym y = 0 npu x = 0 (yraosasa Touka).
BoruyrocTs BHua. Acumnrora y = 1. 1521, Touka paspsiBa pynkuuu x = 0.

Hynb pyaxnuu x = -2, MUHUMYM Y = 4.Je ~ 6,59 npu x = 2; MaKCHMyM

_5

y= 1= 0,37 nmpu x = —1. Touka neperuba x = —%, y = ge 2 = (0,13.
e

Acumnrors: x = 0 u y = x + 3. 15622, O6nacts cylecTBOBaHUA (PYHKI UK

l#| > 1. CummeTpus oTHocuTensko ocu Oy. Kpaesoit Makcumym y = 2 V2 = 2,67

npu x = £1. BoruyrocTs BBepx. Acumnrora y = 1. 1523. O6nacts cyuzecr-

poBaHua GyHKuuu X < 1 u x > 2. Touku nepeceueHua ¢ OCAMHU KOOPAUHAT

0,In2)u (% s 0). Makcumymy = 1,12 npu x = 153@ ~—0,72. AcuMOTOTHI

x=1,x=2uy=0.1524, O6nacts cymecrsoBanua Gbyukuuu |x| < a. Touxn
nepeceveHusa ¢ ocamu koopxuxart: (0, —a) u (0,67a, 0) (mpubausurensHo!).

®yHK1UA MOHOTOHHO BodpacTaer. KpaeBoli Munumym y = —g anpux=-a

U KPaeBoll MAKCUMYM Y = 7—2[ a npu x = g. BoruyrocTts BBepx. 1525, O6nacrs

cymecrpoBanua Qpyskpun: x <0 u x 2 . Kpaepo#t munumym y =0 npu

[SX1] )

x = 0; kpaeBOH MaKCUMyM Y = T 1P X = g- . BorayTocTs BHU3 nipu X < 0 u
BOTHYTOCTb BBEPX HIPU X 2 % . AcumnrToTa y = g . 1526. O6nacTs cyniecTBo-

1
panusa: x > 0. Oyuxuyua nonoxurenbia. MuHumym y = (%)” =~ (0,692 npun

x=1= 0,368; kpaesoit makcumyM y = 1 npu x = +0. Boruyrocrs BBepx.
e

1527. O6aacte cyujecrsoBanua GyHkuuu x > 0. KpaeBoit Munumym y = 0
1

npu x = +0; maxcumym y = e® = 1,44 npu x = e. Acumnrora y = 1.

1528. O6aacts cymiecTBoBanua: ¥ > —1, x # 0. PyHKuUA NONOKUTENbHA.

Yerpanumasn Touka paspeiBa: x = 0. Touek akcrpemyMa HeT, QYHKIUA YOBI-

pawomana. Boruyrocts BBepx. AcuMmnrorsl: x = —~1 n y = 1. 1529. Oyuxuun

monoronHa npu x > 0. Kpaepo#t munumyMm y = 0 npu x = +0. Acumnrora

y= e(x - %) . 1530, Dyuxkyna nonoxurenbHa. CHMMETPUA OTHOCHUTEIHHO

ocu Oy. Touxku paspsiBa: x = 1. Munumym y = e npu x = 0; MaKCUMyM

=1 = 0,15 npu x = +.J3. Yernipe TOUKHN nepervba. ACUMOTOTHE: X = —1
npux —> -1+0;x=1npux —1-0uy=0mnpux— o0, 1531. dyrxuuu
X 1 Jj — HEOTPHUATENbHBL; Xy, = 0 npu t = ~1; y,,;, =0 mpu ¢ = 1. BorsyrocTs
BBepx npu ¢ > —1 u BOrHyTocTs BHU3 nipu ¢ < —1. 1532. Touku nepecevueHua
¢ ocamu Koopausxart: (0, 0) npu ¢t = 0; 2.3 -3,0) nput==+43 u(0, ~2)
nput=2; X0y =1 " Y, .x =2 npu ¢t =1 (TOUKA BO3BPATA); Ynin = —2 LIPU
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t =—1. BorayrocTs BBEPX npu t < 1 1 BOrHYTOCTL BHU3 nipu ¢ > 1. 1533. Touka
nepecevenusa ¢ ocamu koopAuxat: (0, 0) npu t = 0; x,,, = 0 npu ¢t = 0,
Xin = 4 IpH t = 2; y y6uIBaeT npu Bodpacrauuu t. Touxa neperuda (—0,08; 0,3)
npu ¢t = 0,32 (npubnukenso). Acumnrorsl: y = 0, x = —% ny= g - %
1534. Touka nepeceuesud ¢ ocsio Oy: (0, 1) npu t = 0; TouKa nepeceueHnA
¢ oceio Ox: (=1, 0) mpu ¢t = 0. KpaeBble 3KCTpeMyMEBL: X, = 0 m y, . = 1
npu t =0; x,,,=-1u y,;, = 0 npu t = 0. Touex neperuda HeT. ACHMITOTA
y= % . Boruyrocts meepx npu [t{> 1 u BOrmyrocTs BHH3 mpu |t| < 1.
1535. @yHKLUM X U y — HOJOKUTENbHEBIE; X, = 1 U Ypyn = 1 mpu t = 0
(Touka Bo3Bpara). Ilpn t < 0 — BOrHYTOCTH BBepx; npu t > 0 — BOTHYTOCTH
BHM3. AcuMIrora y = 2x npu ¢ — +00. 1536. OcrHoBHaa oburacts: [0, 7).

Touku nepeceyeHuA ¢ OCAMU KOOPAUHAT: (% , 0) mput=1; ( 0; —i) npu

6 J2
t=§ ;(—a,0)nput= g ; (0, 7‘%) nput= %ﬂ ; (g ,0 ) nput= ‘%ﬂ . DKCTPEMYMBI:
— - =-=0- — = T, - = .
Xmax = @ U Yya = @ TIPHU t = 0) Ymin = —Q IIPpU t = § 3 Xmin = —Q IpHU t= 57
Ymax = @ OpU £ = Z?K 3 Xmax = @ U Yoy, = —Q IpU t = 7. BOrHYTOCTE BBEPX NpU

0<t< g; BOTHYTOCTb BHH3 ITpU g <t <m. 1537 PyHKuUU X U y — HEOT-

pUnaTebHbIe U TEPHOAUYECKHE; OCHOBHAA 061acTh 0 < £ < = . IKeTpeMyMsl:

[S3p=]

T
2
BBepx. 1538. O6amacts cyutectsoBaHua: ¢t > 0. CuMMeTpHA OTHOCUTEJABLHO

npaMoit x +y = 0. IKCTPEMYMBI: X, = -% =-0,37, y=—-e=-2,72 npn

Xom = 0B Yo =1loput==; x... =1uy,, =0nput=0. Boruyrocrs

t =

D

3 Umax = 1, x=e mpu t=-e. Touxku meperuba: x; = —./2¢-¥2 = 0,34,
e

yy=—A2e2 =582 npu t=e2 =0,24 u x,= J2e2, y,= J2e V% upu
t=e? =~4,10. lpu t = 1_ U3MEHEeHUe 3HAaKA BOPHYTOCTH. ACUMITTOTHI:
e

x=0uy=0.1539. Oysxuuu x u y — nepuoguueckue ¢ nepuogom T = 2r;
OCHOBHAsA 00sacTs —N < ¢ < N. CUMMEeTpUa KPUBOIl OTHOCUTEILHO Ocel Koop-
auxat. KpuBasa umeer ABe BeTBU. IKCTPEMYMEBL: X, = &, ¥y = 0 npu ¢t = 0;

min

xmax

=—u,y=0nput=in.Bomy'rocmBBepxnpn—n<t<—g n0<t<g;

BOTHYTOCTH BHU3 1PU —-g <t<Owu g <y <. 1540. CuMMeTpUA OTHOCUTEIbHO

ocu Oy; Yyin =0, x =0 npu t = 0. BoruyrocTs BHu3. 1541. IlapamMerpuieckue

3at _ 3as?

—, = (—00 < t < +00), CuMMeTpUsa OTHOCUTENbHO
1+¢ 1+1¢

YpaBHEHUA: X =
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npamoii y = x. Touka nepeceuenusa ¢ ocamu xoopaunat O (0, 0) (apoitnasn

TOUKA). X, = ¥4 = 1,59a npuy =a¥/2 ~ 1,2a; y,... = a’/4 npu x =a3/2.
Acumnrora x + y + a = 0. 1542, CummMerpusa OTHOCUTENILHO Hauaja Koop-
AUHAT, Ocei KOOPAMHAT U OUCCEKTPHC KoopAuHaTHBIX yraos; O (0, 0) —
M30JHpoBaHHAA TouKa. TOUKM nepeceueHust ¢ ocsiMu KoopauHart: (1, 0) u

(0, +1). [ehy = 1 1P g = 05 [ely = 2282 = 110 mpu gl = [ ~ 0,715
= 1 opux=0; = ———“1+‘/§ npu |x| = 1 1543 ITapameTpuueckue
lylllllll ymax 2 2
RV N _ 1= Y
ypaBHEHUA: X = VT Tae t = o (—00 <t < +00). KpuBasa umeer

ase BeTBU. CUMMeETPUA OTHOCHTENbHO NpAMOHR x + y = 0. OKCTpeMyMBbI:
Xmin = :_; W ~1,89, y= _g rf‘/L—1 = —2x38 nput = -%‘/é = —1!26; Ymax = _g W >

x = g 34 npu t = —"3«/% =~ —0,79. Touxku neperuba: x, = 2,18, y, = —4,14 npu

z=—3/%(7+3ﬁ) ~-1,90; x,~ 4,14, y, = 2,18 npu t = — /5(7-3J5) ~-0,53

npu t = *'1/5 — u3MeHeHue 3Haxa BOruyrocru. 1544. Kpusas coctouT us
npsimMoii y = x u runep6onudeckoi BeTBu x = (1 + t) % ,x=(1+1) i
(-1 <t < +09). (e, ) — ABOMHAs TOUKA. BOrHYTOCTHL BBEPX PHU X # Y. Acumi-
totel: X =1 u y = 1. 1545. O6aacTs cymecrsoBanus: |x| > In (1 + J2)=0,88.
CuMMeTpUA OTHOCUTENLHO oceit koopauHat. Kpaeso# munumym ly| = 0 npu
x=*In (1 + J2). BOrayrocrs BHU3 NpH y > 0 u BorHyrocTs BBepx npu y < 0.
AcumnTOThL: Y = X U Yy = —x. 1546. O6nacts cyuecrBoBauusa QPpyuxuuu: » 2 0,

\
lol < , rae o = arccos (—‘l-’J . Kpupas saMmkHyTa. CHUMMETpUS OTHOCHUTENLHO
9

noJIApHOM ocu. Makcumym r = a + b npu ¢ = 0; kpaesoit musumym r = 0 nipu

¢ = *a. 1547. O6nacts cymecropanns: 0 < ¢ < g ; 231[ <@<m 54-33 << %“ .

DYHKUUA I — [epUOJUUYecKad ¢ NEPUOIOM 23——“ . KpuBas 3aMKHyTa U UmeerT

TPH OXUHAKOBBIX JenecTKa. Ocu CUMMETPHU: @ = %, @ = X 3_2’.T

T e

1
=
2
@
@
=

Hauaso koopaunar O (0, 0) — rpoitHaa Touka. [Ipu 0 < ¢ < g

MaKCUMyM I =ga Hpu @ = u mMudumyM r=0 opu ¢=0 u

ola
S
[

19

1548. O6nacTs cymiecTBOBaHNsT GYHKIUU: || < g us < o] < g T; IePUOA,

| ©lF coin

Mymumymr=anpu(p=0uq>=i%".Acnmmoq~m:cp=i%,<p=ig np==
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1549. Cnupanb, HUMEIOIIAA HauaJlo KOOPAUHAT CBOEH aCUMIITOTHYECKON) TOY-

KOH; r MOHOTOHHO yObIBaeT mpu Bo3pacTaHuu ¢. Acumnrora ¢ = 1.
1550. ObnacTe cyuleCTBOBAHUS I = -“-/-_5-5——1

-1,
2

; MUHMMYM () = arccos i ~ arc 75°30" ipu r = 2. Acumnrora

=~ 0,62. KpaeBoit MaKcuMyM () =T

npu r =

rcos @ = 1 npu r — +00. 1551. CemeiticTBo napa6on ¢ BepmmHamu (1, a — 1)

(MunmuMyMmel). Touku nepecevedust ¢ ocsimu koopausat: (0, @) u (1 F J1-a, 0)
(npu a < 1). Boruyrocts BBepx. 1552, Cemeitictso runep6on npu a #0 u
npsaMad y = x npu @ = 0. Munumymset y = 2|a| npu x = |a| u MaxcumymBl
y = —2|a) npu x = —{a| (¢ # 0). AcumnTorel y = x 1 x = 0. 1553. CemeiicTBO
auanuncoB npu 0 < g < +09; cemeiicTBO rumnepbosn npu —© < g < 0; npamas
y = x npu a = 0. Bce kpuBsle ceMeiCTB NPOXoaAT uepe3 Touku (—1, —1) u

(1, 1). IIpu y > x umeem: 1) makcumym y = J/1+a npu x =

, eCNu
l+a

a > 0; makcumym y = —+/1 +a npu x = — , ecau —1 < a < 0; KpaeBnle

1
Jl+a

MUHUMYMBI ¥ = F1 npu x = F1 (a # 0); 2) BoruyrocTs BHU3. IIpu y < x

umeem: 1) MUHUMYM § = —J/1+a npu x = — , ecnu a > 0; MUHUMYM

l+a

y=4Jl+a npux= 1 , ecau —1 < a < 0; xpaeBble MaKCUMYMEI iy = +1 ipu
J1+a

x = F1; 2) BOrHyTOCTb BBEPX. ACUMINTOTHL: y = (1l + J/—a)xny=(1 - J-a)x
npu a < 0. 1554. CemeiicTBO mokasareibHbIX KPUBLIX, ecau a Z 0; npamaa

y=1+ %, ecau a = 0. O6ujas Touxa cemedicrsa (0, 1). MuHuMyMBbI
y= -21— (1 + In 2a) npu x = I 2a, ecnu a > 0; y MOHOTOHHO BO3pacTaer,
a a

ecau a < 0. Acumnrora y = g 1555. CemelicTBO KPUBBIX, IPOXOAAIIHUX

yepe3 Touky (0, 0) 1 umeronx B Heil ob1lee KacaHue ¢ npaAMOil y = x. Maxk-
cumym y = ae”' = 0,37a npu x = a, ecau a > 0; muaumym y = ae™* npu x = a,
ecau a < 0. Touxa mepern6a x = 2a, y = 2ae™* = 0,27a. Acumnrora y = 0.
1558, &2 "M0 4559 (m + n) (-2~

n
(m+ ,l)m+n mmpn

1
)"“" . 1560. OcHoBaHUe CHUCTEeMBI JIOra-

1
pU(}MOB HE JOJPKHO npeBnlaTh ¢ = 1,445, 1561. KBagpart co cTopoHOit JS.

1562. Octpsle yrast TpeyronbHuka 30° u 60°. 1563. BricoTa Gauku H = 3 %{

paBHa AUAMETPY €€ OCHOBaHMsA; MOJHAasA moBepxHocTh P = 3/54nV2.
2
1564. cos @ = S05U* JCOSAF S "ZOS(“B, rxe 200 — Ayra cerMeHra u 20 — Ayra,

cTArUBaeMas CTOPOHOM HpaMoyroabHuKa. 1565. CTOpoHBI NIPAMOYTOJbHUKA
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aJ2 ubJ2.1566.Ecauh>b, to nepuMeTp P BIUCaHHOI0 IPSAMOYTOJAbLHAKA

C OCHOBaHMEM X U BBICOTOI y UMeeT KpaeBOil MaKCUMYM Ipu y = A; ecau
h < b, To P umeer xpaeBoit MunumMym npu y = 0; ecau i = b, T0o nepumerp

P nocroanen. 1567. b = jﬁ s h= dﬁ . 1568. amepenusa napaienenuresa

2R 2R R 3 2
LSl 1569 R 1570.R2 (1 + /5 ) =~ 81% n0BEpXHOCTH 1IADA.

1571. O6bem KoHyca paBeH yaBOeHHOMY o6bemy wmapa. 1572. %7_—-13.
9.3

1573. Ecau tg o < % , TO MAKCHUMYM HOJHOM [TOBEPXHOCTH LUIHHADPA KOCTU-

raeTcs mpu r = ﬁ:RtTa) , DA€ I — pajuyC OCHOBAHUA LUAMHApa. Ecau
3
tgo > % , TO Iipu r = R umeeM kpaesoii makcumym. 1574. p(3/2 ~ 1) I2+—2ﬁ- .

1575. 1; 3. 1576. Ecau b < L, 10 MAKCHUMYM JAJHUHBL XOpAbl MB = a?z , TIe

J2

= Ja?-b%2 u Touka M HMeeT KOOpAUHATBHI X U Y, AOCTHUraeTCs NpPU

= i‘a—z - 2b2; —5 secmu b > L 10 KpaeBod MaKCUMYM IJUHbI
J2
xopast M B =2b pocruraerca npu x =0, y = b. 1577. x = % , Y= % ; ab.
2 2

1578. MakcuMyM IOBEPXHOCTU IOCTUTACTCA NpU ' = 1 = 3}2 , Tle ' — paguyc
OCHOBaHMA HUJAuHApPa u i — ero BeicoTa. 1579. ¢ = 60°. 1580. Tpaneuus,

ONUMCAHHAA OKOJO OKpY HOCTH. BoxoBsle cTroponsl AB = CD = a sec? %

1581. a = ZRE = arc 294°, rae 00 — LEHTPaAJBLHBIH YroJ OCTABIIEroCHA

cexkTopa. 1582. ¢ = arccos q , €CJIH arccos fl arctg 2.9= arctg ¢ ecnn

—_ . -1
arccos 1 < arctg &. 1583. ﬂb_”lsm—". 1584. AM = (1 + 3/5) .
p b Ju?+v2-2uvcosd S,

1585. PaccrosaHue ¢cpeTaAnieiicss TOUKHU OT LEHTpa 6OJABLIIEro mapa pasBHO

x = 3,ecnua>r+RJ§Hx=a—r,ecnur+R<a<r+RF,me
r

2

3
a — paccTosiHue MeXKAy LieHTpamu irapos. 1586. % . 1587. (a'? + ba)z
2

1588.v = 3«/2% , rae kB — xoadduuueHT npornopuuoHansHocT. 1589, arctg k.
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1590. Ilpu [ < 4a yron HaKJIOHA CTEPXKHA OnpeAenseTca U3 (POPMYJbl

I+ J12+128a? |

cos o = TG ; ipu | > 4a nosnosKeHust pasHosecusa Her. 1591, k = —3;
a

2

1e’°;b=e"°(1—x0);6=ex°(1~x0+x—2°).

b=3;y=3(1-x).1592.a= 3
1593. a) Ilepsnlii; 6) BTOpOIL; B) BTOpOH. 1595. a) NER (2, 2); 6) 500 000,

3
) 3
(150, 500 000) (mpuGnuauTensuo!). 1596. p(l + 35)2. 1597. az—ﬁbzxz 2,
p a

3
rae € = Jai-bt SKCLEeHTpHCHTET djanaunca. 1598. M , TAe
a
7 3
E:-——“a;b — BKCUEHTPHCHTET THIIep6oIB. 1599, 3|axy|“’ 1600. & (1 e?cos’t)?,

3
z

r/e £ — SKCLeHTpucKTeT diuunca. 1601, 2./2ay . 1602. at. 1604. _(ri+r?)

r2+2r2-prr)’

3

(a%+r?)? 2 2 a? R ___1’12)
1605. 11 -1606.r/T+ m? . 1607. 2 J2ar . 1608, 3r.1609.(ﬁ, 12).
1610. x, = 680 M. 1611. Honyky6uueckas mapa6ona 27pn? = 8(§ ~ p).

4

2 2 4
1612. ACTpouna (aE;) 3 4+ ()3 = c3, rae ¢ = a® — b2 1613. Acrpounza

(é+n)* + (€ - n)3 =2a

2
3

. 1614. [lenHaa nunus N = q ch§ . 1615. Jlora-
a

pudpmuueckas CcHnupanrp p = maem(“’fg) . 1616. & = na + a(t — sin 1);

n=-2a+a(l —cos1), rue T=1¢—m. 1617. x, = -2,602; x, = 0,340; x; = 2,262.

1618. x, =-0,724; x,=1,221. 1619. x = 2,087 = arc 119°35". 1620. £0,824.

1621. x, = 0,472; x, = 9,999. 1622, x, = 2,5062. 1623. x, = 4,730; x, = 7,853.

1624. x = -0,56715. 1625. x = £1,199678. 1626. x, = 4,493; x, = 7,725;
= 10,904. 1627. x, = 2,081; x, = 5,940.

Pasgen 111

B oTBerax 3TOro paszena paju KpPaTKOCTU NPOU3BOALHAA aAJUTUBHAN
nocroaxHaa C onynieHa.

1628.27x—9x3+§x=’> 7x 1629. 625 ~125x* +30x° - 3 G+%x7.

~21nx|. 1632. ¢ Injx] - & — 42
X

2x2

e - Hanfs o+ A

1635.— (1+ x— 3x2+ x3) 1636.M 16372x—12672 543 3/9x2,
SA/"_( 2 7& 2

1630. x — 3x% + 11 x3 — 3 34 1631. x ~ l
3 2 x
4

1633. ?-xﬁc + 2Jx. 1634
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1638.1n (x| ~ — . 1639. x — arctg x. 1640. —xt g 1 ln x- i
- x+
1642.arcsinx+1n(x+A/1+x2).1643.1n25_i_.___ Jx 1644, 12 2.6 4 9
vt xZe1 ln4 1116 In9
— 2 l ¥ 1 l g l 2x - pXx — 3
1645. —ln5(5) + ATV, (2) . 1646. 5 e* + x. 1647. x — cos x + sin x.

1648. (cos x + sin x) - sgn(cos x — sin x). 1649. —x — ctg x. 1650. —x + tg x.
1651. @ ch x + b sh x. 1652. x — th x. 1653. x - cth x. 1655. In ]x + a|.

4
1656.515(2x—3)“.1657.—i(1—3x)3.1658. 2 /2-5x%.1659.— .
15(5x - 2)2

1660. -2 3/[T—x)2. 1661. -Larct xﬁ. 1662. —2 In |J2+x/3]
g V70 7o 7 f3) 2f " [ Behl

1663. L arcsin (xA/E) 1664. l In[x./3 + J/3x2 - 2|. 1665. —(e—x + le‘z").
/3 2 2
1666. —x sin 50 — 5 cos 5x. 1667. —_ ctg ( 2 + ) 1668. tg . 1669. —ctg
1670. tg (g - ’5‘) 1671. %[ch (2x + 1) +sh(2x - 1)). 1672 2th I.

4
1673. -2 cth . 1674. ~/T-x7. 1675. 1(1 +x%) 3. 1676. —i In3 - 242

1677.—2__1— 1678. 1 arctg—— 1679. -1 In |x'= /2|  1680. 2 arctg Jx .

(1+ x2) ﬁ x4+ /2
1681. cos % 1682, —In |Lt/x+ 1] v’:“l . 1683. —arcsin ﬁ 1684. x;‘ﬂ.
1685. —_21_1. 1686. é%/sx=*+27. 1687. 2 sgn x In(JJx] + Jx+1])
o1

(x(1 + x) > 0). 1688. 2 arcsin Jx. 1689. -é e-x*. 1690. In (2 + ¢%).

1691. arctg e*. 1692, ~In (e + J1 + e-2¥). 1693. % In? x. 1694. In |In (In x)|.

1695. 1 sin® x. 1696. —2_. 1697. -lnlcosx|. 1698. In |sin x|.

Ccosx

‘ - A/_’-——“_T . .
1699. %"ifl -~ sin2x. 1700. a) -—‘im%;—bizcosr (a? #b%); 6) »% In]/2cos x +
- 2
+ Jcos2x|; B) % arcsin (42 sin x); r) % In (/2 ch x + Jch2x).
X T
te(3 + 5

1 ch2x
—— In + Jshix+chix |.
2.2 ( J2 )

4 ; 1 tgx
1701. -4 4/ctgix . 1702. L arctg [t£X). 1703. In
g Vo 7 g(ﬁ]

. 1706. 2 arctg e*. 1707.

1705. In !th 2
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2
1708. 3%/thx . 1709. % (arctg x)%. 1710. —arcslmx L1711 § In3(x+ J1+x2).

1 -1 1 x2-xJ2+1 1
1712. — arctg % 17130 — In =——2¥27 2 1714, ——— |
xf 2./2 2+ x/2+1 15(x%+1)3

h

ni2
1715. ~2_ In (x 2+ Jl1+x"2)npun # —2; —;/1: In |x| mpu n = -2.
2

n+2

12 Lex 1 aresin ( s 1 z
1716. § n? {E5. 4717, 4 arcsin (ﬁ smx). 1718. L arctg (tg® x).

1719. — 1 1n|3*=27.1720. 241 + JT+ 22. 1721 a) 2 = 12,5 . 047,
2(In3 - In2) T 3 5 7

6) - ‘li‘J“ + ‘1;‘)” 1722, -x - 2 1n |1 — x| 1723. %(1 —x+1Inll +x.

1724. 9x - gxz + -:lix" - 27In|8 + x. 1725. x + In(1 + x%).

Jé+x

+2lnj2-xf-x 1727 L -1 4 1
J2-x

99(1-x)% 49(1-x)%  97(1-x)""

3
1726. — In
J_

3 3

xt _oxt o oxd X2 1 3 3
A - - . .= +1)2 —(x-1)2|.
1728 S 4+3 2+x Injx + 1] 17293[(x 1) (x 1)}

7
3

3 3
_8+30x 5 _ 5 14+2x .4 b 3 27
1730. 375 (2-5x)2.1731. 10 (1-3x)2.1732. 14(1 +x%)

4
=31+,

1 -1 1 -1 1 X
1733. = In |2—2|. 1734. = In |X=3]. 1735. t, - = tg =.
7 — 3 nx+2 arctg x J_arcgﬁ

1 -2 1 lx+32 1 x241

1736. —— In (X —— arct .1737. In .1738. = In

10./2 X+ ﬁ‘ 5./3 R ~/§ (x+2)? x2+2°

2x+a+b 2 1 x
— + l x -

1739 (a-b)%(x+a)(x+b) (a-b)3 n X+ 1740 b2 (b arctg b

-1 arctg 5) (la] = |b)). 1741. ¥ — Lsinox. 1742, £ + 1 gin2x.
a a 2 4 2 4

1743. ’2-‘ oS 0L — i sin (2x + o). 1744. i sin 2x — % sin 8x. 1745. 3 sin £ +

6
3 ox __ 2y 4 L o -
+ z sin . 1746. cos( 5x + 12) + v cos ( x + 12) 1747. —cos x +
1 3 ; 1 1 . 1 .
= . . - = - - = + — .
+ 3 cos’ x. 1748. sin x 3 sin® x. 1749. x y sin 2x 33 sin 4x

1750. —x+ Z sin 2x + 55 sin 4x. 1751. —x - ctg x. 1752. = tg x + In |cos x|

3 1 3 1
73.—— 2x — = cos 4x + — cos 6x + — cos 8x + — cos 12x.
1753. — {5 cos 2x = &g cos dx + 75 * T 128 * 7 102 x

1756

1754. tg x — ctg x. 1755. — L +ln ltg X4 ) + In |tg .

s2x
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1757. In [sin x| — % sin? x. 1758.tg x + l tgd x. 1759. x - In (1 + ¢&%).
1760. x + 2 arctg e*. 1761. — = Sh 2x. 1762 + l sh 2x. 1763. = Sh3

1764. i sh 2x + é sh 4x. 1765. —(th x + cth x). 1766. ‘1713(9 + 12x +

1
3

1767, 125522 (1 _ 5211 1768. ——-(32+8x+3x2)A/2 x.

2 —
+ 1dx?)(1 - x) e

8
1769. —1—15(8 + 4x? + 3x%)J1-x2. 1770. —%02%0"3(2 5x%) 3

1771. (;% - % sin x + 2 sin® x) Jsindx . 1772. *% cos® x + % In(1 + cos? x).
1773. % tg® x % tg® x. 1774. (—2 +1nx)J/I+Inx. 1775. —x - 2¢ 2 +

+2In(1+ 2). 1776. x — 21In (1 + J1 + e¥). 1777. (arctg J/x )2 1778.

1-x2

1779. £ /x7=2 +Inlv + 2] 1780. 3 /1= + % aresin X,
a
1781. — % . 1782.~Ja?— x* + a arcsin X.1783. —3“—;5 Jx(2a-x) +

ot fas o
+ 3a? arcsin [5% . 1784. 2 arcsin 122 1785. .Z_x—'{f_*_”l Jx-ayb-a) +
+ gb;;z arcsin H. 1786. ’—2‘ a+x? + %2 In (x + Ja?+ x2).

1787. % Jaz+ x? — 92—2 In (x + Ja?+x2), 1788, J/x2-a%2 — 2aln(Jx-a +

+Jx+a)emux>a;—x2-a? +2aln(J-x+a + J-x-a), ecmux < —a.
1789. 2In (Jx+a + Jx+b), ecnmux +a>0ux+b>0;-2In(J/~x-a +

+J-x-b),ecnux+a<0ux+b<0.1790. EJEfT‘”—[—’A/(x+a)(x+b) -
—gb"—fx In(Jx+a + Jx+a),ecmux+a>0ux+b>0.1791. x(In x - 1).

xnfl _ 1 _ _l °
1792, Lo (m x _,Hl) (n = -1). 1793. -1 (In®x + 2lnx + 2).
'l
2 4 _ -x 2x 2 1
1794. £ x (1n x = Sinx + ) 1795. ~(x + D)™™, 1796. -~ (x + x+§).

1797. —f% e-x%. 1798. x sin x + cos x. 1799. ~2—x4—‘1- cos 2z +  sin 2z.

1800. xchx - shx. 1801 (%3 + 2_9") sh 3x — (%" + 2_7) ch 3x.

1802. x arctg x — % In (1 + x?). 1803. x arcsin x + J/1-x2. 1804, -
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+ 152 arctg v, 1805. *2—%"3 J1=x2 + %3 arccos x. 1806. —5-‘"—0%6- -

2
14 1-x% 1807. xIn(x + 1+ x2)— J1+ x2.1808. x — 1*2"2 In i*z
. -

~In

1809. —.J/x + (1 +x)arctg Jx. 1810. In tg g - cosx * Intgx.

1811. %(x'"* - 1)ex*. 1812. x(arcsin x)? + 2./1 - x2 arcsin x - 2x.

1813. 1 +2x2 (arctg x)? — x arctg x + % In (1 + x?). 1814. ~§ x? - % In|1 — %+

+ X n -2, 1815, JT+x2 In(x + JT+22) ~x. 1816, ——%

3 1+x 2(1+x%)

1 X 1 X x
+ 3 arctg x. 1817, Tl el T e + 38 arctg - (a # 0). 1818. 3 AJaz - x? +
+‘§ arcsin (a = 0). 1819. g x2+a + % In |x + Jx2+al.

x

fal

1820. 5%’—2) Jaz+ x? - %4 In (x + JaZ+ x2). 1821. 3“4—4 - JZC sin 2x —

- 29%.1822.2(&—1)(3&. 1823.2 (6 - x).Jx cos /% — 6 (2 — x) sin /.

1824, - (L= X)erer g5 (14 X)e"T 1896, X [sin (In x) — cos (In x)].
2./1+ x? 2.J1+ x2 2

1827. X[sin (In x) + cos (In x)]. 1828, 2cosbx+bsinbx jax
2 a?+ b2

1829, 4sinbx-bcosbx par 1830 €% (9 _ gin 2x - cos 2x). 1831 L+ 1 sin 2x ~
a?+ b2 8 2 4
—e*(cos x + sin x) + %ez". 1832. —x + % In (1 + e?*) — ¢™* arcctg (e").

ex

1833. —[x + ctg x * In (e sin x)]. 1834. x tg x + In |cos x|. 1835. ——

Jlal + x bl

Jial-x o]

.1839. L 1n
4.2

1836. —Jl; arctg ( xA/g ) , ecin ab > 0; S804 |p , ecau ab < 0.

ab 2.J-ab

x-1
x+1

2 2x -1 1
1837. = arctg 2. 1838. = In
S J1 4

xZ—(Jéu).‘
x2+ (J2-1)

1 2 1 2x+1 1 2
1840. = In(x* + x + 1) + — arctg £4—=,1841. = In (x* ~ 2x cosa+ 1) +
2 7 /3 2

+ctg o - arctg £2%S% (g # kn, B — memoe). 1842, = In (x?— x? + 2) +
s

mao

[T

1 2x%-1 1 3 3 2 3sinx—5
+ — t .1843. =1 +1|(x® — 2)%}. 1844. = 1n (SINX = 9COSX| |
2.J7 arctg JT 9 n{|x |( ) sinx — cosx
tg12‘+ 1)
1845. arctg — 1846. % In (xJ/b + Ja+0bx2), ecau b>0;
b
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L arcsin(xP),ecnna>OHb>O. 1847. arcsin X1 . 1848. ln‘x+
a J2

+1 +A/x2+x‘.1849. 1 ln(x—l + }x2—1x+1).1851.~ BT xoxt 4+
2 ﬁ 4 2
1
2

arcsin 2X=1 . 1852, JxZ+x+1 +lln{'x+l+ x2+x+1).
Jﬁ 2 2

1 s 4x24+ 3 . 2sinx -1 1 ;
1853. a) —— arcsin ; 6)arcsin —=———=. 1854. - -2x2-1 +
)zﬁ J17 3 2
-1+ Jrdr2x2-1) 1855, -1 STrxioxt + 3 aresin 22221,
2 2 4 J5
1856. -In x+2+2‘x SR PET:LY SEE ST Sl ST arcsm I(‘x+%l>§)
1'

1-x+4J2(1+x%) .

1+x

1859. arcsin ‘—-ﬁ (x> J2).

1 (x2+2x-5 1 . x4+ 7
1860. St ex- 9 4 2 aresin 22 x + 1] > J6).
5 x+2 5.5 lx+2//6 ( | )

1861. g—x—;—lA/Zer»xz +§arcsin 23—3“—1 1862. L:l 2+ x+x2 +

1858. -L In
72

1 1 2 }ﬂ 4 2-1 - 1 2
+81n(2+x+ 2+x+x ) 1863. *—— Jxi+2x 2ln[:c +
+1+/xt+ 2221, 1864.—4/1+x—x2+%arcsin1:/3x—ln 2+x+2‘vx1+x—x2
5
(’x—%, <§’) 1865. In [X21lx 11 1866, Inx 2] + In fx + 5,
1 x + 2)4 x? _ x8 3x7 _~§x_ﬁ_*_11x5_21x“Jr
1867. § In | A | 1s6s. - 2 4 3T -0 L 2L
+ 4827 —«M +171x+l In I_J:l_ . 1869. x + l Inld- 2Injx - 2|+
3 (X+2)'°2' 2
1 _8 X + 2 x-1
ln!x 3|. 1870. x+1 arctgx 3 ar(‘tg .1871. - ( 3T +5 In =
1 2 5x—-6 -1
1872, — + = 1 - 1} . -t -2
872. = + 2 In|x* — 1] 1873 S +dn x—2}

1875. — 3x24+3x-2

1874 9x2+50x + 68 + 1 In ~£x+l!!x+2!”’ .

T a(x+2)(x+ 3)2 8 (x+3)7 8(x—1)(x+ 1)2
3 In |x+1] 1876, arctgx+ 5 ln x +1 L1877, = arcctgx+ 1y e D
x-1 x2+1
S ——_+_— —L—(X 1 —ﬁ +1).
1878 x~2 arctg (x — 2). 1879. 5G-T) 501 eI P T arctg (x + 1)
2 1+2x 1 (x+1)2 1 2x-1
1880. In - = arctg .1881. = In ——~/- + — arctg .
x+1 /3 J3 x-x+1 3 NE]
1, x-1)2 1 2xr+1  q4gg3 1 x-1 _1
1882. s In ye 7 arctg ——— Jé . 2 In = 5 arctg x.
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1884, L I 2242241 L 1 e /2 yggs 1 xirael
4.2 x2-xJ2+1 2.2 1-x2 4 x2-x+1
1 x2-1 1 1+ x./3+x2 1 1 3
+ —— arctg . 1886. —— In —==2="=. + = arctg x + = arctg x°.
2.3 xA/3 443  1-xJf3+x? 2 6
_ 1 1 (1+x)2 1 _ 1 2x-1
. + 2 i 4 = t = —_—
1887 ) 5 In T 5 arctg x 5 arctg
1888. 1 In =P — L arotg 2221, 1889. 2 qp X2x1Z 4
x2+x+1 J3 J3 5 x2+x+-;—
+ § arctg (x + 1) - % arctg (2x + 1). 1890. a + 2b + 3¢ = 0.
1891, ~— X rx+2 Lo, x+el] oqgee x4 Ly, (a1
8(x - 1)(x+1)2 16 x-1 3(x3+1) 9 xi-x+1
2 2x -1 x(3x%+3) 3 1
+ — ¢ ——, — = . . m——
" arctg s 1893. B(etr 1) + 8 arctg x. 1894 Py +
+ arctg (x + 1). 1895, X + -3 In x2+xJ?+1 -3 ar ctg "‘/_
4(xt+ 1) 1642 xi-xJ2+1 82 -1
5x+ 2 1 (x-1) 8 2x+1 Tx-11x
896, ———= — + -1 + — {, — -
1896 3(x?+x+1) 9 n x2+x+1 3.3 arclg —z=— J3 il 32(x%-1)2
+ 2L n 221 2 arctg 2. 1898, S t2X 1899 BB dxol
128 x+1 6(xt+x2+1) 28(x3+ x+1)2
_ x ' 2x+1 + 4 2x+1
1900. e (Bech unTerpan!). 1901. CCETES) 55 arctg _Jé .
1902. ay + co.= 2b. 1903. ! -3 - __3 _.__1 _
902. ay+ ca.=264. 1908. Fo——r; 97(x—1)97 98(x - 1)!m 99(x- 1™
T [x2=1] -1 A p (xir1)?
1904. 1 In | Z=2| - 1 arotg . 1905. Jg aretg 2. 1906. 35 In LEEUT 4
1 3 1 2x2-1 h] x1 x!
+ = + = . o= - —_
3 arctg x 7 arctg 7 1907 g n = In -3
x? 1 - .J10 x4 1 xt+ 1
— . . = + = —
1908. 100( “T0 3710 ¢ | /10 ) 1909. T + 7 In gy
x>+ 2 1 5 1
m——— - T+ 1). 1911, = (2" - "4 % 0).
1910 0G0 2xr 3 10 arclg (x ). 19 , (x"-Inlx"+ 1) (n % 0)
1912. L ( arctg x" — ) (n % 0). 1913. 1 In . 1914. 1
2n x2 10(x'°+1)
1 x10 1 |7 1 1_5
+ = ; . = . 1 . = (&= )
o In v 1915 7 In Toxns 916 z In P

1917. L arctg ¥2=1, 1918, L jn 282+ (1=/5)x+2 1919 1 g xt-xt/24 1
J3 xf ./3 2x2+(1+f)x+2 4[ x4+x3f+1

X + 1 3 I = 2ax+b Jr2n—3,_2_a
1920. arctg x 3arctgx 1921.1, O DMaxtbrs ot T AI,,_%,
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- - b3 I, = 2x+1 2x+1 + 4 2x+1
rae A = dac - b 8 6(x2+x+1)2 3(x?+x+1) 3./3 arctg J§
= 1 a-mr-z gy, L(_l _t )
1922, 1 TR o dt; 5o | 77 + 3t 5 31nlY],
xo2 - _ P PV )

e t = —2. 1923. —Z PTER YT + Inlx - a.
1924. R(x) = P(x?) + ZZ [ “u_], tae P — mmorownen,
r=1j= x) ] (ai+ x) !
ta;(i=1,..., k) — KopHu 3HaMeHaTend, A; -—— IOCTOAHHblE KO3(du-

n

uuenTsl. 1925, -1 Z cos n2E-1) . In ( 1 - 2x cos M2E=1) 4 xz) +
2n 2n 2n

k=1
" x - cos™2k-1
1 o m(2k-1) 2n _
+ 2 sin arctg .1926.2./x - 21In (1 + Jx).
n 21 2n SinnngAIQ
2n
1927. % In xi/x ~ B aretg 1¥x-1  qgog, By -

1+ 800 - Yx+ 23x)° 247
3,2 _ 3 15 2 27 2t+1

=22 - nft-1+ 2 In@®+¢t+2)- =L arctg ,t=%2+x.
2 4 8 8./7 J7

1929. 6t—3t2—2t3+gt4+gt5—gt7+3ln(1+tz)—6arctgt, rae

—8fx+1.1930. — 2 4 931, X _xJdxPo 1 Ly T
(1+V§ R 2 2 2

1932.-2,/=21 1933 —e* ZLet2e ey e 108 e

1L+tt  4./2 1-t./2 + 2 ﬁ £J2

=2 x.1934.~ﬁ,ﬁ:}2.1935.§+ﬁ—%m—éln(ﬁ+Jﬁ—x).
1937.—3_42'76«/l—zr—;cj—TZ - éln(% + x + m)

1938. -In |2= x+i4+x2+x+ il . 1939. 3—(-1—-J— 1940. R +In(x + 1 +
+R) - 42 In x_+__2i_f_R‘, rie R= Jx2+2x+2. 1941. arcsin L_+J_52_x +

+In |3rx+2y1-x- xzi 1942, 1=2x% ATyt - 11 gpggin 122
1+x 4 8 NG

1943, ~19+5x+2x% Ao e in 1= ( PR
6 ﬁ 256~ 128

21 9 x z_ﬁ 3 ( atx _ a?x?
+ 2L - Sx +10)A/1+x In(x+ JT+%7). 1945, [-4% - X 4
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G
%) Ja? - x? + 6 arcsin lil .
a

-661Inlx+2+ Jx2+4x+3|. 1947. 1 a4+ 1 Ledxiel

1946. (-’-‘f-— 14z +37) Nxt+4x+3 -

3 3

2x2 2 | x|
1048, 221 /21 1049, zg(x I ”fm(x+1)I5+2Jx2+3x+
1950. 3x+5 Jx2+2x — £ arcsin raie x < -2 win x > 0.

+1)2 lx+ 1]’

1951. da(ca; + bby) = 8a’c; + 3b%a; (a#0).  1952. W -
- X
jé In "[é;____— N1t2x-x2 1953 aI‘CSln x—3 __1_ In 3x+1-2./x2-x-1 .

1-x o1 2 x+1
1954,—_____““Cz““"l+1 +1n(x+é+ [x2+ x+ 1 ) 1111 1- x+2ﬂlxl“’+x+
X+ P

1955. -15% T3 ox_x2 — 2 arcsin 12X — L arcsin x /2 .
2 J2 J2 11+ x|

1956.————-—"52_4’6+3 — 2 arcsin x<1wunux>3).1957. — arct, x 2 .
- = - 1957, arctg 7
1958, L In 2o -1] 0 qg59 x4 L J1+x%+ xJ2|
Zﬁ x 2= [xE = 2 /T+x2 42 Tixt-x.2
1960 ln(x+dx2 ) arctg Vx +2 1961 1 1n (2x+ 1),\/§+,/3(x2+x 1) )
S l@xr1)2- B rx-1)
1962. arcsin *=1 - S2 arctg J2+2x-x2 1 g, «/_+~/2+2x—x2.
“/5 8 (1~x)f Jf_i J6- 2+ 2x - x?
1963. -2 -1) 1964, - L apctgdXrx+l 1 i(x+1)/2- B(xPexr 1))
3Jxt+x+1 Jé (x-1)4/2 Jﬁ o xr 1
ecan x +1>0. 1965 1 J2(2x2-2x45)-(x+1) 1 ppope f22°-2x45
~}2(2x2 2x+5)+(x+ 1) 3 x+1
b 22 = -1
-3 41 = 2 . . 2=l -
1966. 5" + 5 In |zz+1|3’”‘“ X+ Jxirx+1.1967. In -

X

-2 arctg z, rge z = 1+4J1-2x-x  y9g8. %{% [(z-1)7°+(z—-1)°] +

+[(z—1)2+(z—1)'2]+[(z—1)+(z—1)'1]} +% Injz-1|,rmez=x+ /x> = 2x + 2.

5 1 3 16 17
.- - + 3 _ 1]~ 16 N
1969 56D seei¢ i In |z - 1 Injz - 2| - Inlz + 1],
mez—“x +3x+2 . 1970, 2(38-142) IJ5+1+22 rae z = —x +
5(1-2z-22%) 5[ J5-1-2x
+ A/x(1+x). 1971. f(A/x2+1 + JeE-1) + Z In lxe/xZe1
x+ x2-1
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1972. 1 .z - 1 (ln 23+ 1222+ 1 ~ 2 arctg 21222 ).I‘nez:—ii’x.
3 34/12 2 f3- Y1222+ 1 2B-1 p
1973. J1+x — J1-x - Jié arcsin x. 1974. J1+x+x% +

23 5
+lln1+2x+2“11+x+x2.1975.2[(x+1)2+x2J~ [(x*1)2~x2]
2 (2+x+ 2 T+ x+x2)° 3

1 xﬁ 1
1976. —— arcsin 1977. - In
N 7

M . 1978. 1 aresin x'-1
x2-1 2

x2./2
1 x*2(2x2+1+2Jx + x2+1) 1 273
x> JJ2-1).1979. = In L1981, = J(x +x2)? —
(i ) 2 X242+ 2 xt+x2+1 3
5 1
- 1—+82-’£ x + x? +% In(Jx + J/T+x) nupn x> 0. 1982 gx“ - 4x% +
! ; 1
+18x6 + 3xr1 — 21 arctg x5. 1983.%25—2234—32, rae z = 1 +%/x2.
1429
2.3 1 22+z2+1 _ 1 2z+1
1984, -z + 223— < rmez= A1 -x2.1985. = In =222 = — - arct, ,
59 % G-1¢ 5 8T
rae z = dLrxt 1986. 1 In |2+ - 1 arctg 2z, ez HARE LN
X z - 2 X
1 z-1 1 22+2z+41 1 zt-1
87. = 1 + = In & 2272+ o s = 6/1 6,
19 5 n 1 15 n P 7 arctg " rue z +x
5 _4_ 0 9 . 1 3z 1 (z+1)2
.= =27, = ./1 =, 1989, —== _ - -] -
1988 7? 57 rae z = +x 989 5025+ 1) y R e
- arctg 2221 gz = MBx-X 1990 m = 2| re k= +1, 2,
2 J3 x k
1991. sin x — 2 sin® ¥ + L sin® x. 1992, 2> . 1ginox+ 3 gindx+
3 5 4 64
+ L sin® 2x. 1993, —‘rl-x + L gin2x + 3 sindx - L sin® 2x. 1994, X —
48 16 4 64 48 16
sindx sin?2x sin®x _ 2sin’x sind x cos2x cos?2x
- 4 SI°2x . .- + -
64 48 - 1995. 5 7 + 9 1996 64 96
cos®2x 1 cos®x 3 X
- 2282 — - . 1998, -2 - === -t 2.
320 1997 3cos’x cosx 9 cos X 2sin?x 2 In {tg 2
1 | _ _cosx 41 } x| o o_sinx 1 (£+1_t )
999 2sin?x 2 In jtg 2 2000 2cos?x 2 Injtg 2 4)
2001. -8 ctg 2x - g ctg® 2x. 2002 tg“x itizz.’f - Ctg% + 3 In |tg .

2008, —— + o +1n |ig 3.

2004. tgdx - ¥ _1p leos x.
cosx 3cosdx 2

2005. —x—%f +°t§3x ctg x. 2006. ﬂ . 2007. -2 Jotgx + teix
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1 A+ +tH] _ B 1-12 _ af=

2008. 3 In TEDIIED! 5 arctg —tﬁ , rae t sinx .

2009, L |p 22+242+1 - L arctg 242 , 2= Jtgx . 2010. 1 In jz_il)iJr
f oozl 2R —2t+1

+§ arctg 71 the 2 = Afigx. 2011, [, = -OSXSNx g nody
3

n

H n-1 -1 _ 1 . 5 5 .3
K =-Smxcost X Ao lg - [.=-= cosxsin®x — = cos x sin® x —
" n n n=2 6 6 24
5 5 1 7 35
—~—cosxsinx+ = x; K== sin x cos” x + -& sin xcos® ¥ + =2 sinxcos® x +
16 16 8 8 48 192

35 35 cosX n-2
4+ ZZsin x cos x + — x. 2012, I, = —— - _—=T, s
128 128 " (n-)sin"-'x n-1 "?

i - 3 X
K = - sinx +r-2p o] = - CosxX 3cosx 4 34, 't x
" (n-1ycosix n-1 "F " 4sintx  8sin?x 8 €3

. . . 1
K, = Sinx . Ssinx . 5sinx In t ( ’5) . 2013. —= cos 4x —
" 6cosSx 24 costx 16 cos?x 16 g 4 8
3 5x

1 x sin2x sind x sin6x 3 x
- = .2 4.—+ + + 2015—cos———cos——
75 C0s 6. 201 8 16 24 6 10

3 7x 2 llx 1
-2 ML .20 = - osx— > cos(x+a+b
i cos 5 53 cos 16. —= cos (a — b) cos 1° ( a )+
x sin2ax sin2bx  sin2(a-b)x
4 8a 8b 16(a - b)
w 2018 -3 cost+—3-cos4x+—]—0036x~i0038x+
16(a ) " 16 64 48 128
sin(x + b)
sin{x + a)

+ -115 cos (3x + a + b). 2017.

+-L cos 12x. 2019. 1
192

. _ £ 0.
Sinta—b) , ecau sin (a = b) # 0

cos(x + b)

cos(x +a) ’

1
" cos(a - b)

sin(x + a)
cos(x+b)|’

P P S
, ecti cos (a—b) 02021 (a 5 In

. - xX—-a
Slllx a cos

ecausin(a—b)#0.2022. -1 In|___2 | (cosa#0).2023. -2 In|__2
cosa sin +

+a a X+a
X cos

cos

, 3tgX+1
_Cosx | (sinag#0).2025. — arctg —=—.
cos(x +a) ( ) J5 & J5

1 (1 - cosx)(2cosx)? -1 4 + + 4
2026. 6 In (Teosx)® . 2027. 5( sin x + cos x) 5J5x

x arcth)
x In ‘tg (2 + -

(sina#0).2024.-x +ctga-ln

arctg( 1-¢ tg’—é),ecnu0<s< 1;

. 2028. a) e

1-¢?

6) —2— In Ercosx+Jelo1siny oopy e 1, 2029, x - é arctg (/2 tg x).

21 1+¢ecosx

arctg 2 (ab#0), rme z = tg x.

1 atgx _@)_‘2_
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2033. - cosx

a(asinx + bcosx)

1, _ _ X T
2032. E(sm X — COS X) n \tg (2 + 8) .

1 (sinx + cosx)? 1 2cosx — sinx 1 tg2x
= In - - — arctg (————) .2035. — arctg( ) .
6 1 - sinxcosx J3 J3sinx J2 J2

2036. 1) J2+./2 arctg —%— ~ J2- /3 arctg —%4—— } , THe u = tg 2x.
4 A/—

RS
2.2
2034. -

4122 4-2./2
2037. In f2=sin2x 9g3g 1 arctg (sin? x). 2039. arctg (l tg Zx) .
J_ J2 + sin2x 2
3 z _ x ul
2040. ——2—— + 2 arctg -Z , rae z = tg x. 2041. In ‘t = + j‘
ez B R & A/—a3+bz Blz T2
a . N
e cos ¢ = usin ¢ = .2043. a) =% — 3 InJsin x + 2 cos #l;
T T 5 |
6)0,1x + 0,3 In |sin x — 3 cos x|. 2044. g—i‘ + o ln [5 sin x + 3 cos x].
abl—alb 1 aa1+bb1 ' x (p) _ a
- - + Injtg{Z +¢ -
2045 a?+b? asinx+bcosx (a2+b2)g n| e 2 2 » TACCOSQ [a? + b2
5tg£+ 1
usin = —2— . 2047. -3 + 4 Infsinx - 2 cos x + 3] - & arctg —2
oy 5 5 5 2

x_ 1y (x_m 1 i 2,1 i
2048.-2- Ztg(2 8) 2ln(A/:_Z +smx+cosx).2049.5x 5lnl3smx+
f7+A/§(2tg’£71)
S S P R S S
5./21 ﬁ~ﬁ(2tg%—l)

+4cos x— 2+ 2051. —sin x + 3 cos x +

) ﬁ-1+2tg§
+2ﬂln’tg(f + 7—T').2052.—(sinx+3cosx)+—8-—ln _t
2 8 5 545 A/5+1—2tg;-“E

2

2054. ——j—_ arctg (cosx) -1y, 2rsinx o055 8 arctg (sin x — 2 cos x) +
3

Jg 4 2 - sinx
1 ., J6 + 2sinx + cosx 2056. —3_ | ﬁ(sinx+ cosx)+ 1l 1
IOJE J(_S—2sinx—cosx 4./2 ﬁ(sinx+ cosx)-1 4./6

Jé+ ﬁ(sinx— cosx)

2sinx — cosx 1 x , arctg2
1 . 2058. o ==l N
xm J3-J2(sinx - cosx) 10(sinx + 2 cosx)? 10J51n tg(2 + 2 )l
059. — b (2n-3)a _ _ n-2 .
2059. 4 (n-1)(a2-b2)° B = (n-1)(a?-b2)’ ¢ (n-1)(a?-b2)
2060. L In L2 /lrsinix  gggy o frpy - Ly, texeZlgxsl
2 Teosxl 242 tgx-.Jf2tgx+1

1 Jotgx sinx — cosx 1 )
+ = tg X222t (tg x> 0). 2062. sinx - cosxi) _ 1 +
7 arctg tero1 (tg x ) (arcsm( 7 )J 5 n (sin x
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+ cosx+4/2 + sin2x ). 2063. — esinx +—2 - arctg( ’—i—z-g tg %) .
3 +
2

1-¢2 S
(1-¢2)(1 +ecosx) (1-¢2)

2 x+aY' f aipy x—a)™" - -
2064. (cos 2) (sm 2) (cosa #0).2065.1,=2I,,cosa

ncosat

2sina -1 . x-a . x+a\! 3¢ x3
--I-+—-———t",I‘en>2ut=s1n—(sm————) . 2068. "(——
2 1 A 2 2 €3

e 2 2 I (X dx 2x
C v & 27).2069. e (2% + 2). 2070. (5 25+625) cos 5x +

4 12x? 24 . .
+(E - + . 2071. (21 - 10x% + x* - - 4x° .
(5 95 3125) sin 5x. 2071. (21 - 10x° + x") sin x — (20x - 4x°) cos x

—x2
2072. —"T (x% + 3x* +6x% + 6). 2073. 2e'(t" — 5t1 4+ 20£3 — 60t% +
1 acos2bx+ 2bsin2bx
+ - = Jx. Loe o+ .
120t ~ 120), rme t = Jx 2074. [ o]
e“* [3(asinbx — bcosbx) _ asin3bx -3bcos3bx ex : _
2075. e o ] 2076. £ [x(sin x

- cos x) + cos x]. 2077. %[xz(sin x + cos x) — 2x sin x + (sin x — cos x)].

fx-1 X : 1 .
78. x_-1 X + + = — .
2078. ¢ [ 5 m (2 sin 2x + cos 2x) 55 (4 sin 2x — 3 cos 2x)]

2079. ix‘%— §x2+3xzcosx—x(ﬁsinx+§ sin Zx) —(Scosx+g cos Zx)—
- Lloos® x.2080. £ + 1 /% sin 2Jx) + 1 cos (24x). 2082, x + —1— -
3 2 2 4 1+ e

~1In (1 + ¢%). 2083. ¢° - In (1 + e). 2084. —-’25 + é Inle* - 1)+ é In (e* + 2).

x x x
2085. x - 31n{ (1 + e%) 1+e3i - 3 arctg ef. 2086. x + - -

1+et

X

{ -=
2087. -2 arcsin Le 2) . 2088. In (e + Je2r—1) + arcsin (7).
2089. Je2r+4ex~1 + 2 In (¥ + 2 + Je2*+4e*—1) — arcsin E‘Jfl
e*J5

1 - -1 Grer- D= i)
2090. - e *(J1l+e Jl—ex)+ =1 . 2092, a, +
20 )l (Trer+1)(1+ JT-e%) !

ﬂ (1_3 a, — X __é X 1 —x
FE G e =0, 2093, (1 x). 2094. —e* — i (e7).

2095. ¢* 1 (2~ 4) ~ e? 1i (e2* 7 %). 2096. ""1. 2097. % ( X%+ 3x + % -

X +

——32—2) +(64e* +1i (e*Y). 2098. x[In"x-nIn"'x+n(n—-1)In""2 x + ..
-
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(-1 Vn(n-1)... 21nx + (=1)"nN)]. 2099. ifif (m3 x - % In® x +
B 3

+3 3 Inx 3 ) 2100. - (m x+3 lnx+2 Inx+3 ) 2101. In (x + a) x

xIn (x +b). 2102. x In® (x + J1+x2) - 2./1+x2 In (x + J1+x2) + 2x.

2103. —’5‘ + xIn(J1-x +J1+x) + %arcsin x. 2104, -Xnx .

1+x2

—In(x + J/T+x%). 2105. -3 + l In(e +2x +2)+ 5 2% arctg (x + 1). 2106, -% +
41 2xﬁ > —
ln(1+x)+ arctg./x . 2107. — 4 2x— x2 + arcsin (1 — x).

2108. % JE=x + (x — 1) avosin Jx . 2109, -0 72T + 1‘2_2 arccos %

2x%-3
4

2110. -2 sgn (1 - x)./x +(1 +x) aresin = 2‘/’_‘ L2111, X3Leeosx 1y 1«2,
Aj’l—xz

arccosx 1 1+x _ 1+x _ X
2112, _T;?z'Jrilnl—x‘ 2113. x arctgx+( 3 arctgx 2) X

x[In (1 + x2) — 1]. 2114. x — 1—‘2’23 In ;*x 2115. —In J1+ 2% + x

1+ x2

+ 2. - sh4x. 2117. 3x sh2x +sh4x'
x In (x + J1+x2) 2116 g + =3 17 3 + i <5

2118. Ch“x ~ch x. 2119. "’;ix "*i‘éx - Chgzx . 2120. In ch x. 2121. x - cth x.

2122. 0,5[In (¢** + J/e** — 1) + arcsin (e72%)). 2123. a) % arctg 371/ ( 2th ’_2‘ + 1); 6)

3th%
1 thx -2 20 2
— arctg =222, g) arctg | —= ,r)——x~—ln|3shx—4chx|
5 J5 311 Ji1 7
2124 achaxsinbx - bshaxcosbx 2125 achaxcosbx + bshaxsinbx
) a?+ b2 ’ a1 b2 :
2126, --L + L -1 _arctgx. 2127, 1 XX 1 g ley
5x%  3x% «x 8 (1-x2)2 16 1-x

1 1+x/3+x2 1 1-x2
2128, 2 In ~EESSEXT . arctg .2129. 2./x - 3%/x +6%x —
4./3 1»xJ§+x2 2./3 xﬁ

~61n(8x +1) (x = 0). 2130. —2_14 (15 + 10x + 8x%) Jx(1 - x) + g arcsin J/x

(0 < x < 1). 2131. —3 JT—xt —1n 2212 < 1), 2132, -2 1 - x/x

x| 3
(x>0).2133. (s 4x2+3x4)A/1+x2 2134. 1 1 1n-(£fi J3 arctg 23%1

r;lez=31'x. 2135.—% In 2+x3+2x~31+x3+x“ . 2136. l arccos X1
X

x2 /3
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2137. -2 — 2 15— 2 arcsin x (] < 1). 2138, - (1 + )? + 2L2E
X Jx+ x% + 3 In +é + Jx+x2 | (x>0;x < -1). 2139‘_1n(11+x+x22 _
+ X

Sl Ay Raretg 122X 2140, -2%+21 /e g +(x2+
J{; 4

2 1+x+x2

+3x - %“-) arceos (2% — 3) (1 < x < 2). 2141, —x + ’g In (4 + x*) + 2 arctg %2 .

3
2142, —L=X% aresin x + —é (arcsin x)?. 2144. —-’f% x2+1 + ng D?
X

xIn Jxz-1 -1 A21-1 45 1), 2145, [32% —n X)) SI-x% ~
3 A/x2+1+1(H (1‘35 ,,/1~x)
2tgZ+ 1
L oaresing—In 1A= x (g < x < 1), 2146, 008X 4 24 arctg
2 X 3(2+sinx) 3./3 /3
2147, 1 In 7+4J'2_+cos4x. 2148. 1 1 ﬁ+A/1+cosx
J2 7-4.J2 - cosdx J1+ cosx 2[2 ,,/_ J1 + cosx
2149. a[x arctg x — L In (% + 1)] - 228 (arctg x)%. 2150. a ( xln|x=1] -
2 2 . x+1

-1 9151 - nx 4 Ly, 2 5
-1 2(1+x2) 4 1+ a2

2152. J1+ x2 arctg x — In (x + /1 + x2). 2153. —In (cos? x + /1 + cosix).

2154. J’—xg—x" - 31312 J1— %% arccos x (x| < 1). 2155. —%2 - ( x - %3) x

- 2 _ arb e
In |x 1[)+ 0 In

1 2, 2 2 X 1-x2
+ = + 2 In (14 2. .- - .
x arctg x 3 (arctg x) n (1 + x°). 2156 e 100 arctg x

9157, In(x+ 1+ x?) M+_L Wlext-x2 % < 1). 2158. — x +x A—% x
2(1Ax2) 4./2 ./1+x2+xf (II )

x arcsin x + = (arcsm x)? (x| < 1). 2159. E + 1% -}I(l + x?)? arcctg x.
2160. x* (x > 0). 2161. x — ¢ * arcsin (¢*) = In (1 + J1-e2*) (x < 0).

1\ 2

2162. x —In(1 +¢% — 2¢ 2 arctg e? —( arctg eé) . 2163. —Ctill [x - In(1+

1 In A/1+th2x+,,/_thx'
f J1+ thzx—J2thx

2165. eth’_zf. 2166. % 2167. ’”3"4. 2168. 33L(x+[xi).

2169. (1 ”2;1”‘ +Q "‘;“‘x' . 2170. ¢ - 1, ecmu x < 03 1 — ™%, ecoru x > 0.

+e*ch 1)]—

1+ th2x

2171. x, ecnn Jxf < 1; %3 + % sgn x, ecnu x| > 1. 2172, i + i ((x) ~ %)x
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1-2 ((x) - %( %, rae (x) = x — [x]. 2173. l_ifn_l {lx] = (-1)*F cos mx}.

2174. x - x—a mpu x| < 1; x - x|x{ +1 g Sgn x mpu [} >1. 2175. x, ecan
—00 < x < 0; —é- 4 x,ecan 0 < x < 1; x% + é ,ecau x > 1. 2176. xf'(x) — f(x).

2177. %f(Zx). 2178. f(x) = 2.Jx% . 2179. a)x — 6) f(x) = x npu —© < x < 0;

f(x)=e*—1npu0 < x < +00,

Pasgen IV

125
4n? ;

10

_ 18 i _ 10230 g _ 1023027
5@—;20& ‘Zf (ﬂ » Sam T
2“1) n(2”—1)

2183. 5, = 31. 2-1. 31 o484 74 Llgr2 2185.3. 2186, 2=L.
—_— ','\/3—2—1 5 2 Inag

2187.1. 2188.sin x. 2189.% - % 2190.

2181.12%.2182.a)sn=16i—ﬂ!+l§ 5, =16 +£27]_'

pm+l_ gm+1

2191.In 2.
a
2192. a) 0, ecu |of < 1; 6) 7 In o2, ecom Jof > 1. 2193. 5. -b;—“[f(a) - f®)).

2201. Boo6ie romopsi, Her. 2203. He ob6sasarensHo. 2206. lli . 2207. 2.

2208. . 2209.%. 2210.1. 2211.1. 2213, 2% _
6 3 1-¢2

1 1+ A/ b 1

2214. — In . 2215. . 2216. a) [TogpiurerpanbHas GyHKIHUA =
Jab - Jab 2| bl x

u ee nepBooﬁpaaﬂaﬂ In |x| paspeIBHEI B IIpoMexxyTke unrerpanuu (-1, 1];

tgx)

6) hyHKUUA L arctg( , ATpawiInas poJb liepBoobpa3Hoil, pa3pbiBHA
J2 J2

npa 0 < x< 2n;  B) QyHKUUA arctgi paspviBHa mpu x = 0. 2217. %

2218.20042. 2219. 1. 2920.1n2. 2221.%. 2222 2. 2223 _L_
2 4 n p+1

h
2 - 1 1 5 n
2224. £(2./2 - 1). 2225. 2. 2226.1. L J' flx) dx. 2227. 2 7. 2228, %
2229, x + .21. 2230. ﬁé 2231. 0; —sin a?; sin b2  2232.a) 2x./1 + x4;
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6) _8x% _ _2X . p)(sin x ~ cos x) cos (1 sin? x). 2233. a) 1; 6) "Iz ; B) 0.

N1+ x12 N1+ x8

r) A. 2235.1.2237.3)%;6)%.2238.3)% - £, ecnn < 0; % - ¢ +%",

a1 . n . T .
ecnu 0< o< 1; 5 ~ 2, ecmu 0> 15 6) 3, ecau o < 15 705 oo lod > 1;
B) 2, ecnu Jof < 1; é ecau Jof > 1. 2239.% In £. 2240.7. 2241 4r.
2242.2( 1- 1). 2243.1. 2244. 2% - 3 29451 2246 70
e 3 2 6 16

1 9+4./2 n n? n
2247. — In . 2248. 2 — -, 2249. — . 2250. — . 2251. a) O6parHasa
7 7 2 1 7z ) O%p
3
GbyHKuuA x = T 12 geysHauHa; 6) QyHKUNg x = -:— paspseiBHa nnpu ¢t = 0; B) He

CyILleCTBYeT OAHO3HAUYHOM HenpepLIBHOU BeTBH PYyHKUuU X = Arctg ¢, onpe-
JeJleHHOM HAa KOHeYHOM cerMeHTe u npoberawineii sanaveHusa ot 0 go w.

5
2252. Her. 2253, Moxxno.  2256. f(x + b) — f(x + a). 2260. g ez.

2261. J‘ [f(arcsin ) — f(r — arcsin )} dt + J' [f(@n + arcsin £) — f(r — arcsin t)] dt.

2262. 4n.  2263. ’f{ 2264. arctg % -2m. 2268 315..
2269. % In3- 2_% 2270. 25—7e3 - % . 2271. —662 . 2272. - % 2273, %.
2274. %n— J3. 2275 2n ('}g - 2%5) 2276. 2nJ2.  2277. .(1;
2278.%3 —5.2279.2 (e"~1).2280.§ 1n2—%.2281.[,1=§2(kz—;>1!?2 I,
ecnun = 2k; I,= é:—f% ecimn = 2k + 1. 2282. Cm. No 2281.
2283. (-1)" B‘ - (1 - % 1o +£;_nl__Ll‘)] 2284 22"(_2_(,%%!.

2285. Cv. No 2281, 2286. 1, = ~—1'1° 2087, T = (~1)") ~In /2 + 1 [1 -
(m+1)m1 2

_1 _qyn-11 n(2m)''(2n)! .
=+t ~ . . . .0 ;
3 -1 n“ 2290 EE T TR Py 2291. 0, ecnu n yeTHOE

T, ecnu n HeueTHoe.  2292. (-1)"'m.  2293. -2-"7‘ . 2204, z—nn sin %‘

1 _2a n n-1 " a?
. 0. . 0. . - + —_— |
2205. 0. 2296.0. 2297. - (1-¢ ) C3, 2;c2"a2+(2n_2k)2}
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2298, —( 1)*1, 2299. gl_—l)@—I)'L 2302. B Toukax paspsipa QYHKIHY

f(x) npouseoasasn F'(x) MoXKeT KaK CYIILeCTBOBATh, TAK U He CYIIeCTBOBATS.,

2303. |x| + C.  2304. arccos (cos x) + C.  2305. x[x] — X! ";'* b +ec.

2306. xzéxl ENE ] (E4E: i)Z(ZIxIQ) + C. 2307.C + 1—1[ arccos (cos 1x).
2308. -1-(|l +x-{l-x)+C. 2309.-1. 2310.14 -1n7!' 2311, %
2312. -— . 2313. In n! 2314. —th I, 2315. 8 . 2316.a) —; 6) +; B) +; 1) —-
2317. a) Bropoii; 6) Bropoii; B) nepsslii. 2318. a) l ; 0) 6— ;B) 10; r) = Cos (.

2319.1. —£— = b — manas nonyocs saHnca. 2. vy, = 3 Ly +vy), rme vy —

J1-¢€2
KOHEeYHas CKopocTh Tena. 2320. % ig .2321. A.2322.2)0 =,

L6 0=1;
1 e

)0=1m =1 1im 0=1, lim o= 1.2323 8% + 4%q (o< 1).
x x x—0 2 3 3

x —~ =00

2324. Baxmouaercs MEKIY —— M —= . 2325. 0,01 — 0,0050 (0 < 0 < 1).
10J§ 10

2326.2. a) 1; 6) f(0) In 9 . 2328. J’— (0 <0< 1). 2329. 3 0 (0| < 1). 2330. 9

(0] < 1). 2334. 1. 2335. 1. 2336. 7. 2337. 7. 2338. 2 ln 2. 2339. 4}.
3.3

27 19 T 1 2 n
2340. == . 2341. — , 2342, = . 2343. = In| 1+ =£).2344.0.2345.= - 1
3@ J2 2 5 ( ﬁ) 2

.2348.1, = n!2349.1, = (2" g):: . Zet lsgna
-2 (ac-b2)"'2

2350. I, = n! Z (~DF*1Ck In(k + 1), rae C¥ — wucno couerannit us n

k=1

— " _ "

anemenTtos no k. 2351.1, = E"_'_}Lg, ecnu n — uerHoe, u I,= (n '})-‘ ,
n- ntt

(n-1)"

1

- "
ecnu n — HeueTHoe. 2352. [, = Ln—nl-)— T, ecJId 71 — 4yeTHoe, u [, = =
nt! n!t

ecu n — HeuerHoe. 2353. a) —g In 2;6) —7-2‘ In 2. 2354. Zi‘—JS_e_“ . 2356. a) 1;
- e*ﬂ

6) g ; 8) 0.2357. a) 1;6) -:1; :8) 1; 1) -é £(0). 2358. Cxonurcsa. 2359. Cxoanres.

2360. Pacxogurcs. 2361. Cxoxurca npu p > 0. 2362. Cxoaurcs, ecau p > —1
u g > —1. 2363. Cxopurcs, ecaiu m> -1, n — m > 1, 2364. Cxogurca npu
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1<n<2. 2365. Cxogurcanpu 1 <n < 2. 2366. Cxogurcs, ecau m > —2,
n—-m>1. 2367.Cxogurca npu n > 0 (a# 0). 2368.Pacxogurcs.
2369. Cxopgurca, ecan p < 1, ¢ < 1. 2370.a) Cxogurea npu n > —1;
6) Cxoaurcs. 2371. Cxoxuresa, ecau min (p, q) < 1, max (p, q) > 1.
2372. Cxopurca. 2373. Cxomurca. 2374. Cxopgutcd, ecnu p > 1, g < 1.
2375. Cxoaurcs npu p > 1, ¢ npoussosibHOM, r< lunpup=1,¢>1,r<1.

2376. a) Cxopures, ecnup, <1(i=1, 2, ..., n), Z p; > 1; 6) cxoxuTcs npu

o>-1,3>-1, a + f < ~-1. 2377. Cxogurcd, ecau P (x) He UMeeT KopHel
B mpomexkytrke [0, +00} u n> m+ 1. 2378. Cxogurcsa He abCONMIOTHO.
2379. Cxopurca He abconwrHo. 2380. a) Cxoxgurcsa abconoTHO, ecau

1< &x1 0; cxogutcs ycJoBHO, ecau 0 < e+l 1; 6) cxopurcs;
q q

B) cxoxutca. 2381. Cxomurca abcontoTHo, ecau p > -2, ¢ > p + 1; cxopures
yCJIOBHO, ecnu p > —2, p < ¢ < p+ 1. 2382, Cxonurca ycnoHo npu 0 < n < 2.
2383. Cxopurca abconoTHo npu n> m+ 1; CXOAUTCA YCAOBHO NPHU

m<n<m+1.2385. Her. 2392. ln =.2393.0. 2394. nn. 2395. 0. 2397. a2

2398. 4%. 2399. 4%. 2400.2)9,9 - 8,11ge = 6,38; 6)2 — HE ~ 0,56;

B) % +12[ =0,97. 2401. 7. 2402. na”. 2403. nab. 2404. éaﬁ. 2405. §_8 J2 p2.

2406, — . 2407. 3na®. 2408. ’““ . 2409. - 2“ . 2410. 1 cth ~0,546.
JAC - B2

2411. (3t + 2) : (9n - 2). 2412. x = ch S, y = sh S. 2413. 3na®. 2414. —%

2415. & (470 + 3m). 2416, 6na’.  2417. 3_“- 6
3( b ) na a) 3 ) na? (Jﬁ

2418. 0% 2419. 352 2420 2. 2421. &3 +4f) 2422. a) 2,
(1-£2)2

6)11n;3)7-11.2423.(n-1)%2.2424.%( 1 —1n2+%) .2425.a)§;6)71[;3)4f%;

r) n( 1+ %2) : 0 n( 1- %‘) a®. 2426. gaz. 2427. 1a® .2 . 2428. a®. 2429. gnaz.

A/;.0Jr xo+E
2430, 2% [ .2431. & (10['0 ~1). 2432. 2 /xo(x0+p) +pln — A2,

A/g

2x
2433. Jht—a?. 2434.x,~ /2 + J1+ 20 —Jp Lidlre ° “Jf 2435. “2; 1
2

1+

2436. a In 2+ ‘“b ~b. 2437.1n tg( g) 2438.a1n &. 2439, 4a( 1+
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+ 3 In ) 2440. 6a. 2441. 2@ =8 5440 1 4 In(1+2) 9443 g,.
J'é J2

ﬁchg + AchT
1+ ﬁ ’

3
6) % (ch? 2T ~1). 2446. na/T+47> + £ In (2 + 1+ 4n?). 2447, __—41;'”2 a

2444. 2na. 2445. a) 2(ch g JohT - 1) - JZ1n

2448.8a. 2449.p[J/2 + In(1 + J2)]. 2450. 3’“’. 2451. a(21 — th 7).

2452.2) 2+ L 1n3;6)61;8)sh By 1) T. 2455. 2% ~0,73. 2456. 22 (2a +¢).
2 3 5.3 6

2457. :—;[(ZA + a)B + (A + 2a)b]. 2458 1 @A+ @B + (4 + 2a)).

2459.%3}1. 2462. -abc 2463. %nabc. 2464. &‘%19 2465, ?a“

2466. 2 (n - é) . 2467. 18 42 /35 . 2468. 7" . 2469, L . 2470, 12 43,
3 15 2 15 3

2472. 3 nab®. 2473. )16”, 5)%". 2474. a) 1‘2-2; 6) 2n2. 2475. a) I“gnabz;

nd 76.2a) &; . . 2n%a®. , Brod —

6) 2476.2) 55 ©) 2n. 2477. 2%, 2478, FEE . 2479, — T

2480. a) 51%a®  6) 6n°a’; ) Tnla’.  2481. a) nab2 6)%7“121;.

2482.1. Vx: %n; V = 22 1. 2483. 1. a) —na 6) =2 13 n2a®. 2. a) n_;LJ [ ﬁ %

35 4 10
2], 4 mal, e 2 (1t _ Grtyad, 2. 2
xIn(1 + J2) 3:1,6)4J§,B) L. 2484 L2 (n' - 6nd’. 2.5
2485. % 2486, 4’“’ (21J‘3 +21n 3+J_) 2487. 2a Jn%a? + 4b? +
2.2 2

# B g Do mata A0 2488. 1 (45 - J2) +1n L—_M_—Mlzﬁ)‘l].

2489. a) %" [(2x +P)J2Pxo + P* ~P*1: 6) § [ (0 +4xg) J2x4(p + 2%5) — P X

In [2x, +A/_A/,D+ Zxo] . 2490. ) 2nb2+2mbarc§ine 1 6) 2n0l + 21;b2 In [g(l +€j:’ ,
P

2_ H2
rne € = Y4207 _ sxcuenrpucurer sanmmca. 2491. 4nlab. 2492. l{)gnaz
a

2493. a) na(2b+ash %”) 6) 2na (a+bsh§ ~ach S) 2494. 4nal.
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2495, a) 4 na?; 6) 16n2a?; B)—33—275a2. 2496. 3" a® (442 -1). 2497. —na

2498.a) 2na’ (2 — J2); 6)2nalJ2; B)4ma®.  2499. ——-———-[14./5 +
1283./10

+171In(2 + J5)] = 1,013. 2500. V = 47 p2 P=2mpy(2+ J2)+In(1 + J2)]

2501.1. M, = 2a%; M, = ”a‘ .2 P_[JE +51n (1 + J2)]. 2502.1. M, = W

bh? AT =8t r=alb (i} (x) _ mab?®,
M, = = 2.1, = I, = ) Ty a«/;s’r‘f aJ;.2503. M 7
T

Y 3h 2h2 ; 2
MY = 27 2504.1. M, = fl LM, = g"(_)fzh“. 2.1= 2 MR*. 2507. x, =

2
sm(x 9 4a 4b 3
= 0. 2508 (a, 5 ) (55 32)- 2810.(0. 0, Za).
” s Yo 2508. 55 2509. T 2510. (0, O, 3
2511. @, = ¢ — o, Tie & = arctg —— ; ry = — L . JIorapudMHIECKYIO CIU-
0 2m’ " J1+4m?
panb ro= —2m__ "N 9519 ¢, =0, ry= 2 a 2513. x, = na, yo = 2 a.

J1+4m? 6

2514. xy = ga, Yo = 0. 2515, ( 0,0, %J . 2516. 75 kr. 2517. 4, = ng—hI;

rae R — paguyce 3emaun; A, = mgR. 2518. 5 [I»x. 2519. 1740 [Ix. 2520. § a’.

2521, 708,—31- T. 2522, v,T + ‘—21T2. 2523. % ndm?R®. 2524, IIpoexkuuu cHUabl

NPUTSKEHUS Ha KoopauHaTtHeie ocu: X =0, Y = _Zkmiy , Pe k& — rpaBura-
a
[UOHHAs TOCTOAHHA. 2525. 2nkmd, (1 - b ) , TAe k — rpaBUTALMOHHAA
Ja?+ b2

nocrossHHag. 2526. [Ipumepno 3 yaca. 2527. Cocyn poJxked ObITh OrpaHu-

YeH IOBEPXHOCTHIO, 00pA3OBaHHON BpameHneM Kpuboh y = Cx! Boxpyr
e .
BepTHKANbHOM oc Oy. 2528. Q = @, - 2 190 . 2529, 99,92% . 2530. 96-’2—2

B orserax Ha npuOIHKEHHOE BHIUMCJIEHUE ONpEJeNeHHbIX HHTErpasoB
naspl Tabauuneie sHavenud. 2531, —6,2832. 2532. 0,69315. 2533. 0,83566.
2534. 1,4675. 2535, 17,333. 2536. 5,4024. 2537.1,37039. 2538. 0,2288.
2539. 0,915966. 2540. 3,14159. 2541. 1,463. 2542. 0,3179. 2543. 0,8862.
2544. 51,04.

2545.

57

x 0 5 27

ol
|
a

el

y 0 0,99 1,65 1,85 1,72 1,52 1,42
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Pagmen V

25486. % 2547. g 2548. 3. 2549. 1. 1550. 31. 2551. a) —Isn% .

1-2gcoso+q?’

6) _qeosa=q* 9559 1 — J2 . 2553, Cxopares auiis npu X = k (k —
1-2qgcoso+q?

LeJyoe). 2556. Pacxoaurca. 2557. Pacxopurcs. 2558. Cxogurca.
2559. Pacxopurca. 2560. Pacxogurcs. 2561. Pacxogurcs. 2562. Cxoxures.
2563. Cxonurcda. 2564. Pacxoaurcs. 2566. Moxer Kax CXOAUTHCA, TAK U
pacXxomuThCs. 2567. a) MoskeT Xak CXOAUThCS, TAK U DPACXOAUTLCH;
6) pacxogurcs. 2578. Cxogurcsa. 2579. Cxopurca. 2580. Cxompures.
2581. a) Cxoamurcsa; 6) pacxogurca. 2582. Cxomurca. 2583. Cxogurcs.
2584. Cxogurtcsa. 2585. a) Cxoaurcsi; 6) cXodUTCA; B) CXOAUTCSA IIPU JIO-
661X o u x. 2586. Cxomgurcsa. 2587. Pacxoxurcsa. 2588. Pacxoaurcs.
2589. a) CxojpuTcs; 6) CXOAUTCH; B) CXOAUTCH; I') cxoauTesa. 2591, 2. n 2 13.
2595. Cxopurca. 2596. Cxomurca. 2597. a) Cxogurcs; 6) cxoauTcs.

2598. Cxogurcs npu p > 2. 2599. Cxogurcs npu b :ia > 1. 2600. Cxoaurcs
npup > g . 2601. Cxoaurcsa. 2602. Cxogures npu p + ¢ > 1. 2603. Cxoaures

nopu q > p. 2604. Cxopurcs npu g +qg>1. 2605(u). Cxoaurcsa upu

a(qg — p)> 1. 2607. Cxogurcs npu q > p + 1. 2608. Cxogutca npu p > 0.
2609. Cxopures npu p > 0.2610. Cxoxures npu p > é . 2611. CxoanTcsa npn

b# 1. 2612. Cxogurca mpu p > 1. 2613. a) Pacxopurcs; 6) pacxogurc.

2616. Cxogurca mpu x < -{1: 2617. Cxopurcs. 2618. Pacxopurcs.
2619. a) Cxoaurcs npu p > 1; 6) cxopures upu p > 1, ¢ npou3BONLHOM U
mpu p = 1, ¢ > 1. 2620. a) Pacxogurcsa; 6) CXOAUTCS; B) PACXOLUTCH.

2621. Cxogurea. 2623. 1,20. 2626. Cxoaurtes npu o > —é . 2627. Cxopurcs, ec-

ama= é . 2628. PacxoauTrca. 2629. Cxonures. 2630. Cxonurcs npu a > 2.

2631. Cxogurca. 2632. Cxonurcs. 2633. Cxoaurcsa. 2634. Cxoaurcs, ecau

¢c =0, =< -1. 2635. Pacxogurcs. 2636. Cxopurcsa, ecayu 7% 0.

a
d
2637. Cxopurca. 2638. Pacxoaurcsa. 2639. Cxopurca. 2640. Cxonurca, ec-
a1 a = JJbe. 2641. Cxopures, ecian a < —1. 2642. Cxoaures, ecau o > %
2643. Cxoaurcs opu a’ > e, ¢ = 0 u opu a° > 1. 2644. Cxogurca upu a + b > 1.
2645. Cxonurca. 2646. Cxonurcs. 2647. Cxonurcsa. 2648. Pacxogurca.
2649. Cxopurcs. 2650. Cxogurca. 2651, Cxoaurca. 2652. Cxoaurcsa npu
o <2. 2653. Cxoaurcsa. 2654. Cxogurca. 2655.a) N > 100 000;6) N > 12;
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B)N > 4. 2659. g 2660. 1%. 2661.1n 2. 2662. a)g In 2; 5)% In 2.

2664. Cxongurcsa. 2665. a) Cxoaurcsi; 6) cxomurcsa. 2666. He caenyer.
2667. Cxopqurca. 2668. Cxogurcsa. 2669. Cxogurcsa. 2670. Pacxogures.
2671. Cxonurca. 2672.Cxopurca. 2673. a) Pacxogurcs; 06) cxogures.
2675. A6conrorao cxoguresa npu p > 1; yenosHo cxofaures npu 0 < p< 1.
2676. A6conorHo cxoauted npu p > 1; yenorHo cxoaurea npu 0 < p< 1.

2677. A6conTHO CXOAUTCHA NIPU p > 1; YCIOBHO CXOAUTCH OPU % <p< 1.
2678. AGCOIOTHO CXOAUTCS IIpH |x — Tk| < ZI[ (k — 1,e710€); YCIOBHO CXOAUTCA

npu x =nk + TZ[ . 2679. CxopuTtcs yCa0BHO Opu N1060M X, He PABHOM LeJa0My

oTpuLarenbHoMy yucay. 2680. A6comoTHO cXogUTCA OpU p > 1; yCAOBHO
cxoaurca npu 0 < p < 1. 2681. AGCoNOTHO CXOAUTCA IPH P > 2; YCJIOBHO
cxoaures npu 1 < p < 2. 2682. AGcosn0THO cXoauTCA npu p > 1; ycnoBHO

CXOAUTCS MIPU % < p< 1. 2683. YcaosHo cxogurces. 2684. A6conoTHO CXO0-

aures. 2685. Pacxoaurcea. 2686. YenoBso cxoaurcs. 2687. AGconOTHO CXO-

aurcs Opu p > 1; YCIOBHO CXOAUTCA HNPU % < p< 1. 2688. Pacxogurcd.

2689. AGconorso cxoguTesa npH p > 2; ycioBHO cxoaurtes mpu 0 < p < 2,
2690. Cxopurcsa. 2691. Pacxogurca. 2692. AGCOMIOTHO CXOAUTCS IPU
q > p +1; yenosHo cxoguresa npu p < g < p + 1. 2693. AGconoTHo cxoquTea
mpu p > 1, ¢ > 1; ycaosuso cxoaures npu 0 < p = g < 1. 2694. A6coaroTHO
cxoauTes npu p > 1; yenoBHo cxoautes npu p = 1. 2695, a) AGconoTHo cxo-
JUTCA IPH p > 1; ycJoBHO cXoauTest npu p = 1; 6) abconoTHO CXOAUTCA IPU
p>1,g>1; yenopso cxopuresa npu 0 < p=¢< 1.2697.a)p>1;6)0<p< L.
2698. a) Cxomurtca; 6) CXOAUTCHA; B) CXOLUTCH. 2699. a)g>p+ 1;
O)p<qg<p-+1. 2700. Cxoamurcs abconwrHo npu m =2 0; cxogurcsa
yemoBHEO mpH -1 < m < 0. 2703. a) n > 1000000; 6) = > 1,32 - 10,
2706. a) Pacxogutcs; 0) MOsKeT KaK CXOZUTHCS, TaK U PACXOJZUTHCA.

2707. g . 2708. % . 2709. —% . 2710. -il—lx% . 2716. Cxogurcs abCoNMOTHO IPH
lx| > 1. 2717. Cxopurea abeomoTHo npu x > 0; cxopuTcs yeaoBHo npu x = 0.
2718. CxoguTtcsa abCOMIOTHO IIPHU X > —% unpu x < —1.2719. Cxogurcst abco-
morso nipu x| # 1 u cxomurea yeaosso mpu x = —1. 2720. Cxoaurca ab-

COJIFOTHO TIPU ~“/_T’;‘_3 <x< % u Ipu g <x< —“/T—? 2721. Cxogurca

abcomorno npu Jx — k| < £ (=0, +1, £2, ...). 2722, Cxoaurca abco-

T
6
motHo mpu p> 1u x = k(k=-1, -2, ...) u cxoxurcsa ycaoBHo npu 0 < p< 1,
x %= k. 2723. Cxoaurcst abconoTHO IPH ¢ > p + 1 U CXOAUTCA yCAOBHO IIPU
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p<q<p+1.2724. Cxogurca abcomorso npu |x| < 1. 2725. Cxopurcsa abeo-
moTtHo npu x| < 1. 2726. Cxoautcs abcomorso np |x| # 1. 2727. Cxonurca
abcomoTHo pu x # —1. 2728. Cxomgurcs abeontorso mpu x > 0. 2729. Cxo-
auTest abeomorso mpu 0 < |x| < +00, ecnu |a| > 1; pacxoaurcs, ecau ja| < 1 uan
ecnu x = 0. 2730. Cxoxurca abcomorHo npu x = 2 u npu x > €. 2731. Cxo-
aurcs abcomorHo mpu x > 1. 2732. Cxopurcd, ecau 0 < min(x, y) < 1.
2733. Cxopures aGeomorHo mpu |x| < 1, 0 < y < +00 u mpu |x| > 1, y > |x|;
cxoauTes yeaosHo nmpu x = —1, 0 < y < 1. 2734. Cxopurca abconoTHO Npu
max (x|, Jy]) < 1. 2735. Cxogutca aGeomorno mpu: 1) 0 < x < 1, —00 < y < +00;

NDx=1,y>1u3d)x>1,y> 2. 2736. Cxogurca abcoaroTso npu |x — kn| < ZI[ ,

— Y 1 . Bx(x?-1)
rae k — nenoe uncno. 2738. 5 < le| < 25 i 2739. a) Cxoxurcs

abcomorHo npu x 2 0, cxomurca ycimoeHo npu —1 < x < 0; 6) cxoaurcsa
abcomotTHo npu p + x> 1 unpu x =0, 1, 2, ..., cXo0AUTCA YCIOBHO NPH
0 < p + x < 1; B) cxopurcs abcomorso npu: 1) |x] < 1, y — npousponbHO;

2)yx=*1,y> %; 3) x — npoussosnbHo, y = 0, 1, 2, ...; cxoguTCA YCJIOBHO

mpu x = 1, —% <y< % 2743. Tlpu € = 0,001 u x = %/0, 1, N > 3m. Her.

2744. n > % . 2745, n > 26. 2746. a) CxoauTcs paBHOMEpHO; 6) CXOAUTCA He-

paBsoMepHO. 2747, CxoauTcs pagaoMepHo. 2748. CxoxuTcs HepaBHOMEPHO.
2749. Cxogurcsa paBsomepuo. 2750. Cxoaurcs pasuomepHo. 2751, a) Cxo-
JUTCA PABHOMEPHO; 6) CXOAUTCS HEPABHOMEPHO; B) CXOAMUTCS PABHOMEPHO.
2752, a) Cxonurcst HepaBHOMeEPHO; 6) cxoguTCsa pasaoMepHo. 2753. Cxoaur-
ca paBHoMepHo. 2754. Cxoaurcsa nepasaoMmepno. 2755. a) Cxoaurcs paBHo-
MepHO; 0) cxoauTca HepaBaoMepHo. 2756. a) Cxoaurcs HepaBHOMEPHO;
6) cxoxuTcs paBHOMepHO. 2757. Cxoxurcs HepaBHoMepHo. 2758. a) Cxoxur-
cs1 paBHOMepPHO; 6) cXxonuress HepapHoMepHo. 2759, Cxogurcs paBHOMEPHO.
2760. a) Cxoxpurcda paBHOMeEDHO; 6) cxoxuTca HepaBHoMepHo. 2761, Cxogur-
ca paBHoMepHo. 2762. Cxoxurcs paBsoMepso. 2763. Cxoaurcs Hepas-
HoMmepHo. 2767. a) Cxogurcsi paBHOMepHO; 6) CXOAUTCA HepPABHOMEDHO.
2768. 1. Cxoaurca pasHoMepHo. 2. Cxogurcsa HepaBHOMepHo. 2769. Cxo-
auTcest HepaBHoMepHo. 2770. Cxoaurcsa paBaoMepno. 2771, Cxoaurcs Hepas-
HomepHo. 2772. Cxoguresa pasHoMepHo. 2773, a) Cxoaurca HepaBHOMEPHO;
6) cxoxguTcsa paBHOMepHO. 2775. a) CxopuTcsa paBHOMepPHO; 6) cxoauTCsa He-
paBHOMepHO. 2776. Cxonurcs HepapHOoMepHo. 2777. CxoauTcs paBHOMEDHO.
2778. Cxopurcst paBHoMepHo. 2779. Cxoaurca papaomepso. 2780. Cxogut-
cs1 paBaoMepHo. 2781, Cxoaurcss papHoMmepHo. 2782. CxoxuTrcs paBHOMEp-
Ho. 2783. Moxker. 2785. He o6sasatensno. 2795. a) CymecTByer U Henpe-
peiBHA pH |x| < 1; 6) cyljecTByer u HempepbuIBHA IpH |x| < 4+00; B) cyurect-
ByeT np# |x] < +00, paspeiBHa npu x = 0. 2799. a) CymectByer u Audpepen-
nupyema mpu x = —k (k= 1, 2, 3, ...); 6) cymecrsyer npu |x| < +00, qud-
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(depeHUUpPyeMa BCIOAY, 3a uckaoueHueM x = 0. 2802. a) & npou3BoJIbBHO;

6)a< 1; B)o < 2. 2805. Her. 2806.% In2. 2807.1. 2808. a) 1; 6)%2.
2809. 3akonHo. 2810. Ta. 2812. R = 1; (-1; 1). Ilpu x = ~1 cxoaurca abco-

JIOTHO, eciu p > 1, u yenosHo, ecnu 0 < p< 1; npu x = 1 cxoputcsa abeo-

JNOTHO, eciu p > 1, u pacxogurca, ecsm p < 1. 2813. R = % ; (*% ;—%) . Ipn

x = —% CXOJUTCS YCJIOBHO; IPU X = —% pacxoautcs. 2814. R = 4; (—4; 4).

IIpu x = 14 pacxogurcs. 2815. R = +00; (—co, +00), 2816. R = 1 5 ( -1 ; l) .
e e’ e

Ilpu x = i% pacxoaurcs. 2817. R = +00; (-0, +00), 2818. R = 2; (-1, 3).

Ipu x = -1 cxogurcs abcoaOTHO, €CIU p > 2, ¥ YCIOBHO, ecnu 0 < p < 2;
npU x = 3 cXoguTcs abCONIOTHO, eClU p > 2, U PACKOAUTCA, ecau p < 2.
2819. R = 27; (-2, 27). llpu x = —2P cxogutca abCoNMOTHO, ecly p> 2, U
pacxoautcs, ecnu p < 2; npu x = 2P cxogurca abCONOTHO, ecjau p> 2, U
CXOAUTCS YCJAOBHO, ecau 0 < p< 2. 2820. R=1; (—1, 1). IIpu x = -1 cxo-
auTcsa abconoTHo, ecau m = 0, 1 pacxogured, ecau m < 0; opu x = 1 ¢xo-
aurcsa abconroTHo, ecau m > 0, U CXOAUTCA YCIAOBHO, ecan —1 < m < 0.

2821. R = min (1 ; 5) ; (-R; R). Ilpu x = —R cxoguTCA YCIAOBHO, €Cu a 2 b,

1 abcoNoTHO, ecau a < b; npu x = R pacxogures, eciu a 2 b, ¥ CXOIUTCA
abcontoTHO, ecnu a < b. 2822. R = max (a, b); (—R; R). IIpu x = +R pacxo-
aurea. 2823. R = 1; (—1; 1). IIpu x = +1 cxoxurca abcostoTHo, ecan a > 1,
u pacxogurcd, ecnu a < 1. 2824. R=1; (-1, 1). IIpu x = 1 cxoxurca ab6-
comoTHo. 2825. R=1; (-1; 1). IIpu x = ~1 cxoguTcsa ycJoBHO; Ipu x = 1
pacxomaurca. 2826. R= 1; (-1, 1). IIpu x = —1 pacxoaurcs; nopu x = 1
CXOAMTCS YCJOBHO. 2827. R=1; (-1; 1). TIpu x = *1 pacxogurcs.

1 1 1 1 1 1
.r=1. =+1 . LR==:[ -2, 21,
2828. R vk ( E 4) TIpu x = i pacxoauTcsa. 2829. R 33 ( 3 3)

TIpu x = +1 pacxoautca. 2830.R=1; (-1; 1). IIpu x = +1 cxoaurcsa

W

abcomoTHo. 2831. a)R=1; (-1; 1). Ilpu x = 1 cxoaurcs ycJOBHO;
6) npu 0 < x < 2 cxoguTcsas aGCONMIOTHO;, MPU X = 2 CXOOUTCS YCJOBHO;
B) cxopures auiub opu x = 0. 2832. R = 1; (-1, 1). IIpu x = —1 cxogurca abco-
JMIOTHO, ecau Y — o.— 3> 0, u cxoguTtest yeaoBHoO, ecm —1 <y— o — B < 0; npu
x =1 exonurea abeomoTHO, ecau Y — o — > 0, u pacxoautcs, ecauy — o~ < 0.

2833. x > 0. 2834. x| > 1. 2835.0 <[x] < +00, 2836. x> ~1. 2837. |x — k< 7

rge k — uenoe uucno. 2838. -1 + 3(x + 1) — 3(x + 1) + (x + 1)3.
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2839. a) i 2 (xd <lab; ©) Z XD (e~ bl < Ja - b B)‘i s

b)n+1 P x"*l

(/> la). 2840. Z (-1 =1 (0 <x < 2);In 2. 2841, 2 Ty (<0,

2842. Z (Zn)! (x| < +20). 2843. Z‘( 1)t ?;n): X2 (] < +00).
n=0 n=

2844, i 1—’;—,‘1x (] < +00). 2845. px + K 1237 %) % 4 “(1‘“2532‘Eﬂx5+...

n=0

(< 1). 2846.1- %fxz— ﬂ{i_j@ﬂ — o (x<1). 2847.1 + (x- 1) +

+(x—1)2+L21L“ +...(O<x<2).2848.e(1~f +%x2-%x3+...)

[3]

(ld < 1). 2849. sin (x + h) = sin x + h cos x — 52’; sin x —%—T cos x + ... () < +o0);

2 3
cos(x + h) = cosx — hsinx — ’2—’—‘cosx + % sinx + ... (i < +0).

2850. 1. a) (~2;2); 6) (3, 7). 2. Her. 2851. i %‘i (] < +00).
n=0 :

— n 22" 2,; § = _1yr+1 32"'1 2n+1
2852.1.1 + ;( 1) e )' (x| < +o0). 2853, 5 n;( 1) G D
(x| < +00). 2854. Z x" (jx] < 1). 2855. Z (n+ Dx* (x] <1)

n=10 n=0

2856.x+ 3 M-t (layo 1) 287, Z (< 1),
n=1 :

=

2858. 1 S°[1 - (-2)"x" (]xl <3 285, 3 [1+ G, (ol < 1),

3
n=1

2860. 1 i [+ 12C00 2 o] < 1), 2861, 7:) a,x", raea, = %[([.5;—1)1 +

+(-1)" (L‘_1)“ 1} (uncna PuboHauun). 2862. a) % i x, sin &t-(';—”) (x < 1);

6) Zc,,x“, rae ¢, = 1, ecim n=4k; ¢, = -1, eciu n =2k + 1; ¢, = 0, ecin
n=0

=2k +2 unmu n =2k + 3 (k =0, £1, 2, ...). F199 9y = 1000!.
2863. 3" x" cos na (< 1). 2864. " x"sin na (|x| < 1). 2865. > x"shna

n=1 n=490 n=0

[ +1
(] < €. 2866. 3 2(';+)1””x2" (4 < 1). 2867. ZL1>"“+11+( 1)1 X
n=10

n=1
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x2u+ 1

(-1 < x < 1). 2868. Z °°S”°‘x (Ix] +0). 2869. Z -1 3

n=0

([ I\l)&"-

2870"‘*ZM’CZM (j«] <1). 2871. x + i {( 1) Zn= DU xns?
n=1

~ (2m! 2n+1 @n)!t 2n+1
cosna < et _xntl
(x < 1). 2872, -2 ,Z COSRY xn (|x] < 1). 2873.a) x + Z( U D

)

1< . o xin+1 —1)r22n-1 2n -1
((1<x<1); 6) Y Zo (1< x <) B)arctg2+zg—2h-—x

n=90

(-3 <x<%]”)lio{<—1>[‘] — }(le f),n)Z( (DL

27(2n 2n(2n 1)

(e < 1);  e)2lx] mpu 0 < x< 1u-1<x<0;

1+ ZSZn_llll xlll
(2n)!! 2n+l

n=1

x2S [(@n- 1)1 ez | yr (2n=L)U
w1+ 5 +"Z::l*(2n+2!!)2n+ll d<1i-1+ 5 +z( errriie

x2n+ 2

- (#<1). 2874. 2) e [(2x)n + "—("I‘_——D(Zx)" ~2y a(az)(n-2)(n-3)

2!

x(2x)" "+ ... ;6)ﬂe’2‘ "+ o D) gty n(n =D 2 2) gr-2g2 T,
x2n 1! 2!

)( 1)-1n! [x”_l _(n- ly(n—ngn—s_'_ (n—- 1)(n~2)(11—3)(n—4)x,,~5_m]

(1+ x?) 3! 5!
> (—1)” 2 (L9 < g < v 6
2875. Z, El + )" (-2 < x < 0) 2876. Zl = (d > 1.
9 x-1 >0, X S §2n—1)!!( x !
871. ”Z 2n+1 (x+ 1) (x>0) 2878 1+x * Z (2n)! 1+x)

- Sl L 1 __1)_‘(."_—12
(x> )28811 5 x 2435 .. (d <1).2882. 1+Z x"
(x| < +00). 2883. Z [ 2 _ 4+ _1 ] x" (] < +00), rge Ol = 1

2n)  (2n-2)  (2n-4) ’ ’
1) =00, (-2 = N L,ooply =zt e
(-1)! = co, (—2)! OOHT.LL2884.2“Z:! (1+2 +...+n) T (-1<x<),
o 1 . o 2§cos%t
-1} 2n+1 < n
2885. x + 2 Z Q—L—4n2_1 x («]<1). 2886. ,Z,, - x (x| < +o0).
~ 225111/”C

2887. 3 4 %" (x| < +00).  2888. Z {( - 1( 1+ +. +1)x"}

n=1 "=
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- S (~1)" - ! 1 1 Y <
(-1<x<1). 2889 ,ZH( S R R e R (LAY
>, 22n+l(p1)2 z" < l 3 2 5 n
2890. nzi __A_L(Z 5 (bM< 1. 289Lx+ 2o’ + S+ . (|x1< 2).
1 2 1 3 2 5 _
2892. x gx + —15x + . Ux| ) 2893. TRy LA

En-k

- S 1k
(% < m). 2804.Ep= 1, 3 {( 1) (—213)!(211_2@!}

k=0

= 0. 2895. P, (x) = 1;

_ (2n-1)! n_ nn-1) a-2 nn-1)(n-2)(n-3) n-4 _
Pu(®) ol [x 2en-1)" T Zaa-Den s }

(n > 1) (Mmuorounens! Jlexxangpa). 2896. Z s,x", rTOE 8, = Z a,.
- k=

2 . 3 > «© _ n x2n¢1
2897. a) R > min (R,, R,); 6) R > R,R,. 2901. Z (-1) TCTESY (l| < +00).
oo (2n - it xtnst < qn x2n+
2902. x + ;———(Zn)u P (x| < 1). 2903. Z( )(————2n+l)(2n+1 (la < +00).
S (—1)r Xt xS oxt
2904. ;0( 1) Gni 17 (2] < 1). 2905. x + T % T (x| < 1)

2906. % In i* X (] < 1). 2907.arctg x (x| < 1). 2908. ch x (jx] < +0).
- X

2909.1 + 1% In (1 — x) (x| < 1). 2910. (-1 < x < 1). 2911.
X

1 X
J1-x (1-x)?

(o < 1). 2912. ’(ﬂlL_‘_’ig (x} < 1). 2913. (1 - (|« < 1). 2916. R= 2;

(x -1+ (y - 1)? < 4. 2917. R—ﬁ €+ y? <l L2918. R=1; 2%+ y < 1.

2919.R=1; x*+ y? < 1. 2920. R = 1 2 sin % ; (¢ = cos ) + (y — sin ) <

< 4 sin? %. 2921. 2,080. 2922. a) 0,87606 = arc 50°11°40”; 6) 1,99527;

B) 0,60653; r)0,22314. 2923.0,30902. 2924.0,999848. 2925.0,158.
2926. 2,718282. 2927. 0,1823. 2928. 3,1416. 2929. 3,142.
2930. 3,141592654. 2931.1n 2 = 0,69315; In 3 = 1,09861. 2932. a) 0,747;
6) 2,835; B)1,605; 1r)0,905; x)1,057; e)0,119; »x)0,337; 3)0,927;
n) 8,041; ) 0,488; 1) 0,507; M) 0,783. 2933. 3,82. 2934. 4,84. 2935. 20,02 m.

2936. g - % cos 2x + é cos 4x. 2937. Pag Pypee coBnagaeT ¢ MHOrowieHom P, (x).

sin(2k-Dx, 1 A_24 1
2938. 42 g 2939, 5 - = ,;, SErI

. nx
51 sm(2k+1)T
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2940. 2 z (~1)yr+1 Sinnx sinnx .2941. Z sinnx .2942. n _ z osz(;}j-rl)lzg .

n=

(a-b)1 _ 2(a-b) — cos(2k+1)x n+1 sinnx
2943. 1 - Z kD) + (a+ b) \—‘ (-1) -

n:l

2944 24 ﬁ_.)_ cos nx. 2945, £sinna fl + z (1)1 acosnxJ

a?
Y

2946. 2sinna 2 (—1)”"nsl‘1nnx. 2047. 2shna Z tl)"”ns}nnx )
n nt-a? n : n?+a?
n=1 n=

ahcos™® - npsin2X

1 - 3 /]
. — 4+ z ~1)" . 2 . 41+
2948. 2sh ah {2“1 2 -1 } 949. a + 14

(ah)?+(nn)?

20 v 1 nna nnx X nnx .
+ = sin 288 cos 1ZX _ cpg BRX gjp AT < x < + 210).
T Z n( l l l { ) C a )

n=1

2950.1—% cosx + 2 Z Lll— cos nx. 2951, 18 z -(:—I-Lli sin 2nx.

n?— (4n%-1
2952. ;Etkzo {( 1)k@<_2.£+% 2953. ;iti (_27_1_ sin (2% + 1) x.
2954, % 2 7%(%)12” 2955. 1 - %i sznnx (x 7% 1eoMy uucny).
2956. 1 - %mo cosfr@ailis. 2957.2 - :_‘[:1 cw0s2hr . 2958. 2 +

o0

+2 Zl %’5—;(:05 nx. 2960. %ln(l + 2+

~1)k+1
4k2-1

S |94 8 S (1) . om . | .
+;0{(*1)‘[2+E,Z 7)—5111—271}008(8}3+4)x}+§1 j((,,l)k[;t ln(lT,\/Z)—i—

m -1

+ 2 " - R S I
mzl 2m_1 sin (2m — 1)= }cos 8kx ¥ 2961. a) 5 +4’Z‘1 = COS nx

(- < x < ) 6)2152 %—smnxA Z %ﬁ(o(ow ms ) 2+

n=1

o cosnx - sinnx nt nt n? o .2 T2
+4ZT 41:2 0 < x< 2m); 5 13° §.296.4.x §+

n=1

+ 4 i (_1)n COTSl;lx; — 27.[ Z ( 1)n+1 sinnx + 12 z ( 1),; smnx’

n=1
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41 4 2 W cosnx o (-1)n+! an-a),
xl=om + 8n Z (-1)" == + 48 ,.Z: - 008 nx. 2963. S

n=1

72 - 3na + 302 2 9 <« 1 2nnx 1 < cos2nnx
LT onTT o 2064, 2 - 2 = cos &85 4 — Ren T (0<x<3
6 9 3 2n? nz::l n? 3 2n2? "Z:l n? ( ):

2965. 1 Ly Z cro® cos 2kx.  2966. Z ¢"sin nx (g < 1).

2967.1+ 2 Z q" cos nx (|g] < 1). 2968. Z ¢" cos nx. 2969. —2 Z T cos nx.

n=1 n="0

2970. -ln2 - 3 SAT 2971. -In2 + Z () lcosnx
n=1 n n=1 n

cos(2k+ 1)x 2 - sin(2k+1}x' ) = a _

2;___—LZk+ 973. Z 25y 2974, x(s) = ¢

_da < 1 (2k+1)ns | n (2k+ L)ms __ _
w2 ,,Z., Erie T g z (2/;+ 1)2 CPRAR)

_ 4a < 1 §2k+1)ns 4 da o (=1)k+1 sin 2kt Dns

n? Z (2k + 1)2 n? k; (2k+1)2 2a ’

2975. f(-x) = f(x); f(n— x)= —f(x). 2976. f(-~x) = —f(x); f(n— x)}= [(x).

8 (1) _
2977. a) - Z J{m - T_L(Z(k+)1)3] cos (2k + 1)x} (o< x< g)

-0

2n

2-1f0r L 81 :
6) Z {[(2/”1)2 12k 1)3] sin (2k + 1)x

(0<x< 1‘) 2978.a,,= b,

(n=0,1,2,..).2979%. a5, _,=by,.,=0(n=1,2,3,...). 2980.a)a, =0,
bop.1=0;6)a,=0, by, =0. 2981. o, =a,, B,=-b,. 2982.q,=

B, = b,. 2983.a, = a,cos nh+ b,sinnh, bp = b,cos nh — a,sin nh.

n

2984. A, = a,, A, = a, Sil’:}’l"l ,B,=b, %}’:” (n=0,1,2,...). 2985. A, = a’,

A :ai *ifbi; n

B,=0(n=1, 2, ..). 2986. % 2987. i. 2988.21n 2 - 1.

2989. 1. 2090. L (1 TR l). 2991.1n2 - 1. 2992 3. 2993. 1.
4 m 2 m 4

1
2

2994. 2 (1 - In 2). 2995. 2¢. 2996. 3¢%. 2997. %2 - 3. 2998. %2 - ?—.93

2999. —;- (cos 1 — sin 1). 3000. é (41n 2 - 1). 3001. €* (0, x™ + O, (™ "1+ L,

.. 1 tp), rae koadhduuuenTo a, (k =0, 1, ..., m) onpefensorcs U3 paBeHCTBa
Pny=o,n(n=-1)...(n-m+1)+«,_nn-1..(n—m+2)+..+on+0.
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3002, o (g +3 +1).3003.(x2+x+§j e"—%.3004.{1—%2) cos x —

X ) 05.1 x+1 _ > L1 (x4l _
251nx 30 4(J;c sh Jx ch,\/a_c),ecm/rx 0,4(—A/|;| smA/l’x_|

— cos Wil ) , ectd x < 0. 3006. In Ti—x . 3007. 2x arctg x — In (1 + x?) (¢ < 1).

3008.% arctg x + :ltlni—t—jf (Ix]< 1). 8009.(1— %) @ - 1 (< 1)

N |
A T 1+x x(8-x) x)
3010.(1 2) L8011 25 (d < 1. 3012 B2 (< 1.

3013. (1 + 2x%)e**.  3014. -7~ + L m2. 3015 7. 3016. L .
3.J3 3 4 J2

3017. g 3018. T‘ T-X(0<x<2n). 3019. -In ’2 sing

LoX+H
sin

In

3020.

D -

. 3021.§,ecnn0<x< 20; 0, eciu 0 < x < 21 — 2

LoX -0
sin

, econ 21 - 20 < x < 2% 3022 T sgnx (x| <m). 3023. % (1 - "Ozsxj -

~Zsinx (x<m. 3024 _Téf ~Xlal (d<m. 3025 X1 + cosx)-

~sinxIn ( 2 cos ) (Jx] < m). 3026. °*** cos (sin x) (jx] < +00). 3027. x = ix,

y=jn (i, j=0, 1, +2, ...). 3028. 2 (arcsin x)? (x| < 1). 3029. _f_; +

+ 4“/;,; qrcsm“é_ ecmm x > 05— - 4“/_ ln“/—’“‘4 X ecnu x < 0.

-x

(4-x)t (4- x)z
3030. L. 303121, 3032.a)f-; ©) 1. 3033 a) X _;
x-1 1-x 1-x (1-x)2
—x—-. R + n 2n- 1) 1 . 36. n_z )
6) TESIE 3034.1. 3035.1 Z (-1) g__)—(2n)!! TIESIE 3036 s

n=

.Y 1 38. 9 T 1 n? -
3037. "z IR 3038. 2 5 3039. 34" 3040. 13 3041. F(k)

_ S (20 =1)12 o, _=n o [(2n-1)1?
7_2[{ 1+ Zl[ (,;n)!! } K } 3042. E(R) 2 {1 Z [ (’;n)!! J %

no- n-1

k2n 122_ 1'3284- } B ]
x 2n-1 } 3043 2na[ ('2') € (2_4) 3 <. |, TOCE 9KCUEHTPU
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cuTeT asmmnca. 3047, 27”,’". 3048.In (1 + o) npu o < 1 u —1-2 In (1 + l)
n. o (02
npu jof > 1. 3049. 0 mpu | < 1 u 7t In o« npu jo > 1. 3050. 2 - 107°. 3061. A_i .

3062. 2. 3063. % . 3064.a™2  3065.a) Her; 6)ma; B)aa; r)aa.

3066. Pacxogurca k Hyaw. 3067. Cxogurcs. 3068. Cxoaurcst upu p > 1.
3069. Pacxoautca K nymwo. 3070. Cxogurcesa npu nwobom p. 3071. Cxogures,

ecnu a; = a. 3072, Cxopurca, ecnu i a,= 2 b;. 3073. Pacxoputcs K Hy-
=1 i=1

mo. 3074. Cxoaurca. 3075. Cxoaurca. 3076. Cxopgutca. 3077. Cxoaurcsa

npu mo6om x. 3078. Cxonurca npu mwbom x. 3079. Cxoautca mpu |x| < 1.

3080. Cxogurca npu |x] < 2. 3081. Cxoautca npu |x| > e. 3082. Cxoxurca

npu mwo6om x. 3083. Cxogurea npu |x < 1, p, npoussonbHBIX M npu x = +1,

p>1, ¢> % . 3084. Cxopgurca npu motom x u p. 3085. Pacxogutca.

3088. Cxoaurca ycnosHo. 3089. Pacxogurca. 3090. Cxogurca abcosoTHO,
ecan p> 1; cXomMTCA YCJIOBHO, €CIV é < p< 1. 3091. Pacxoanres.

3092. Pacxogurca. 3093. Pacxogurca. 3094. Cxoaurca ycaosso. 3095. Cxo-
autes yeaosHo. 3096. Pacxoaurea. 3097. Cxoxutest aGeontoTHo npu ¢ > 1;

1 < M) = - L) .
CXOAMTCA YCNOBHO HPH 5 < O 1. 3109. F'(x) = F(x) z} PYRTIE

z If. (0] <+00, | fi(x) <c,(n=1,2,...), rge i ¢, <+00.3111. 157,970 +

n=1 n=1

+0-0,0004 (0< 0 < 1). 3112. 102 - 7,7 - (1 + (ol <

12000)

3113.0,0798 - (1 + ——) (0 < 1). 3114. 10% - 1,378 - (1 + 2 (|0|

1z, . 0 < 1+ O
3115. 102+ 4,792 (1 + 120] (0 < 1). 8116.0,124 - (1 + s ) (o <
LY
3117. 0,355 - (1 + 6%) (o] < 1). 3118. (2n — Il = /2 2n)'e " 127 (0,]< 1).

6,
2 Gn < =1 = _Eﬁ
3119. = 16,/ <1).3120.2) 1:6) e; B) £ 1) 1. B12L. Py(x) = 1 - 22 ¢

nn

- -112 x? + 4_ x%; Py(—1) = 3,43; Py(1) = —1,57; P4(6) = 8,43. 3122. y = y, +

Yi- _ Yr-2y0+y-1. o - -
+ 2h (x xy) + S h7 (x — xp)*. 3123.y= 0,808 + 0,193x
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- 2 inxe~3% [ 1-( %) . gin20°~ . sin 40° =~ :
0,001014% 3124. sin x 288[1 (150)],sm20 0,341; sin 40°= 0,645;

sin 80° = 0,994. 3125. P(x) = é(7x2— 4x"). 3126. 7%. 3127. B,(x) = x;

pi= B n= (1322 (1Y

n n n

I ’

3128. B,(x) = 3 fla+ fo)c,=alox e 1= b - a
i=0

8129. B,(x) = 1 (1~ (L + )" + & (1 + 0. 3130. By, (x) = i(ljlx) x

n on i 1+xi an
2 ek (i) ]
’:ZI tlan [ 1-x ’
1 2x

rae l=b-a. 3132. B,(x) = = [( cos = + i2% sin l)" + (cos 27‘—" -

+ (ﬁ)l] 3131. B, (x) = ¢* [1 + (ﬁ -1 )x_

2 2n i3 2n

2% gip )" i n_ 8% n-k cos(2k-1)x
—-i2= sin —| (,rmei= 4/~-1.3135.0,,_,(x)== - = ( )x
Ln nzn)} raei 2n-1 (%) 3 o 2n-1 (2k-1)2

Pasgen VI
3136. Honynaockoets y = 0. 3137. |«] < 1; Jy| > 1. 3138. prr 2+yi<1.
3139. BreuHocTs }cpyra £+ y*> 1. 3140.Koabmo 1 < x%+ y? < 4.

3141. JIynouka x < x*® + y* < 2x. 3142, -1 < x? + y < 1. 3143. Ioaynoc-
kocTh x + y< 0. 3144. Ilapa Beprukanpubix yrjos |y|< |a] (x # 0).
3145. ITapa TynbeIx BePTUKAJbHBIX YIJIOB, OMPAHUYEHHBIX OpaAMBIMU y = 0
u y = —2x, BKJIOuas rpaHuny 6es obuest sepuuns O (0, 0). 3146. Kpuso-
JVHEHHBIH TPEyroNbHUK, OrpAHUYEHHBIH napabonamu y° = x, y? = ~x U Opa-
MO# y = 2, MCKJo4as BepmnHy 0O (0, 0). 3147. Ceme#CTBO KOHIIEHTPUYE-
cxux Koyer 2nk < 2 + 2 <n(k+ 1) (=0, 1, 2, ...). 3148. BuemnocTts
rkoHyca x*+ y?— z?= 0, BKrMOYAaA rpaHMLy 3a BBUETOM BepPIIMHBI.
3149. CoBOKYNHOCTh 4eTbIpeX OKTAHTOB mpocTpaHcTBa. 3150. BHyTpeH-
HOCTB ABynojlocTHOro runepboiionga x2 + y? — 22 = —1. 3151. [lapannenbHble
npameie. 3152. Kounenrpuueckue okpysxuoctu. 3153. CemeiicTBo paBHO-
CTOPOHHUX runep6oJ ¢ 0buuMu acuMnToramu iy = +x. 3154, ITapannensHsle
npamsele. 3155. [lyyok NpAMBIX C BEPUIMHOM B Hauajle KOODAMHAT, 3a BbIUe-
ToM BepinuHel. 3156, CemeiicTBo moxgobHbIX aynuncos. 3157. CoBOKYMIHOCTD
PaBHOCTOPOHHUX runepboJ, aCUMITOTUYECKY NPUOGIMIKAIGUX K OCAM KO-
opAMHAT u pacnosaoxkeHHbIX B I u Il kBagpanTtax. 3158. CemeiicTBo ABYy3BEH-
HBIX JIOMaHbIX JIMHWI, BEPIIMHBI KOTOPHIX DPACHIOJIOKEHBI HAa ocu Oy.
3159. a) I u III kBagpaHTel Npu 2 = 0; ceMeHCTBO ABY3BEHHBIX JIOMAHBIX JIN-
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HMH, 3BEHBHA KOTOPHIX I1apaslIeJbHBl OCAM KOOPAMHAT, a BEPUIUHEI paclo-
JIOXKEHBI Ha npAMOH X +y = 0 pu 2 > 0; 6) INHMK yPOBHA — CTOPOHbIL YIJIOB,
napaJiyiesIbHble MOJIOXKUTEIbHBIM HANIPABJIEHUAM KOOPAUHATHBIX oceit Ox n
Oy ¢ BeplIMHAMU HA OPAMON y = X; B) CEMEHCTBO KOHTYDPOB KBaapaTOB C
o6wum uerTpom O (0, 0), CTOPOHBI KOTOPBIX 11apaJlJIeJIbHBI OCAM KOOPAUHAT
Ox u Oy npu z > 0; Touka O(0, 0) npu z = 0; r) DpsAMEle, MapajaeibHbIe OCU
Ox, ecau z < 0; CTOPOHBI yIJIOB, NapallejbHble KOOPAUHATHON ocu Ox u
HOJIOKUTENBHO Hoyock Oy, ¢ BepmiMHaMy Ha napabose y = x?%, ecu z > 0;
nonoxurenpHan noiayocsk Oy, ecnu z = 0. 3160. Ilyyok okpyKkHOCTEH, NpPO-
XOAAIMX Yyepes Hauayo KOopAUHAT (He BKJoYas 3TOro Hauasnal) u oproro-
HanpHeIX K ocu Ox. 3161. Kpussie y = £ . 3162 Kpussie y = Cix,
Inx Inx
3163. CemeiicTBO OKPY’KHOCTEH ¢ eHTpPaMM Ha ocy OX, OPTOrOHANBHBIX K
okpyxHocTy x% + y? = a2, 3164. CemeiicTBO OKPYKHOCTEl, OPTOrOHATBHBIX
K ocu Oy 1 nNpoxoAAlMX Yyepes Touku (—a, 0), (a, 0), 3a BBIYETOM NOCIEJHUX.
3165. Ilpameile x = mn u y=nn (m,n=20, £1, 2, ...), opu z =0;
cucTeMa KBaAapatoB mn < x < (m+ )i, nn <y < (n + )m, rge (1) * "=z,
npu z=-1 pmam z=1. 3166. CemeiicTB0 mnapajjeNbHbIX ILJIOCKOCTEIL.
3167. CeMeiicTBO KOHI[EHTpUUYECKUX cdepP ¢ IIeHTPOM B HayaJsle KOOPAMHAT.
3168. CemeiicTBO ABYNONOCTHRIX rumepbonougos npu u < 0; ceMmeicTBO
OHOMOJIOCTHRIX Iunepbosonsos npu u > 0; koryc npu u = 0. 3169. Cemeii-
CTBO 3JUIMNTHYECKUX IUIHNHAPOB, 0GIIEN OChIO KOTODPBIX ABJAETCA IPAMAA
x +y=0, z=0.3170. CemeiicTBo KoHueHTPHYeCKUX cdep x% + y2 + 2% =
=nn(n=20,1,2,...), npu u = 0; cemelicTBO chepUUECKUX CJI0EB TN < xZ +
+y2+22<m(n+ 1), rge (-1)" = u, mpu u= -1 mmu u = 1. 3171. Humng-
puYecKas MOBEPXHOCTH ¢ Hampasiswueh 2 = f(y), x = 0, obpasywoiye Ko-
TOPO# MapayyieNpbHbl NIpaMoil ¥ = ax, z = 0. 3172. [TloBepXHOCTh BpalleHUA
KpuBOit 2 = f(x), y = 0 Boxpyr ocu Oz. 3173. Konnueckasa mOBEPXHOCTD C
BEpPLIMHOI B Hauajge KOOpAWHAT M Hampasidawmeid: x= 1, z= f(y).
3174. KoHoung ¢ Hanpasaswuiei: x = 1, z = f(y), obpasyiouue KOTOPOro

napaensHsl miaockoeta Oxy.  3176. f(l, %) = f(x, y). 3177. J1 +x2.

3178. f(1)=2 +t% z =x — 1+ Jy (x>0). 3179, f(x) = x2 - x;
z =2y +(x —y)%. 3180. f(x, y) =xzi—:—=§ .3183.2. Her. 3. 0; uer. 3184. a) 0,1;

6) % ,1;8)0,1;1r) 0, 1; 1) 1, 0. 3185. 0. 3186. 0. 3187. a. 3188. 0. 3189. 0.

3190. 1. 3191. ¢. 3192 In2. 3193.a)% <g< 3?“; 6) % << 37” u

=

<p< 341[ . 3194, Touka paspriBa: x = 0, y = 0. 3195. Bce Touku npamoit
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x+ y=0.3196. 0 (0, 0) — Touka 6ECKOHEUHOI'0 pa3pbIBa; TOYKHU NPAMOU
x+ y=0 (x# 0) — ycrpanuMsle TOuK# paspeiBa. 3197. Touku, pacnoso-
JKeHHbIe Ha ocAX KoopauHaT. 3198. COBOKYIHOCTH TOUEK NPAMBIX X = MU U
y= nn (m, n= 0, £1, +2, ...). 3199. Touku okpyskHoctu x>+ y?= 1.
3200. Touxku KOOpAMHATHBIX IIOcKocTei: x =0, y = 0 u z = 0. 3201. (a, b, ¢).
3203.1. PasroMepHO HempepsIsHA, 2. PapHoMepHO HempeprIBHA. 3. Hepasn-
HOMEpHO HemnpephiBHA. 4. PyHKUUA HenpepslBHA Ha E, HO HEPABHOMEDHO.

3211. 2. fi.(x, 1) = 1. 3212. 1. (0, 0)= 0, f,(0, 0)= O; dynruua
weaudPpepennupyema s Touke O (0, 0). 2. Oynruua meguddeperuupyeMa
B Tourke O (0, 0). 3. (I)ymcmm un(])q)epenunpyeMa B Touke O (0, 0).

3213 a” =4x® - 8xy?, & = 4y° - 8xYy, 8_‘ = 12x% - 8y, = —16xy,
xoy
d2u 1 du x Jd%u J2u 1
AT — U — 4+ 2 = X otu o =1 -
AN 12y% - 8«2, 3214. 7 y 3 % x i ont 0, 3%y 1 ek
0%u _ 2x 8u=i du _ _2x d%u _ 02u _ _2 d%u _ 6x
W - 8215 5 y? oy y* ' ox? 0. dxdy y3’ ooy oyt
3216. % - y? du _ _ xy 9%u _ 3xy? 0%u
' (x2+y2)32° Oy (x2+y2)%2° Jx? (xz+yz)s/z ’ axay

= y2xP-yh) 0w _ _ x(x?-2y%) goqy du = sin (x + y) + x cos (x + y),

(xZ + y2)5/2 ayZ (x2 + 2)5/2 a
a—”—xcos(x+y), L =2cos(x+y)
dy dx? ay

. d2u . Jdu 2xsinx? Jdu cosx?

- U — + ). Lo = _ZXSINXT O gU _ _ZOSX

xsin (x + y), %% x sin (x + y). 3218 " " % )7
d%u _ _2sinx?+4x?cosx? d%u _ 2xsinx® J%u _ 2cosx? 3219 ou _
0x? Yy > 0xdy yz  oy? y3 )
= gﬁseczﬁ, @ =—.'E.2. zﬁ, Eﬁ P gseczx_z + 8_xz sin 5_2 secaﬁ’

y y oy oyt y  0x? y y y? y y
Ofu _ _2x goeax? _ AT x? go3x? 07U 207 goo2x% 4 2XT gy X7 oot X7
dxdy  y* y oy y y oyt oyl y oy y

du _ ., y-1 0 _ .y d%u 1)xv-2, au_y11+1

3220. o yx¥"o, o x¥ In x, — e =y(y - 1)x 3%y xY7H( ylnx),
%u . yp2 a“ -1 Qu._ 2y Qdw _ __ 1
R x/In® x (x> 0). 3221. Ti y  xegt o TR
Pu ___ 2y ,a_zi‘=_(_—ﬂ-2“‘z. 3222, W — -y o _x
dxdy (x+y?®)? Jy? (x+y?)? dx xZ+y?’ dy x2+y?
0%u _ __ 2xy 0%u _ _ x%-y? Qd%u _ ___ 2xy 3223 du _ _ 1
% (at+ y)?’ dxdy (x2+y?2)2’ Jy? (x2+y2)2’ Tox l+x?’
du 1 d2u 2x d2u d%u
u _ 1 gu . __ax o U g, 2 (xy=1).
dy 1+y?’ x? (1 4+ x2)2 dxdy Dy (1+y?)2 (xy )

3224.8_14 _ _lyl , du ~ _xsgny 0%2u _ _ 2xlyl , 9%y _ (x%-y?)sgny
dx  x2+y? dy x24+y?  Odx? (x2+y?)?2 " dxdy (x2+ y?)?
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d%u 2x|yl " du _ _ x d%u 2x% - y? - 22
ayz (xz+y2)z (y # 0). 3225. ox (x2+y2+ 22)3/2° sz (x2+y2+22)5/2 ’
Quw __ 3xy  g99g U _ z(z) du :_5(5)’ u z) In X
0xdy  (x2+y?+22)52° ox z\y) 3y y\y/ 0z (y n v’
62_u=z(z—1)(3_c)’ 572_11=22+1( ) ( )z lnzx 0%u =_2_2(sz
dx? x2 \y) ’ oy? dxdy xy\y) ’
9%u =lz)z( +21 z) diu =_1(zz(1+ In %) (%
0x0z x(y 1420 y)’ dyoz y y) 2 y) (_1/ - 0)'
du _yu du _ ulnx Jdu _ _yu 9%u _ y(y-2)u d%u _ ulnix
3227. dx xz’' dy z 0z PH In x, x2 x222 7 Qy? 2t
zulnx(22+y1n x) 6 u _(z+ylnx)u d%uw _ _yu(z+ylnx) J2u _
Dzl xdy xz? ’ dx0z x2z3 " dyodz
___L)ulnx(zz;t Inx) (xz#0). 3228. g—; = -’i—zu, g—z =zy*'u In x, 3—'2‘ =
=y’ulnxlny, 32—;‘ = 4 ;2_ 1 u, %—2% =zy%u(z—1+zy°Inx)In x,
x y

QU _ oy (1 + 2 Inx)Inxln?y, L% — 28N (4 4 ey, O
022 dxdy x 0x0z

zuln
x

azz;‘ =y lulnx[1+zIny(d +y*In )] (x> 0,y > 0).
2

3230. 2.1, (0, 0) me cymectnyer. 3235. du = x" 'y""(my dx + + nx dy),
d?u = x™ "~ %y " m(m - l)y2 dx®> + 2mn xy dx dy + n(n- 1) x%dy?].

3236. du = Mﬂ , dPu=-L% dy(ydx - x dy). 3237. du = X4x*ydy
«/x +l/

d2u=qux—xdy) 39238, du = xdx+y(l_/ , dPu= = Wr-x®)(dx*-dy?)- dxydxdy
(x2+y2)3/2 (x2+J2)2

3239. du = e* (y dx + xdy); d2u = e"y?dx?+ 2(1+ xy)dx dy +

+ x2 dy?]. 3240. du = (y + 2)dx + (z + x)dy + (x + y)daz,

d?u = 2(dxdy + dydz + dzdx). 3241. du— &Z+y?)dz—22(xdx+ydy)
(x2+ y2)?

Py = 22[(3x2 - yH)dx?+8xydxdy+ (3y? - x?)dy?| - 4(x%2+ y*)(xdx + ydy)dz .
(x2+y?)3

3242. dx — dy, ~2(dx — dy)(dy + dz). 3244. a) 1 + mx + ny; 6) xy; B) x + y.

3245. a) 108,972: 6) 1,055; B) 2,95; 1r)0,502; n)0,97. 3246. [[naronans

YMEHBIIUTCA npnﬁnnan'rem)go Ha 3 MM; IO/ YMEHBIIUTCA NPUGIN3HU-

TenbHO Ha 140 cM?. 3247, YMenbinuts Ha 1,7 MM, 3249. A'= 10,2 M%; § = 13%.

3250. A = 7,6 m. 3251. f; (x, y) u f, (x, y) He OrPAaHNYEHBI B OKPECTHOCTH

dtu _ 6“ dtu 6 du _
Touxu (0, 0). 3256. L4 — 24, Tz 0 gy ~ 716 3257 7 — 0.
3258. % — _@(cos x +cosy). 3259. L —0. 3260. LU =

" oxdoy? dxdyodz 0xdy oz
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- pXY2 + 2, 2.2 . . dtu =_§ 48(x - 2( — 2
e (1 + 3xyz + x%y°z%). 3261 __"‘axajas;an = + 3

r=J{x-E)2+ (y-n)°.3262. a:’ Iu ‘pq‘ 3263. 2(- 1)'"(m+n 1)'(nx+my)

x y)m+n+1

3264. " * Y[x® + y? + 2(mx + ny) +m(m~—1) + n(n- 1)]. 3265. (x + p) X
x(y+g)z+r)e* ¥*2 3266.sin “=. 3267. F(t) = () + 3tf"(t) + 3" (¢).

y e

3268. d'u = 24 (dx' — 2dx* dy - 2dx dy? + dy' ), fu 94, a;a =-12,

dtu 0 dlu

- tu _ Py = -
s =0, UL = 12, T 24, 3269. d'u = 6 (dx’ - Bdxt dy +
+ 3dx dy® + dy®). 3270. d*u = -8 (x dx + y dy)® cos (x% + y?) -~ 12 (x dx +
+ y dy)(dx® + dy?) sin (« + y?). 3271, d"u = —ﬂ%‘ﬁ%ﬂ . 3272.d%
Yy
= —(dx® — 15dx*dy?® + 15dx?dy* - dy®)cosxchy — 2dx dy (3dx*
- 10dx? dy® + 3dy*) sin x sh y. 3273. d*u = 6dx dy dz. 3274.d%w =
dxt

=2 (_3 + 4y 1%3.‘) 3275. d"u = ™ * % (adx + b dy)". 3276. d"u =
x y z

S CEXOR Y () daF dy. B2TT. d"u = [ (x +y +2) (dx +dy + da)'.

k=0
3278. d"u=e™ """ *(adx + bdy + c dz)". 3280.a) Au = —u, A%u = u;
6)Au=1, A%z =0. 3281.a) Au=0; 6) Au = 0. 3282 a) Au = 9(x% —y2)? +

+ @22+ (22 )], Au=6(x+y +2); 6)A1u— ,Tme r= Jx2+ y?+ 22,

I

i

A,u=0. 3283. a” = 2xf"(x* + y® + zz), =2f" (a2 + y? + 2%) + dx® (2% +

)x“’

2+2.32u= “? + 2 + 22). u x 1, x).
HyP 2N g = Ayl + P+ 2). 3284 O fl(x,y)+yf2 (x,y),

d ’ 02 ' 2 g 1 4 .
Boorhi(ep R (g v im(s 5 phe (= )
d2u _  x? ,,( x) x ,,( x) 1 ,( x) 0%u _ x? ( x)
— = x, = - = x, =l —=f x—'——— x, =] +
dxay  pr PNyl Ty 2 U7 ) a2 e £ y

2x ' X ou 3 ? ’ Jdu du
== s =1 Y, — = y — = 4 A ;) — =
+ 2 (x ) 3285 i +tuyfy +yzfy 3 xfy + x2f}

2
=xyfys S8 =M HYf Y YRR f 2y + 2yl 2yl

aZ
0y2

=xfyy +2x%2f + 20 T =ty s DL

529y =xyfy, +xyz’fsy +

+xfiy v xzfly +2xyzfo, + 1y +2f3; e 5‘ =xyfis +xy% o +xy?2fys +yly ;
0%u

DUy i+ xPyzfy, +xfy. 32860 L = 1 4 (x+y)fiy +xyfy + 1
dydz dxdy
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3287. Au = 3fify + 4(x + y + 2)fh + 4x* + yE + 2Dy, + 6f;.
3288. du = /()(dx -+ dy); d*u = (1) (dx dy)*. 3289. du = f/(t) LU=YIX;

Ly = (6 (xdz{;dl[dx) ~ 2f°(t) ix(xdlf—zfa'x) . 3290. du = [’ - xdx+ydy

Jx24y? '
du= - ZATIUAYR g (wdxo AU 3991, du = f/(1) dt; dPu = ['(t) di* +
+
y (x2+J2)2

+ f(t)yd?t, rae dt = yz dx + zx dy + xy dz u d°t = 2(z dx dy + y dx dz +
+ x dy dz). 3292.du = 2f' - (x dx + y dy + z dz); dPu=4f" - (x dx +
+ydy + 2z dz)? + 2f - (dx? + dy? + dz®).  3298.du= af; dx + bfydy;
d’u = a®f]; dx® + 2abfy, dx dy + b2 f35 dy®. 3294.du=f] " (dx + dy) +
+ fi (dx —dy); d*u=f}; - (dx + dy)® + 21}, - (dx® - dy?) + foy * (dx — dy)>.
3295.du=f, - (y dx + x dy) + f; - M sdu= fi - (y dx + x dy)? +
+2f - y dx2~x2d1[ A !qu xdq) +2f1 dx dy—2f; L (ydx lxdq)d!
y3
3296. du — f1 S(dx +dy) + Ty dz, dPu=fi; - (dx + dy)? + 2f), - (dx +
+dyydz + foy - dz?. 3297.du=f; - (dx +dy + dz) + 2f, - (x dx + y dy +
+zdz);d?u=1f;} *(dx +dy + dz)> + 4}, -(dx + dy + dz)(x dx + y dy +
+ zdz) + 4f5y (xdx + ydy + zd2)? + 2fy - (dx?® + dy® + d2P).
3298. du = f. - ydx AZxdy +fy - 2dy —21{d2 s dPu = i !1{([:5743((11{}2 +2f1, x
Y z
Yy

« Wdx-xdy)(zdy-ydz) + (zdy —ydz)* _ 2f - (ydx - xdy)dy -2f x
z! y?

y2z?

x LAUUA2)A2 3999, du= (f; + 2f, + 3%f5)dt; dPu= (fiy +4Lfiy +

+42fy, 683+ 12837y + 9tifyy + 2f, + 6tf}) dtt 3300. du=
=af; dx +bfy, dy +cfy dz; d?u— a®fy, dx® + b%fyy dy® + 2 fy, d2* +
+ 2abryy, dx dy + 2acfyy, dx dz + 2bc fyy dy dz. 3301.du=2f; - (x dx +
+ydy)y+2fy, (xdx —y dy) +2fy -(y dx + x dy); d*u=4f, - (x dx +
tydy)’ +4fy (e de -y dy)® +4f c(y dx + x dy)® + 817y - (xF dx® -
—yPdy)? + 8115 (x dx + y dy)y dx + x dy) + 8fy - (x dx —y dy) x
x(y dx + x dy) + 2f, - (dx® + dy®) + 2fy - (dx® — dy®) + 4f;, - dx dy.

3302. d"u =" (ax + by + cz)(a dx + b dy + ¢ dz)". 3303. d"u — (a dx SE +

+bdy L a + ¢ dz a_c) fE, M, O), tre &= ax, n = by, { = cz. 3304. d"u =
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=[dx(a15a€+a2§—n+a3%) +dy( ag+bza + b, %:) +dz( i

+ CZ% + ca%)]" FE, M, ©). 3305. F(r) = £(r) + %f’(r). 3316. 1. 3319. xyz.

Jz 0z Jz 02 Jz 0z
1.x2 — y2£ = x. L2x2E 4y = 2z. Y= —x= =0.
333 xax yay x. 3332 2xax y 2z. 3333 o xay 0

3334. 2 + 3 + M o 3335 x2 +yg" +2% — 0. 3336. 22 —o.

dy dz dz dyox
337. 2222 - 020z Pz _ 9z _ g, cx2 4 92
3 Toas T So5l. 3338 §F - O - 0. 3339, 02 4+ %

340. x 202z 2822_+ dz _ 9z _ .3341. 1~ . .az _ oo .
334 Y e X ya—y 0.3341.1~./3.3342 5 ~cosa t+sin a;

_Z. _ 5m. _ 3n _ T=n 2
a)a vl 6) a = B) O T o ik 3343.

Xo+ Yo
3344. L A/z(a2+b2). 3345. %‘_; = cos o + cos B + cos y; |grad u| = J3.

3346. lgradu| = L; cos(grad @, %) = ~? , cos(grad Z,y) = -2,

2
r
0 0 0

3

cos (grad i, z) = —?, rae ro= JJxi+yi+zi. 3347 g 3348. = 3142.

o
J2%u
dxdy

3350. a)zlz =%_2_th cosza+%:‘coszﬁ+aib; cosy + 2
x y

d2u
dxdz
=u'y, (x, 2x) = ~4x/3, u'y, (%, 2x) = 5x/3. 3354. z = xp(y) + y(y)-

3355.z = @(x) + Wy). 8356. z = @y(x) + yo,(x) + ... + y" ! @, _ ().
3357. u=o(x, y) +y (x, 2) + x (y, 2). 3358. u=1+ 2%y + y? - 2x".
3359.z2 =1 + xy + y° 3360.2 = x + y* + 0,5xy (x + y). 3362. MuOKeCTBO
HyJel GyHKIUY f(x) R0MKHO OBITH HUIJE He [IJIOTHLIM Ha WHTepBane (a, b),
T. e. HyJu GYHKIMY f(x) He MOI'YyT LIEIMKOM 3aMOJHATL HUKAKONK MHTepBaa
(at, B) = (a, b). 3363. MHOecTBO HyJel GYHKIUY f(X) JOMKHO GbITH HUTAE
He IJIOTHBIM Ha MHTepnaJje (a, b), npuueM KaxAbIH Hydb & QyHKIHH f(x)
OJHOBPEMEHHO eCTh HyJIb GYHKIU U g(X) ¥ CBePX TOro CYU[ECTBYET KOHEUHbIH
npenen limg [g(x)/f(x)]. 3364. 1) Becuncnennoe MHOXKeCTRO; 2) /Be; 3) a) onHa;

+2 a

€os ¢ cOsS Y + 2 =-0,5. 3353. v, (x, 2x) =

6) nBe; 3365. 1) BecuncienHoe MHOMECTBO; 2) YeThIpe: J = X; § = —X;
=|x|uy=-|x|; 3)ame; 4)a)ase;6)uetnipe; 5)oana. 3366.1) Hurge;

2)0<|JC|<1,]JC|=—1—“;——“/—5;3)x=0,|x]=1;4)1<|9c|< 1+“/§ ; OJ(HO3HAY-

HblEe BETBU: § = € %+ ’i*‘xz—x“ (Mg ,’1+ A/ ,I x?—xd
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1< |2 < »\/"1:5@) , rae € = -1, 1. 3367. Touxku sersnenus: (-1, 0), (0, 0),

(1,00 y = e(x) LBLIL=@x2 4 1) (11 < 1) e ey = -1, 1, sgn x u —sgn x.

2
3368.MuosxecTBO 3HaueHUH QOYHKUUIH O(Y) JOIKHO UMETh 00IHE TOUKH C
MHOXKECTBOM 3HaueHuit dyuxuun f(x). 3371.y = “$—+-:i; y' = i 2a2)3.
_ x-y
3372,y = L1y, yr = 22V 0 3373 = L .o cESiy
Y x-y’ v (x-y)* y 1--tcosy y (1-ccosy)?
3374. y = y*(1-Inx), g’ = Yy -inx)?-2(x-y)(1-Inx)(1-Iny)-x(1-Iny)*}
x¥(1-1ny)’ x4(1-lny)?

8375.y = L; 47 = 0. 3378.y, (0)= ~1; y, (0)= 1. 3379.y, (0)=0;

=/ - —_ax+t //=_—1_§__' ///=_L621_
v4(0)= /335 y(0) = 33380y =~ 224 GV T G
, ” 2. 2 )z x. 0z y. 0%z x2+ 2?2
3381.y =0;y'=—-=; =% 3383. =X, 2 =¥, 2 o .
y y 3 y 3’ dx 2z dy 2z Ox? PRI
922 _ _xy. 0%z _ _y+z? 3384 d2 _ _yz . 0z _ _xz
9x 0y 287 ay? 23 Yoox z2-xy’ Ay 2i-xy’
%2 _ _ 2xy'z ,d¥z __ 2x%yz | 9%z _ z(2'-2xyz’- x*y?) .3385. 92 —
dx? (z22-xy)? " dy? (22— xy)? " dxdy (22— xy)? dx
0z _ 1 L0%2z 92z _ 9%z _ X+y+z Oz: xz
dy x+y+z-1"0dx2 dxdy Ody? (x+1/+2—1)3 - 3386. 0x  xt-y?’
9z ﬂz Lo 9%2 . yrz o, Q%2 xyz . d%z _ __ x%z
dy t-y?’ ox? (xF-yD?" dxdy  (xF-y®)ET 0y? (x%-y)?

02_Q=__,022____022 0%z 6%’_____2,
3387. o 1: i rr i 0. 3388. a) -2; 6) —1. 3389. 5

0?2z 1, 0%2 394 g39q g, I (xdx +J—E) @2 =G [(5‘2 "

dxdy 57 Oyt 125 ° z \a? b2 2 a2
22\ dx? | 2x __{(1- d 1- d
+;)?+{%%dxdy+(i+czj—’i—} 3391. dz = ¢ yz)l’Hx(y x2)dy .
2z = _2{y(Q -yz2)dx*+lx+y-z(1+xy)ldxdy + x(1 - xz)dz/z} 3392. dz —
(1-xy)? )
z(ydx+2dy) ., s 4%z = _zzgglldx—xdg)l . 8393.dz = dx - (x‘— 2)dy :
y(x+2) yi(x+ 2)? (x-2)2+y(y+1)
o _ 2(x-2)(y+ D(x~-2)2+y?] ~ _uldx+dy)-2idx
d*z d 3394. du = .
TCEPETOES ulZ(x+ ) - ul
Jd4z (X‘Z)(E—Zz 11 — , ' e )2 _
3395. 8_xr)y (F1 To:F, )g[ F11 2F F; F, + F|"F;]

_ 2(Fy +2xF} )(F} +2yF} )F, 3396, %2 - Fi-F . 0z _F - F

(F, +22F )3 ) dx Fy -Fy’ oy F,-F; '
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9z _ Fi +Fy N\, 9z _ Fy . 922 /-3
3397’&)x (1+ F j’o:j (1+F;§>’0x2 ~Fy LR (R

+2F; + Fy) - 2F + F )F (Fy + Fi) + (F + F ¥F ).
3398. 1)" 2 - —(xFy +yF; )P [yRRHE R - 2F Fy By + FPFy ) -

FyF{, -2F F, F; +F{’F

b e duy
(F +F; ) (= dyys

~22(xF;, +yF; )F®];2)a)d’z =~

P , ' " 12 ey
FzFu —2F Fy Fl, +FFp

6) dz = ~x dy)?. 3399. dz = 1 (2dx - dy);

) TR (y dx—x dy)*. 3399. dz 9(2dx dy);

diz= -2 - + 2dy?). Jdx _ y-z. dy . z-x

z 343 (2dx* — 5dx dy dy©) 3401 s g e Py
dx d dix d?y 1 du xu+yv, 0

220 =0, =-1, 5 =T =0y 6t = 2D =
3402. 2) 0, dz dz? dz? 4 ©) 0x x2+y?’ Ox

_yu-xv, du _ xv-yu, v _ xu+y (x2 + y? > 0). 3403. du = ___ dy,

xIty?’ Jy x2+y?’ Ay x2 4+ y?

dv = —dx + 1 dy 3404. du = (sinv + xcosv)dx — (sinu - xcosv)dy .
3 ’ XCOSU + yy COSU ’

dv _—(sinv - ycosu)dx + (sinu+ycosu)dy . Py ——do = (2dxcosv-xdvsinv)dv _
XCOSV + ycosu ’ XCOSU + ycosu

~ (2dycosu-ydusinu)du g405 du = -—(dx + dy); dv = Z-tdl/ _ —(dx - dy);

XCOSU+ ycosu

- 2, L _ 2 iﬂ: _1_ '££= 2 l 5
dhu = dx¥; do = L (dx — dy). 3406. L = 2(¢ 4 1); 42 3(.t+t2+1],

ay _ 9. d’z +1 >x_02:_ .02 _ 8,4 =
L -2 2% 6(t )3407y 5 = ~3uvi £ S (u+0) (u#0).

3408. a)g}% _ 3. 9z_ _1, 6) 9%z _ 26 . B) % — _sin*@+ cos’@cos?y

27 9y 2’ 7 9xdy 121° sind@
02z sin2v d2z cos2v 02z sin2v
3409, == = 2227 L2 =200 2= 87, 3410. = 0
409 dx2 u? 7 oxdy u? dy? u? 10. dz

2, 1 2 _ gy, 3411, 92 — 2(x*-y?) . d?z _ 4x-2y . 6x
4’z 2 (dx y)- 1. dx x-2y ° dx? x -2y (x-2y)%"

3412 % - 1 4 (x+Dy-x) e du o xrz o W Dyox) -
T0x  y+z (z+ D) (y+2) T dy (y+2)2  (z+D(y+2)2
e 1w od) e 1 (0l dgdo) g dedy _duie
3413. ox I( wdv  dvdu)’ dy I [Ouav duou > THe udv  Quov
3414, % - Lw. u _ _1do. 2w _ _1 (?.\Hﬂ_ Q&Pﬂ) (3_‘4/)2 -
T oox ITov’' Oy Iov’ 9x? I* \oyou? dvou?) \gv

(lﬂ a_ce_axu) Yoy (awm _@fﬂ) (f’_w)z

L% _ 1 (3_\113_39_
ovdudv 9 du dv Jvdve  Jdvadvt/) \du ’ 0x0

I3
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- d02%y)dady _(dy 0% dodiu ) (ady dedy )y dy D0 _ dedy) dody ;
QudutJvdv \Jvdudv dwoudv) \Judv dvdu dvoudv  Jvdvz) dvou |’

QCu _ 1 (anﬂ _ 9%y ) (aq’] z(fﬂa_@_z _3_0’23‘.1’) d9d¢ +(9_‘U?ii’_
dy? I3 |\ du du? dv du?/) \dv dvdudv  dvadv?/ Judv du Ju?

-a—(paﬂ) (gﬁ)} mxel—aq’—‘H dody 3415.a)g —cos—- D—u~sm-—

dv dv? dudv  Jdvdu’ dy u’
@=-(sin9~gcos9);a—”=cosﬁ+Esin9;6)gﬂ=——~—‘ Sy ;
dx U u dy u u u dx  e“(sinv-cosv)+1
ou _ —Ccosv L 0v _ —(e" —~ cosv) L0v e' + sinv

;); e"(sinv—cosv)+1’ dx ulev(sinv-cosv)+1]’ dy  ule“(sinv-cosv)+1]’

du _ L. dw _ I |d@h) ([ 412 LA
3416. 4% o 1{ (I + 1,2 +I;)z)f (1

I, Ny, 2) \ " lox dy Ny, 2) dx

2
el r ) e+ MB (12 g2 0 h}, e 1, = 2&0)

z) Ay, z)’

_ Ag.h) Ag.h) 7= DU.g.h) Ve U L
oz, x)’ Iy= ey D(x,y,2)° - 3417. x’ dy oy Loy’

_ ek = hS du _Louw _Loouw _ L -
meh=5Cy =gy 38 -1y, T T Tomelh

= %eh) iy XD g o~ 8 - D8 D) 3449 gy Ddrtldy

(v, w) (v, w)’ a(v, w) D(u, v, w) I,
rpe I, = 90.8) p _90.8) A_l . 3431. x + xx’® = 0. 3432. ¥V = 0.

Aox, t)’ Ip= oy, t)’ L= dz, t)

d?x dx d?y d
dix ¥ 2y _3d% 4 9dy _g,=0.
3433 Y] t(dt) =0. 3434 y=0. 3435. & T 30“2 2dt 6y=0
d?y 2 = 7. Y o2, o G 1oy
3436. FTe + n°y = 0. 3437. T mfy=0. 3438.u" + [q(x) 4p (x)

-p(x)]u 03439 +(u+3) 4 +2u=0.3440. 22 ‘” =0.3441. €% —,

di?
3
3a42. LU v su()' —0. 3443 LU 43+ D o
dtz dt dt? dtz  di
3Il|.u”—u'—( b)2u 3446. @ (1, u, &’ +u%) = 0. 3447. Floew’ + 2 —u, u, 1)=0.
3450. 4L = r. 3451, r'% = LS020 2 3459 p(2 + 2772 — ) = 17,
do sin2¢@
3453. L. 3454, K = 242 orrl o ggs dro_ g doooog
- dt df

(r2+ r'22
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u’

3456. w = ( ﬂ—‘*’) 3457.Y =x; Y=L,y = _;/._3 .3458.2 = o(x + y),

I'ie @ — NPou3BoAbHAA aupdepennupyeman QyHKuud. 3459. z = o(x? + y?).
dz

=X - = xol¥ 9z = et
3460. z = ¥ + gy~ b2). 3461 2 x(p(x). 3462, 24 % _ pishy.
3463. 22 - & 3464 22 = 1 - 3465. 92 2z . 24U 3466 (Qu+v-2)2 +
u v v z22-u du

3
+(u + 2v — 2)% =u+ v -2z 3467. ex+y — 22 . 3468. du dv/

vz dz u? + 2 :

3469. %% ~ 0. 3470, %X = Xzz 3471 9% 40X _ 4 g470 A
a"v; dy y ou Jdv v

-z u{( B (3]

. 3473, %4 4 u | ou +38u+(f+e"+e5H=0

( d0x  Ox 9 9 18
x‘(ua—u+u$)
dw _ dw _ dw _ 2 (Jw)? 2 (ow\? _
3474. 22 = 0. 3475. 32 = 0. 3476. 22 = 0. 3477.u (J_u) +o (E)
dwd ezu(l'a?ﬂmz”) w . 9 dw _ &
20w dw vv - ow . Jw wo_
= w38 3478, — 3479.4 - §2 : B¢, 3480. 5% — 31
du

(%) 3480w = L4 +

r2\ 0o ar?

3481. w = % . 3482. w = r2% . 3483. w = (9”)
f50] ar ar

1 Ju 1 E)Zu D u _ 6 u 1(udv _ dudv
Lou L 0% 3485, w =r20-L . 3486.w = 04 . 3487. ] = ( e %5;).

3488. u = (p(x— at) + y(x + at), rge ¢ ¥ Y — NPOUIBOJBLHBIE (DYHKIIUH.

3489.32%2 4 92— 3490, 222 + 9%z _, 3491.a( 9%z _ Q) + 2p0%2
Jvdu Juodv

+
ou du? Jdv? Ju?  Ju

b(azz 32) 0.3492. 22 + 2°2 - 0. 3493, "2 4 922 4 ey — g,

dv?z  Jdu u? 6 auz
d22 J2z 1 9z 02z 2 dz
. =0. . = === 496, =< = = %
3494 Judv 3495 dudv 2udv 3496 dvdu u(4 - uv)dv
2__ 2y 0%z Dz 9 9%z _ _2u 0z 9%z, _1 ( 9z _
3497. (' v )aut)v 6 - 3498. ou?  utyvidu’ 3499. Judv  u?-p? vau

az dz\ d2%z | dz 9%z _ —
~ud)=0. 3500( a_vj 9%z 192 3°2 —1.3501. u=o(x + hy) + lx +A),

rae A, ¥ A, — KOpHU ypapHeHUA A + 2BX + CA? = 0. 3503. a) Au = Z th +1 Z”
r rar
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= dtu  2d% _ _1_d___ .!_i. __w dw -
0) A(Au) 7 + e p + Sar 3504. " + — + cw = 0.
d%u d%u Ju J du d (you) _
3505.4=X 2L ~ Ya——_an+ﬁ'3508'§E(é ) “an(“aﬁ)’Lga“c;(ga_g)
a2y L%z, 2%
=2 3509. ¢ + 922 _¢.3510. 2% — 0.
(énaga ‘t’cagaq ) ag) ayf EEv R ae;z

~ (9wt . 1(ou)? 1 (auz_ _ 179 au) 1 39
3511 Ayu (ar) + rZ(ae) + r¢sin?@ acp) P Aglt rz[ar('zar + sin000 X

(smegg) siize%]' 3512. w(%%’ + ‘);7":) (g‘;’) + (aa_’;’)z
3513. %"_u_'j =0. 3514. %’ =0. 3515. %’ - 1.3516. %iz aa:g; = 2.
8517. 20 1 (21 )% — 0. 3518. 20 1 2w (%‘3’)2 + (%‘5)2 - o.
3519. ;’:g’v - T 3520 %ﬁ + %’T;" —0. 3523. a‘”a = 0.

22w , d%2w , 2w _ dw , dw |, dw Jw
=t = = ==+ = +| =
3524 0E2 + on? + a2 a9 *+ an + o et [(aa) (an)

' (%*ZJZ}-

_ 02Z 027
3526. x = yo(z) + ¢(2). 3527, A(X, Y)a - 2B(X, Y)aan C(X, Y)8X2
X=Xo  _  Y-Yo  _Z=Zg., . _ . _ (o _
3528. —cosasint, -sinacost,  costy’ 275 (x %o) cOs 0L tg fy +

+ (y — yo) sin o tg t,, e x, = a cos ¢ cos ty, Yo = @ sin o cos ¢y, 2, = a sin t,.

=2_ _ =l 2 _ .2 x—1=£-1=2—1_
1,y 2,ax cz 2(a c).3530.——1 i 5

3529, X + 2
a c

x+y+22=4.3531.-’%1- =¥—;—l =ZT"1—3;3x+3y—z=3.3532.x+z=2,

Qo=

y+2=0;x—z=0.3533.M1(—1,1,—1);M2(— ,%,—%).3537.tg(p=

= [y (%o, Yo) cos . + [ (x¢, Yo) sin . 3538. %—Lf —-16 3539 24+ -z -

243

-5=0; x1 -2 X_Y- 2
5=0; 2 4 4 127

T
< 1 -1 _y-1_°7%
3:)41.2=ZZ[—E(Jc-y);"1 =-‘/—_—1—= 5 - 3542, axox + byoy + czoz = 1;
%o ¥ Vo _ 220 3543, x+y-2:=0; -1 -yl _z-l
ax, by, cz, -1 -1 2

3544, x + y —dz = 0; =2 = ¥-2 _ f—_4—1 3545. icoswocos%+
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R . - -b _ zcosecyy-c
+¥ cosyqsin @ +2 sin yo=1: XSeCY,SecPy — a _ ySCCYocosecyd, - i
b Yo o c Yo be ac ab

—ToCOSQy _ Y—reSing, _ z-rectga

3546. +ysingy-ztga=0; Z
X COSQoTysinGo=zig cos P, sing, -tga

. X = UgCOSY, — Ugysinv, z—-av
3547. ax sin vy — ay €os Vg + U2z = alyLy; 2 o ¥t ! = 2.

asinv, —acosv, u,

3548.3% - 34 4 2 _ 2. 3549. A (0, 2.2, T2./2); B(%2, T4, +2);

Uo Uy Ug
C(+4, 72, 0). 8550.x = +2, y = 2, 2= 5, me d= Jal+blect
3551, x+ 4y +62=121. 3556. x*+y?-xy=1,2=0; 3y +4x% =14,
2bz
x=0;8x+422=4, y=0. 3557.85< 0,003. 3559.c08 (¢ = —al_.
v ¢ aya?+ b?
3563. % — +y,+20 A)x,=y =zo=_1_; 6)x0=y0=zo=—_1--
on 0 0 0 0 ./5 Jg’
B) HA OKpYXHOCTH x +y + 2= 0, x* + y2 + 22 = 1. 3564.g”=.__3___.
S
at bt
3566. x% + y* = p% 3567.y = tx. 3568. y? = 4ax. 3569. Orubaromeii HeT.
2 2 2 2
Syt o st = S 8572y - % £ asra aye0—
3570, % +y7 = 193571 ny| = 2. 3572y = 22 £ . 3574.2) y =0

orubamwlad (reoMeTpuyecKoe MecTo Touek meperuba); 6) y = 0 — orubato-
mwanA; B) y = 0 — reomeTrpuyeckoe MecTo ocOOBIX ToUeK (TOUeK BO3BpaTa);
r) x = 0 — reoMerpuyecKkoe MECTO ABOMHBLIX TOYEK, x = @ — orubaromas.

3575. Top (Jx2+y2 — R)? + 2% = r2. 83576. x*sin® a + y? sin? B + 2% sin®y -

— 2xy cos a cos P~ 2xz cos oL cos Y — 2yz cos B cos y = 1. 3577. |xyz|=——v .

4n.f3

3578. |z + Jx2+y2| = p.J2. 3579. | * v P4 |lv 2P 4|2 2P <
Xo Yo Yo 20 2o Yo

SR X%+ y? 4+ 2%). 3580.(x— x,)* + (y— yo)’ = (2 — 20)%. 3581 f(x, y) =
=5+ 2x- 17— (x— 1)y + 2)— (y + 2)°. 3582.f(x,y, 2)=3[(x — 1)+
-1 + -1~ (x-y-1) - (x-1)z-1) - (g~ 1)z~ D]+
+x-1)P+@y-1) +z~-1)P°~38x- 1)y - 1)z - 1). 3583.Af(1, ~-1) =
=h — 8k + (-h? - 2hk + k%) + (h%k + hE%). 3584. f(x + k, yt+tkz+tl)=
= flx, y, 2) + 2[k(Ax + Dy + E) + k(Dx + By + F) + (Ex + Fy + C2)] +
+ f(h, k, 1). 3585. Y = 1+ (x—-1)+(x—-1)y—-1)+Ry(1+0(x-1),

1+68(y—1)(0<0<1), rae Rz(x,y)=%xy[( %dx—lnx-dy)3+3(§dx+
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. — Yo gyt 4+ 2 2Y g3 — 3 gy = x -
+Inx dy)( xzdx +x dx dy) +(x3 dx xzdx dyﬂ ndx=x -1,
dy —y-1. 3586.1—é(x2+y2)—%(xz-f-yz)z. 3587. a)1—§(x2—y2);
6) 3 +x - xy. 3588.~(xy + xz +yz). 3589.F(x, y) = %(f;; +fy ) +

B (P + Ty e - 3590 F(p) = f(x, ) + 2 [(Fese (x, 1) + Ty (x, ).

48

3591.4,, = f(x, y)—hk[ +Z Z ”"“"“”‘""‘a”f(xvy)].3592.F(p)=

m!(n—-m)! dxmoyn-m

=f(x, y) + Z : (p)z,, Af(x, p), tae A = 22+ 22 3503 1+ mx+

(n')? dx? dy?
+ ny + -'ll-—(-"zl';2x2 + mnxy + n(nz_'—l)yz + o (X< 1, < 1.

xmy2n+l
mi(2n+1)!

A (~D)mte-l(man-1)! Xyt n
3594, Zo — (o + |y] < 1). 3595. mZo “Z( 1)

(#] < +o0, |yl = +00).  3596. 3" Z 1" S (2] < 400, y] < +oo).

m=0 n=0 '(2 )‘
g < Cqym x2m+ll!2n*1 | = + _ 00).
3597. ZO Zﬂ =D (2m+1)!(2n+ 1) (= 2, Iyl +0)

. ximyln had n(x? 4 y2)2n+1

3598. mzonz( V" ity (Bl < o0, lyl < +00). 3599, Z( 1) ﬁ——J—?—(ZMI)'

(x? +y? < +00).3600. 3" 3 (-1)" "I (o] <1, || < 1). 3601. f(x, y) =
m=1 n=1 mn

=1 + ( )y 3602. Z Z (x-1)"(y+ 1)” (]xl < +o0, |y|< +o0).

m!'n!

3603. Z CH'I+(x-DIy - 1) (< x<+0,0< y<2).3604.2=1+
n=0
+[2(x~- 1) - (y— 1] - [8(x— 1)) - 10(x — 1)y ~ 1) + 8(y — 1)} + ....
3605. (0, 0) — msonuMporaHHAA TOUKa, ecawm a < 0; TOUKa BO3Bpara,
ecnu a = 0; pgpoitHasa, ecaum a> 0. 3606. (0, 0) — ngmoitHaaA TOYKA.
3607. (0, 0) — uzonuporanHas Touka. 3608. (0, 0) — uaoaupoRaHHAS TOUKA.
3609. (0, 0) — gBoitnasa rouxka. 3610. (0, 0) — Touka Bosmrpara (BTOPOTO
pona). 3611. (0, 0) — groitHaa Touka. 3612. Ecau a < b < ¢, TO KpHUBaa
COCTOUT M3 OBajia ¥ OECKOHEUHOU BeTBM; eciau a = b< ¢, To A(a, 0) —
H30JIMpOBAaHHAA TOYKA; ecau a < b= ¢, to B (b, 0) — gBoitHAaA TOUKA; ecau
a=b=c, o A(a, 0) — Touxa BozBpara. 3613. (0, 0) — aBOiItHAA TOUKA.
3614. (0, 0) — Touxka BozBparta. 3615.(0, 0) — TOUYKa npekpaleHus.
3616. (0, 0) — yraosaa Touka. 3617. x = kn (k= 0, £1, £2, ...) — Touku
pasphiBa 1-ro poga. 3618. x = 0 — Touka paspsiBa 2-ro pozga. 3619. x =0 —



OTBETHI 533

ABoHHaa Touka. 3620.x= kn (k= 0, *1, %2, ...) — TOUKHM BO3BpaTa.
3621. z,,;, = 0 npun x = 0 u y = 1. 3622. Touek skcrpemyma Her. 3623. He-

crporuii MuEMMyM 2 = 0 B Toukax mpamoii x —y+ 1 = 0. 3624. z,;, = -1
npu x=1uy=0.3625.z,,, = 108 npu x = 2, y = 3; HECTPOT'UI MUHHUMYM
2=0 mpu x=0, 0 <y <6; ”Hecrporu# makcumym z = 0 npu x =0,
—o<y<0 u 6<y<too, 3626. z,,;,, = —1 mpu x=1 u y=1.
3627.a) 2, =2npux, =-1,y,=-1lux,=1, y,=1; sxcTpeMyma HeT IpHU
x=0y=0; 6) makcumym z= 0 mpu x = 0, y = 0; MUHUMYM z = —1% npu
x=i§,y=i1; cemo z=-1npux=0, y=+1, u ceqno z =—é npu
x=%1 y=0.3628 Munumym z = 30 npu x =5 u y = 2. 3629. z,,, = -2
-2’ 3J§
Xy 1. = ab r_¥_4+1 3630 = Ja?+ b2 o2
npu +t=z npu +—=. .2 a?+ c
PHL Sy T AT e g = = L 3680, 20 b%+
npux=2,y= 9,ecnnc>0;2,,,m=—A/a2+b2+c2 mpux=2,y= l—’,ec:m
c c 4 c

¢ < 0; skcTpeMyma Her, ecnu c = 0, a® + b2 # 0. 3631.z,,, = 1 npux=0wu
y=0.3632. Munumym z=0 npu x =0, y = 0; cegno z = %e’z npnx=—i s

y= »% . 3633.Cepnio z = e® npu x = 1, y = —2. 3634. Makcumym z = ¢ 13 =

1
~ 2,26+ 10 mpu x = 1, y = 3; MuHMMyM 2 = —26 ¢ ’l~\2551np11x4—216

y= ~%. 3635. Musnmym z= 7 ~ 101n 2 = 0, 0685 npu x= 1, y = 2.

=3 T = I = 3«[3; — g = 27,

3636. z,,,x 5 J3 npu x 3 1Y 5 . 3637. 2, 5o TPH X =y = S5
_ 3.8 _ - 1 ~

Zmax T Tp- MPH X =y =3 . 3638. Ceano z 14+ zIn2+ Zn = 1,70 npu

= = -1 - —y=+-1 +0.43;
x=1,y=1.3639. Munumym z 7 0,184 npu x =y T +0,43;

MaKCUMyM Z = 1 npu x =~y = + L ; BKCTPEMYyMA HET B CTALIMOHADPHBIX
2e /26

Toukax x =0, y=11 u x==+1, y=0. 3640. CrauuoHapHbI€ TOUKH

— (- m+l+ + n = '”’1+ - I = + + S N
x= EEY  Hm el y = S ED"  H(m - T (mon=0,£1,22, )
JKCTpEMYM 2 = mT + (g + Jé ) (1) "1+ 2-(-1)", ecnu m ¥ n pa3AUYHOM

YETHOCTH (MAKCUMYM IIDH /M HEUETHOM U 71 YeTHOM, MUHUMYM IIpH /M YeT-
HOM M 71 HEUETHOM); DKCTPCMyMa HeT, €CJU M U 1 OAMHAKOBOM UEeTHOCTH.
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3641.2,,,,=0 npu x=0 u y=0; Hecrporuit MaKCHMyM z = ¢! npu
x®+y? = 1. 3642. u,,;, = ~14 npu x = -1, y= -2, z= 3. 3643. Munumym

u=-6913npux =24,y =-144, z = -1. 3644. Munumym u = 4 npu x = % s

min

a

7 ; HECTPOTUH axcTpemy™m U =

_a’
max_?T; Ipu x=y=2z-=

y=1,2=1.3645.u

upuy =0, x# 0, z#0, x + 2y + 32 # a. 3646. MHHHMYM”_Li_a”/_I% npu

x= % 15/16al4b, y = ii/lGa‘b z= 1 /asb 3647. MakcumyM u = 4 npu
x=y=2z= g; KpaeBOM MUHUMyM U =0 upu x=y=z=0uz=y=2=m.
2 n+n+2 2

64.u=(——)2 u x;= = .= x,= —<__

3648. n+n+2 P 1= % " n2in+2

1 1 2

3649. Munumym u = (n + 1)2°*1 npu x, = 2741, x,= x7 .., x, = x1.

3650. Yucna a, x,, x,, ..., x,, b cocTarnmIOT TreOMEeTPUYECKYIO IPOTPECCHIO

CO 3HAMEHATeseM ¢ = ,,, 2. 3651. Munumym 2; = -2 n MakcuMy™m 2, = 6

a

mprx =1, y=-1. 3652. 2,5, = (4 +246) wpu x=y=—3+ J6);
Zpax =246 ~41pu x =y =—3- /6 )- 3653. HecTporuit muuumym z = — 3

2.2

- 3a? - a _ 3a?
npu x% + y? 5 2< 0; HecTporuit Maxcumym z = — npu x? + 42 ks

2
1 1 1 Ja? + b2
2>0. 3654. 2, = 3 M=, Y= 5 3655. 2, = - ‘Tabl npH
2 2
S | S SN /LY S cy= 2
Ja?+ b2 Ja? + b? labl Jaz+ b2 Ja? i b?
= - _a?%b? _ _ab? _ _a%b
rae € = sgnab # 0. 3656. z,,, Titp: UPH X 2 VT e

3657. a) 2, = Ay, 2oy = Ay, € A M Ay — KODHYM ypaBHEeHUS (A-A(C-2)~

‘min

= B2 =0 u A, < A,; 6) MakcumMyM 2z = 106% npu x = il% , ¥ = +4; MuHUMYM

2=-50npux =*2,z =F3.3658. Dxcrpemymz=1 + %}—k npux = g + %k s
y= —g + %k (k =0, £1, +2, ...) (Maxcumym, ecau k — 4YeTHOE, U MHUHHU-
MyM, eciu k — HeyerHoe). 3659. u,;, = ~3 nupu x = —% s Y= g, z= —g;

“ =3 fipw X = %’ y=_§’ 2= g 3660. Unax = a_"“’_—L"*Pm"'n" 4 npu

max 3 (m+n+p)mtatp
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;x-l=%=§=————m+n+p.3661 Upn=c?upu x =0,y =0, z = t¢; u,,, = a’
6
mpu x =+a,y =0, z=0. 3662. u,,,, = (%) npux=y=2z % 3663. a) u,,;,
1 1 2 1 2 1
s OPHX= Y= - H2=—"—,Xx=2=-— Hy=—--2,y=2=-—n
3.6 M NG I G
1 1 2 1 2
x=-2,u, S ApUX=Yy=-== HZ=-2,x=z=-— Hy= "=,
VW 76 7 & YT
1 2
y=z2=-— Hx= =, 6) Ycnosubi#i makcumym u = 2 upu x = 1,
J6 J6
y=1,z=1.3664. u,.,, énpnx=y= = % 3665 iy = At ey = Az,
rae A, ¥ A, — KOpHH ypaBHeHHs AZ — (s”‘ja + SIZ‘ZB + S“‘:Y) A+ (c:zsza +
a [4

2 2 2
+ cozs 2@ ozsbzy) =0 (A <Ay). 3666. u,;, = R? (Acosz2++BBc2c:sLBE+2L Ccosy)

n

n -1 -1
Uy = B2 3667. u,;, = (Z %} npu x, = al[z -15] (i=1,2, .., n.

j=18; Nj=18;

n 2
3668. U,y = L mpw 1= & (1= 1, 2, .y 7). 3669. 1y, = (Z JoiB; )
j=1

np-1

npu x, J% (Z [aB, j" (G =1, 2, .y n). 3670 uy,, =
&

1+, + .. + U o [o a x x x
=(___a—__) 11t % na]lazz---au“ npet R R SR
O+ Oy+ ...+ 0O, o oy a,
=% | 3671.9KcTpeMyMBl & = A OIPEAENAIOTCA U3 ypaBHEHUA

Oy + O+ ...+ 0,
la,; — A8;} = 0, rme 8;= 0 mpu i # j u &, = 1. 3675. Inf z = -5, supz = —2.
3676.Inf z=-75; sup z = 125. 3677. Inf z = 0; sup z = 1. 3678. Inf u = 0;

sup u = 300. 3679. Infu=—%;supu= 1+ J2. 3680.Infu=0;supu=

=¢ 1= 0,37. 3682. Her. 3683. Munumym pased -}— . 3684. CaraeMsle paBHBL.

na

3685. MHOXKUTENN DAaBHBI X, = = (i=1, 2, ..., n),

rae o; (i = 1, 2, ..., n) — COOTBETCTBYIOLIME NOKA3ATENH CTeleHeH;
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RN E—
11 11,1 !

bt —
o o 13 o, (13
HaMMeHblllee 3HAYEHUE CYMMbI (—1- +1 4 l) [acx,’otf..a,,") 1 ",
a, o,

3686. x = — Z mx;, y= zl: m,y,, rae M = i m;. 3687. Uameperusn
i=1

2—1

BaHHHBI 32V, 3/2V, %Q/ZV. 3688. H = 2R = ZA/:—;E;, rae R — paauyc

n
LUJIMHApUYeCcKoi nosepxHoctu u H — ee obpasyouan. 3689. x = % z x;,
=1

i=1 i=

y=1%] ,;Zl:, Y2 =]% ,Zzn:l z,raeN = J(Zx,)2+(iy,)z+(iz,~)z . MunumansHan

CyMMa KBaJpaTOB pacCTOsAHUK paBHan — 2N + Z (x,2 + yf + zf ). 3690. Yron

i=1

HAKJIOHA 06pa3yIolUX KOHYCA K eI'0 OCHOBAHHUIO DABEH arcsm =.3691. Yron

HAKJOHA OOKOBBIX I'paHed muUpaMuJ K MX OCHOBAHMAM paBeH arcsin %

3692. CropoHbl NpAMOYTOJbHUKA 233 u § 3693. CTtopoHBI TPEYIroJbHUKA

.32 4 32, 3694. llzmepeHua mnapajajienenuiena 2R 2B, R

24 " BB
3695. BricoTa nmapasnsenenunesa paBHa % BBICOTHI KOHyca. 3696. Msmepe-

HUS napajnjeienuiena 2a 2b , % . 3697. Beicota napanJejenunesa

B2

M,ecnna >arctg J/2,uh =0, ecnn 0 < a < arctg /2.

h=Isina-
2tga -~ /2

3698. lzMepenus napajjenenunesa a, b u 9 3699. %o + Byo+ CZ°+DI
JAZ+ B24 (2

2
Py my

pa2 My

2
Py,

1 Xy =X Y1~ Y2 21— 22 SR
3700'd=ﬁ m, n, P ,I‘neA:\/’ 1
- Ny po

my 1y,

m, Ny P2
3701. Lf . 3702. Kpagpats nonyoceit a? = A, u b2 = A, ABAAIOTCA KOPHAMU
442
ypasaenus (1 — AA) (1 — AC) —A?B? = 0. 3703. Kpazpars! nonyoceit a? = A,
AA-1 DA FA
= Ay u ¢® = Ay ABNAIOTCA KODHAMY YyPaBHEHMA | p3 Bi-1 EA | = 0.
FA EA CA-1



OTBETBI 537

3704. ’%lé JA?: Bi: C? . 3705. nabe . 3707. Yron nage-

Ja?cos?a + bcos?P + c?cos?y
HUS paBeH arcsin ( n sin g) ; OTKJIOHEHHME JIy4ya paBHO 2 arcsin ( n sin g) - 0.
3708. Vickombrie Koa(pPULIMEHTHI @ U b OIPeIe/IAI0TCS U3 CUCTEMbI YDABHEeH U

afxx] + b[x1]=[xy], a[x1]+bn=[yl], roe[xy]= Z’L: x;y; [x1]= 2,': x;,

i=1

[yl] = Z y;. 3anaua uMeer onpejejeHHOe peleHue, ecau Z (x, — x)* = 0.
i=1 i#j

3709. tg 2= — 2lxy-xy) p = xcosd + ysina, rme x = 1 Zx,-,
fx2=(x)2] - ly2 - (¥)?] n
-_1—} =1 i X;y; ¥ T. M. CYyTh cCpeaHue 3HaueHua. 3710. 4x ~ 7, A = l.
n Wi 2’ min 2

i=1

Pasgen VII

3711. F(y) =1, ecaim -0 <y<0; F(y)=1-2y, ecim 0 <y < 1;
F(y) = -1, ecaun 1 < y < +o0. 3712. F(y) paspmiBHa unpu y = 0.

3713. a) g; 6) 1; B) g; r) In 2e ; m) 0. 3715. Heawsa. 3716. Henbas.

l+e

2

3717. Fi(x) = 2xe-*" — ¥ - J.yze"‘yz dy. 3718. a) —(e%in “sin o +

+ e dcos q) + f JT—x2 exd1-37 gx; 6) (l + —1_) sina(b + o) —
_ o b+
- (-1- + —1—) sin o(a + a); B) 2 In(1 + o2); 1) f(o, —ot) + 2-“ f. (¥, v) dx, rpe
o a+ o o
0

2 2

M9+ o
u=x+0uv=x-0; 1 u f sin(y2+a4—a2)dy+2-[sin2x2cos2(xxdx*
a?_ua 0

«?

- 2a '[ dx f cos (¥ + y? — o) dy.  3719. F'(x) = 3f(x) + 2x F(x).

0 x-u

3720. F’(x)=2f(x), eciu x € (a, b), u F'(x)=0, ecan x € (a, b).
3721. 1. F'(x) = A_zlfizﬂ, rae A% f(x) = f(x + 2h) — 2f(x + h) + f(x).

T+

2. F(x) = (n -~ 1)If(x). 3723. 4x — 1_31 3724. 0,934 + 0,428x
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dE _ E-f dF _ E F
! an . Lo, X - __ & 0 _ £
(npubausurennHol). 3725. T rEk P D) P

3729 Fy, (r,y) = x(2 - 3y0fGw) + SA(Z) + 2ty -y ).
3732. nln @_;ﬂ, 3733. 0, ecmu Ja| < 1; mlna? ecam Jof > 1.
3734. ’5‘ sgnaln (1l +a). 3735. marcsina. 3736. g In (1 + J/2).

b+1 b-a . 1, 62+2b+2 >
3737. In 2l . 3738. a)arctg————1+(a+1)(b+1),6)zlna—_z+2a+2.374l.a 0.

3742. Max (p, q) > 1. 3743. |P_—l| <1.3744.p<1.3745.n <0un > %
q

%"—zzln (n=1,2,..).

3746.p > % . 3747, Cxopurca upua > Ounpua = —
3748. Cxogurcs npu n > 4. 3749. Cxopurca npu p > 1. 3750. Cxogurca
npu —1 < n < 2, 3755. 2. a) CxoguTtcsa paBHOMEPHO; 6) CXOAUTCA HEPABHOMEPHO.
3756. a) Cxoaurca HepapHoMepHO; 6) cxoaurcs pasHomepHo. 3757. Cxo-
autesa passoMmepHo. 3758. CxoauTcsa paBHOMEDHO. 3759. Cxopgurca
HepaBHOMepHO. 3760. a) CxoauTcsa paBHOMEPHO; 6) CXOAUTCS PABRHOMEDHO.
3761. Cxopurca pasHoMepHoO. 3762. Cxoqurcs HepapHoMepHo. 3763. a) Cxo-
JUTCA paBHOMEDHO; 6) cxoaurcsa HepaBHoMepHO. 3764. a) Cxoaurca Hepas-
HOMepHO; 6) cxogurTca paBHOMepHO. 3765. b > 10™. 3766. a) Cxoxurca
paBHOMepHO; 6) cxoguTcs HepasHOMepHo. 3767. CXoauTcA PABHOMEPHO.
3768. Cxopurca HeparHoMepHo. 3769. Cxoxurcs pasHomepHo. 3770. Cxo-

putca pasHomepro. 3772. Her. 3776.1. 12_7—[ 3777.1. 1. 3778.2. a = t1.

3779. Henpepsiena. 3780. Henpepeisua. 3781. Henpepwirna. 3782. Henpe-

phiBHa. 3783. Paspripsa npu o = 0. 3784, tl)"’_m' .3785.% - ﬁ"’(’;—)}-,L s

3788. In 2. 3790. In?%. 3791. 0. 3792. *In%. 3793 11 B.
a a 2 2 o

Sl

3794. In Q_“l"-“_@ﬁL . 3795. arctg ﬁ- —arctg & (m =0). 3796. L 1n B2rm®
B)Z a+ 28 m 2 o2+ m2

3797.~n(1 - J1- a?).3798. nln L1 - 421‘0‘2 +8799. % sgn o (1+lof - ST+ 0?).
3800. & In (ol +B) (B#0). 3801 Zln ﬁ—%ﬁ)—" (@> 0, > 0).
3802. %@[as(a +B)+ o In o+ B2 In B - (& + B In(ae + B)] (o> 0, B > 0).

_ac-h? ac- b
3803. 27, 3804. [T “ . 3805, ar2ohe, _dathir 20 e o
a a
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5
3806. J":: 4. 3807. [’-‘e-zﬂ. 3808. Ja(JB - Jo). 3809. 1 f e

3810. a) bJ} 4a-s)( 1) A% Ju_ de (e-"z).3812.1.7§tsgn B. 2. DyHKIUA

4a a 22n+l den
HeuerHas. [Ipu x > 0 MUHUMYMBL B TOuKaxX 2k7T ¥ MAKCHUMYMBI B TOUKAX
2k -1)n,rpe k=1, 2, 3, ... AcuMOTOTH § = g npu x — +O py = ~g
upn x — —o0. 3813. nﬁ- Jro. 3814. 1 In ﬁg . 3815. 0, ecau |of < |Bl;
o—
g sgn o, ecan Jof = |Bl; g sgn o, ecam |o| > |Bl.  3816. g sgn o.
n 3Tt n 3 o n
3817. 3 lo]. 3818. ole.  3819. i 3820. H In 5 3821. e

3822, A+ B arctg @+ B 9B grope =B 4 ko B2 (@-B) 3803 Py =1
2 2 2 2 4 KZy(otp)?
npu |d < 1; D(x) = % npu x = *+1; D(x) = 0 nipu || > 1. 3824. a) T sgn a cos ab;

6) 7 sgn a sin ab. 3825. ge-'“'. 3826. %‘ sgn oe®. 3827, 2(1 - e?).

L e
3828. ’&#Ee—lﬂl. 3829, —"_cos%‘l‘e a7 3830, % «/Zzt; % j’%

ac - b?
3831. Afsxn

. sgna) 3832. ﬁtcos(a +2 ) 3833. Jﬁ51,1(a +4)

3835, 2) 2 s 6) <% 5 L Sor) L Je)l 1+)
) e 0 5= B g e > 05) ot 2 o 2 se)n { ,
o? _a?
w) 29T U, 3837.a)1; 6) 2% + L5 m) eteree’; 1) Lo cos ax.
2 2
2pp

x2
3839. ¢(x) = —— ¢ 20°  pre o = Jol+ 03.3343. . 3844. ’“‘ . 3845. _f'
n
2n n 3n @n-1H
3846. == . 3847. —-. 3848. 2T . 3849. . 3850, Go-_DU 4
3./3 /2 512 nsin® on+1
n
+1
3851. O<m<n).3852.B(n—m, m)(0<m<n) 3853. al’(b) X
nsin—
n

XB(m;—l p- m+ 1)(0< m;1<p).3854. _(.b_‘lﬂﬂ_”__B(m+1,n+1)

n (a+c)* Y (b+c)ym+t

(m > -1, n > -1). 3855.13(_1_,1—1)(n<0 un n > 1).
m m n
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1 1 1 a-
3856.53(.”%_,”; )(m>—1,n>—1). 3857. —— (nl<1). 3858 —2_L_

0s == (1 - k2)2

xB( )(n>0) 3859. 1r()(n>0) 3860. 11*(””1) (’"”>0).

In| n n

3861. I'(p+1)(p>-1). 3862. afi[f(ml)] (p>-1). 3863, ~Tcospn

ar+1 sin’pn

(0<p<1). 3864 a)n® Lieos’pm o _, ) 6)2—2~n2; p) S

sinpn 27 32./2

th
3865.1In |2/ (0<p<1,0<qg<1). 3866 mctg mp. 3867. L tg 4T
W 25 '€ 2

2

3868. In J/2n.  3869. In J2n +a(lna-1). 3870. 1—1(1+In g)

3871. 4i. 3876. —"" ' _ (;.0). 3877, __‘ami (a > 0).
n 20 (m)cos™™ 2I'(m)sin ™1
2 2
1 1° zazl""(l) "
3879.aB (1, 1), L2 f(xy= 2 [ sink
9. aB (2, 2n) 3880 - 388L. f(x) = 2 [ S o5 g,

‘"(;) °
+00 400

3882. f(x) = % f _I_.Zi(’ﬁs)* sin Ax d).. 3883. flx) = Tg[ J‘ SinA(x - a);\ sinA(x - b) dh.
o

0

400

3884. f(x) = 1%-2 J' 1-cosah oo5 ax di. 3885.
0

= ‘% J‘ e cos Ax d\.
0

A? a?+ x?
Foo reo
_xr 0 =2 sinAn . _
= fe sm)»xd)».3887.f(x)~7—r f Y sin x d\. 3888, f(x) =
o [}
" COSM teo gin 2M7A

- 24 .
~—f T AZ cos Ax dA. 3889.f(t)~Tw f _)\T__:U,T sin Az dA. 3890, f(x) =
0

+00

— 2a cos)&x . 1 1
f ° d).. 3891. f(x) f s BiTw Ty o8 dh

3892, = 4_Qﬁ Asinlx —x? _1_
S Bl pr s P 8898 et -

+0o _E +00
X f e * cosAx dh. 3894, xe-xt = _1_ J' o sin Ax di. 3895.a)e =
2J/r J

0

]'\‘
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= 2 coshx . 2 Asin)x
nJ' LOSAX Gh (0 < x < +o0); 6) €7 J' R

2

3896. F(x) = ﬁ -2 | 3897. F(x) = -i ﬁuTaL_ 3898. F(x)=¢ 2.

x2+ 02 + 02)2
xZia?
3899.F(x)=e % chax.3900.a)¢(y)=e"(y>0);6)y(y)= 7% : l—il—y—; (y=0).

Pasgen VIII

1 40 11 5 Q 40 11 1
L=, 3 = — o= 4 . +_....
3901 2 3902. S 3 . 3, S 3 " an 13 . 3903. 9,88.

Tounoe snauenue 21 (7 — J24 )= 13,20. 3904. 0,402. Tousoe snauvenue 0,4.
3905. 6 < 0,00022. 3906. 1. 3907. %) . 3908. "Tas . 3910.I = F (4, B) -
-F(A,b)—-F(a, B)+ F(a, b). 3912. a) OrpunatensHslii; 6) OTpUIIATENBHDBIH;
B) HOJOXUTENbHBIA. 3913. i 3914. 1,96 < I < 2. 3915. a® + % + 1—;—2 .

2 1

3916.j dx] f(x, y) dy=j dyj f(x, y) dx. 3917. j dx.[ f(x, y) dy =

1]
2
2y x+1 1 1

1
.!du I} f(x, y) dx. 3918. .[ dx j f(x, y) dy~'0[ dy'l[ f(x, y) dx +
Ji-x? Jioy?
J dy I f(x, y) dx. 3919. .[ dx J' f(x, y) dy = .[ dy f f(x, y) dx.
et Sy
% %*P 1 -2 1 1
3920. j dx j fx, y) dy = j dy I fx, y) dx. 3921 j dx j fx, y) dy =
_% %_ %"2 o -2 - x2
1 Jy J152 Ji-22
J‘ dy j f(x, y) dx. 3922. .[ dx J‘ f(x, y) dy + '[ dx J‘ flx, y) dy +
v Woere W
PR 2 Jiozt 2 1
+ f f(x, y) dy +J' dx J‘ f(x, y) dy. 3924.j dyf f(x, y) dx +
NIPE 1 . ° 4
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14 2 (] 2/T+y 8 2-y
, ) dx. 3925. f(x, v) d f(x, y) dx.
+.!'dy{(f(xy)x 2 _J:dy»zj’.“_y xydx+.‘!. y_uf“_y x,y) dx
1 Wy NI 3 Ve
3926. j dy J' f(x, y) dx. 3927. j dy j f(x, y) dx + J' dy f f(x, y) dx.
-yt o -Ji-y
1 [ a-dJaZ_ g2 2a
3928. J‘ dy J‘ f(x, y) dx. 3929. .[ dy J‘ f(x, y) dx + j f(x, y) dx! +
2a 2a 7~ arcsing
+ J‘ dy £ f(x, y) dx. 3930. jdy J‘ f(x, y) dx. 3931. fdy j” f(x, y) dx ~

2a

[} 2n + arcsinny
—I dy _[ f(x, y) dx. 3932. B2 . 3933. (2J§ - g)aﬁ.3934. “E“

-1 R - arcsing

2n a
3935. 14a'. 3936. 351’;““. 3937. j do I rf (r cos @, r sin @) dr-
[1) 0
% acos@ 2n vt
3938. j do f rf(r cos @, rsin @) dr. 3939. f do j rf (rcos @, rsin @) dr.
ks [ [ lat
2
’5‘ ﬁcosec(¢+4) E :(:"w

3940. J.dxp I rf (r cos @, rsin @) dr. 3941, fdcp j rf (rcos @, rsin @) dr+

_a asing

sing cos?q

ae j rf (r cos ¢, rsin @) dr + j do j rf (r cos @, r sin ¢) dr.

+
e e

4

3942. B rom cnyuae, ecay oJIacTh MHTErpailuy orpaHUYeHa ABYMsI KOHLIEHT-
PUYECK MMM OKDYKHOCTAMY C LIEHTPOM B Hauajie KOOPAMHAT U JBYMs JydaMH,
1

cosq

MCXOAALIMMU U3 Hauaja KoopauHar. 3943. j do j rf (r cos ¢, rsin ¢) dr +

ESE)

1 n
sing 1 2

de I rf (r cos @, r sin @) dr .f rer. f (r cos @, rsin ¢) do +
1]

0 0

+
(A S, 1R
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ﬂrcsml

+J.rdr I f(r cos ¢, rsin ¢) do. 3944.

arccosl Lcosec(qﬂ— E)

V2

1

do f rf(r cos @, rsin @) dr =

ct_} o1

2

n 13
=+ ArccosS——
4 rJ2 cosg

3
= I rdr f f(r cos @, r sin ) do. 3945. j do f rf (rYdr =
L 11—urccosL I °
A TR 1
2.2 4 ?
~ = T 2
1 j rf (rdr + J (3 arccos = rf(r) dr. 3946. jd(pX
0 zﬁ o
1 arcsin“h‘rz_l
cosyp 1 2r
X j rf (rcos @, rsin @) dr = J'r dr I f(r cos ¢, rsin ¢) do +
sing [ 0
coszup
m‘z:sln————‘l*drz_l
Sz 2r aJcos2¢

+ f rdr I f(r cos @, rsin @) dp. 3947.
1

arccos=
r

J. rf(r cos @, rsin @) dr=
1]

.:;-—. -

N
garecos— arccos s
a a a

= J. rdr f f(r cos ¢, rsin @) do. 3948. j dr j f(o, r) do.

2 r

r - -
Lyrecos arccos

ll2 a

2
2_Loresints
272 pr] 1

3949. j dr I f(@, r) do. 3950. j‘ dr j‘ f(o, r) do. 3951. 2n f rf(r) dr.

2
1nrccos'—
al

2

3952. 1 j rf(rdr +

0

(n 4 arccos ) rf(r) dr. 3953. % f(tg @) cos? ¢ do.

—e—
Nl Sy 113

2nad A2 6 . b2+b(b+h)+(b+h)2+(2b+h)Jb(b+h),
3954.2—— . 3955. -6n°. 3956. H
3 5 Ja(a+ h)(Ja+ Ja+h)(Jb+ Jo+h)
4-u

2([1)% 3957. f u du} f(u, uv) dv. 3958. ljdu J' f(u;v; u;v) do.

a —u

3 a
3959. 4J sin® v cos® v dv f uf (wcos* v, usin*v)du. 396l.u=xy,v=x-y.
0

[}
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1 1 2
3962. J f(w) du. 3963. 2.[ J1-u? fluJa?+ b2 + c)du. 3964.1n 2 '[ f(u) du.
-1 -1 1

3965. & . 3966. % .3967. 2 nab. 3968. - . 3969. 54311 . 3970.1 3% —1n 2.
2 3 3 /2 15 128

>

8971. 2n. 3972 S 3973.§+". 3974. n+8ln1—i—[“/—§' 3975. 6.

3976. %(4—3& +4.43). 3978. f0,0). 3979. ;F(t), ecnit ¢ > 0.

2n

3980. 2 2*Y_ dx dy. 3981. F(t) = J‘ tf (t cos @, t sin @) dg.
Ve J oM@y

(x-02+(y-nic<1

3984. (%? - 21n 2) a?. 3985. g(p + q) Jpq. 3986. na’. 3987. 3_%‘_"(12.
3988. X + g In(1 + 4/2). 3989. ’%2 3990. az(g + arcsin %}

6
3991 Ze4(& 1 1) 3902, SP[EL (40 4 2 4 L0T] 3993 4b(4 4 bF).

4 \h R P AV T T PR
994. a4bkgak+2bh!; gabﬁ. 3 . Lb 3 . !E—(x}gbz—a“’!.
8994. &) 5 ek oh) )1260 c8 995. 75+ 3996 2+ DB+ 1)
3997. %Z In 2. 3998. a) 4§(q “pNs - 6) & (b5 — &%) (c® - d);
gl gxl o+l LR}
Il N e S d | (e S e 65 18_9 1
B) (p”)(q”)(bz » - qu r)(c R j 3999. a) 108ab 6) (arcth +

%3) ab. 4000. —([6 - 2) arcsin 3 . 4001. !gl 4002. & £ 10~ v1)(sh 2u, -
- sh 2u;) - (u, — u,)(sin2v, — sin 20,)]. 4003. 2 na?. 4004. 5™ . 4007. 2 .
3 7ﬁ 6
1R _ 2 po 88 17 _

4008. 224 - 20 4009. 5. 4010.n. 4011.n 4012 I -2
4 12(3) 3 n 45 16 3 nas
4013. __r(_ ) 4. . 4015. 4016. 1843, . el

v 4)(1 4014. I 2. 4016. 2a’. 4017, 8
4018. (1 - e-R*). 4019. 2a% - U’—‘%"_‘E .4020. 7. 4021. %nabc(Z - J2).
4022. énabc(zﬁ - 1). 4023 3"T‘w” . 4024 gnabc. 4025. “_g_c .
4026. 2 abc (3n + 20 - 1642). 4027. M. 4028. 9a4. 4029. §.

4030. “201 ﬁ .4031. £ . 4032, —7§—nabc 4033. a) "1‘2‘80 6) (n — m)(e™ - ¢%)a?.
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1 NEARE
4034.0_06.”(”).4035. abe (”J (”).4036.§na2(2ﬁ—1).4037.16a2.

3n2 [(g) 2m+n F(-L+ g)
n m  n

4038. 842 arcsin g 4039. %2 4040. 8q42. 4041. 1./2. 4042. "_é_‘“
2m o 2B (), T 8 1 a? (50
4043. 2% 4 (1 + 1n3) +§ arctg - 4044. & (20 - 3m).

4045. ) 20% 6) 2[3/T0 +1In (3 + JT0)); ») L abc(l 1)‘1 (2 +4+

2 b2 a? b2

3
+ .1.)2 - l} 0 2 ab 242 - 1)arctg [%: 1) F In(e +e). 4046. S = 4n(3 +
c? 3 b 2

c2
+2./3)a% V = %‘aﬁ. 4047. (¢, — @,)(sin y, — sin y,) R?, tre @y, @y —

JIONTOTHI MEPHHAHOB, |/, \[f, — LIMPOTHI Mapananeiei, R — paguyc chepsl.

4048. 7 i aJat+ h? + p?In Axdaih? W;l”’“ } . 4049. S = a(; — @b (y; — ) +

+ a (sin y, — sin y,)]; 4n%ab. 4050. ® = arcsin b o= b,
J(a?+b2)(a?+c?) a?

4051. "°3"Z (2 2 In(1+ J2)). 4052. xp = -4 yo = S 0. 4053. 20 = o = £.
- 256 a?b ., .. ab* na

4054. x, =y, = 3ien & 4055. x, = Tice0 Y0~ Tac . 4056. x, = y, = 5"

4057. x, = ga; Yo = %%a. 4058. x, = 11a; y, = ga. 4059. x) = =23 yo = 0.

4060. TTapatona y, = & ./30px, . 4061. T, = bl_"; i1, = ””"1—22 (b =|b, — by).

_r.a _ _ 21nat, 49ma? _ 31La4
4062. I, = I, = {7 (16 - 5m). 4063. I = 2505 1, = 1952 4064.1, = 1, = S22,

4065.Ix=1y=§a4. 4066.1. I, = "“‘ .2, ““

Y =0, rge X, Y — npoexkuun CUIBI faBileHUA Ha ocu Koopauuar Ox u Oy.
4071. P, = na®8 (h - %a ) ; Py = ma%$ (h + %a) . 4072. TIpoexkuMA CHIBI
naBneHua Ha ocut Ox u Oz, pACIIOJNIOKEeHHbIEe B BePTUKAIBHOM IIJIOCKOCTH, 1IPO-

XOJslLel uepe3 oCh HUIMHAPA, U3 KOTOPhIX ock Ox — ropU3OHTaJIbHAA, & OCh

Oz — BepTHKANbHAs, COOTBETCTBEHHO PaBHBI: X, = ~Ta®d (h - —g- cos (x) sin a,
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Z, = -na% (h - % cos oz) cos O X2=na26(h + gcos a) sin a,

Z, = na®s (h + g cos (x) cos o. 4073. IIpoeKyuu CUJBI IPUTHIKEHHUA HA

_2kmM
a?h

ocu Ox, Oy, Oz, cooTBeTCTBeHHO, paBusl: X =0, Y =0, Z =

{Ib|— b — Al + Ja? + (b - k)% — Ja? + b2 }, rie k — rpaBUTALMIOHHAA IOCTOAHHASA.

4074.pq,=%p0.4075.A=’;—g{2ab QT+ b? +alln 2 /atH bt eyt V‘;’”” ]
a

4076. L. 4077. 1 m2- 2. 4078. L. 4079. {nabc. 4080. L.
364 2 16 48 5 6

1-

f(x, y, 2) dy } =

z2-x

4081. j dx {j dz ‘jf flx, y, 2) dy + j dz
[ o [ x

= j. dz {j dy 1“‘” f(x, y, z2) dx + j. dy lr f(x, y, 2) dx

1 1 ’12_x2 1 x ’ZZ_yB
4082. Idx'[ dz f f(x, Y, 2) dy=.[ dzj dy J f(x, y, 2) dx.
21 {xl T )} e A
1 x2 1 2241 1
4083. J'dx j dzf f(x, y, 2) dy + f dz f fx, y, 2) dy | =
[} ] [ x - x2
1 Jx 1 1 1 2 1
=J' dz J' dy f f(x, y, 2) dx + I dyj f(x, y, 2) dx +J' dz J' dy x
0 0 Je-g? Jz 0 1 Jz-1

1 x 1
x j fx, 9, 2) dx. 4084. 1 I (x - & f(E)dE, 4085. 1 f (2 - 29 f(x)dz +
[+ Q

2 y?

2

+ %J‘(Z - 2% f(x)dz. 4086. F(4, B,C) - F(A,B,c) - F(4,b,C) -
1

- F(,B,C) + F(A,b,¢c) + F(a, B,¢) + F(a, b,C) — F(a, b, c).

J—. —
cos@cosy

s n _
4087. L . 4088. 2 (242 1).4089.!(1@ l cos y dy f 2 f(r) dr-

siny
cos?y

z nrctg—l‘
4 cos¢
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r?abe 167 2 (1 1\ (L _ 1)
4090. T80, 4091 1ZE. 4092, Z(L BS)(/& ﬁ) rJR

) +41n g} 4094. ‘_5’

1 1 _ 1 _ _
4093'5(? n_z) b - a® L(Bz a‘*)k1+

ZBZ
4095. 3 (¢~ 2). 4096. u = %‘—RLM , T 0] < 1. 4098, a) F(t) = dnt? f(12);

aZ+b2+c2+0R
6) F'(t) = % [F(t) + f“ xyz f(xyz) dx dy dz } riet>0uV={0<x<t,
J

0<y<t,0<2z<1t). 4099. 0, ecqu ogHO U3 YKUCEN M, 1L N p HEYETHOE;

1 — " — ||
An o D= DU DY iy gpena m, non D YETHbIe.
m+n+p+3 (m+n+p+ 1!

4100, e DU(g+ DI(r+ DI(s+ 1) . 4101. . 4102. 7 4103 a¥(3n - 4).
Fp+q+r+s+4)

. ma? L@ 4 3 ) “2“3. L
4104. 7 4105 24(37: ). 4106. 32 1. 4107. na®. 4108 - 4109. 1

4110. (2 - J2)®* - @%). 4111. T - 228¢ 4112, a) & abe; 6) Habe,
3 3 h 4 v

4113. 5"1—“2”” (3 — J5).4114. .85’.‘ abe. 4115. “Tbc fgw( ). 4116. a) %8¢ “b”

G

+

=i

abe abc abc
. 4117. a) 554400° ; 6) ==.4118.a) =—

a b\ a? ) abc .
& 2 (L 4 6) 22¢
X(h k) (h? k? )

=R
er@

abc . 9 2 3 3 47'( 3 nabc? %
0) —— 1680° ) Tabe. 4119, a 4120. (b )A/rfzk . 4121, —a’. 4122, =

x(1-eh. 4123.-3 abe. 4124. 5abc( 1) 4125. 37 : 27. 4126.V = ‘”}6““,

Blikahs gq9g 4Th° 4199, T2 . abel

"T“”((sjé +5./5 —1).4127.

1Al 3lal 3nsinl h
n
Ly
4130. —2%¢ T ) ) c4181 3. 4182 dmpo( 3 + 2+ 21 o

+

"mn+mp+np l‘(—1—+—1- 1)
m n p

4133. ( 0,0, gc) 4134, xo = yo = %a; 2, %a? 4135. x, = 1—78p; yo=0;

§b;20=§6' 4137"‘0:!/0:0;20:3—(5.

=T =3, -
20 1761). 4136. X0 as Yo g

8

o

4138. x,=y,=1; 20——»%. 4139. x0=ﬁa; Yo =

7 g, =3
448 448 7 0 448
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)

. _ _ abc?, _ a?bc. . abdc
Yo =P 20=7y.4143. 1, 50’ I, <o 1,, %0 .4144. 1, 15nabc ;

4140.x0=y0=0;20=l.4141.ﬁ=y°=?=%‘ . 4142, x, =

-4 3. -4 3. 4 - mabc?, ; _ malbe, _ nabic
I T be; I, 15nab c.4145. 1, 5 e =g H 50

46.2)1,, = 2‘”’” (157 - 16); I, = 242°¢ (1057 - 272); I, = 2“ bc(105n 92);

1575
6) I, = gnabc3; I.,= gnab:‘c; I,= %na%c. 4147. a) I, = 215‘:32 adbc;

_ 15n? - T . -1 . R P
sz — 256ﬁ ach, Ixy 128J§abc3’ 6) Iyz Ent r(é) a"bC;
n

1,3 W
o rz(,‘l)l(,l) Cabe; T, = L m 41487, = 1
5n2 . 5 k 5n? r é) 15°

() G

41490 I, = 42 (4./2 - 5);6) Do, 4150. § MA%. 4153. 1= M (a2 + 212 ), rme

245
M = 2np,a*h — macca muansapa. 4154, I, = = ag Po | 4155. u = 2np, (Rz - %2) ,

4nR3p, 2 3
ecid r< R; u= 3 , ecnut r> R, rge r= Jx2+y?2+22. 4156.u =
r

Ry

= 47:.“ f(p) min (972 , p) dp,rmer= Jx2+y2+ 22, 4157, u = np,

Ry

(h—2)x

4158.X:O;Y=0;Z=—G‘f\l{11",ecnnla[ >R, Z= GMma ecnu |a| < R.

4159. X = 0; Y = 0; Z = —2np,G{Ja% + 22 — Ja2+ (h-2)2 — (|| - |n - 2|}.
4160. X = 0; Y = 0; Z = -Gp,Rsin? a.  4161. Cxogurcs mpu p > 1.

xJa%+ (h—22) +zfa?+ 22 ~[(h — 2)|h — 2| + 22]] + a%In

4162. Cxogurcsanpup > 1 ug> 1. 4163. Cxoaurcsa npu p > —21- . 4164. Cxonutca

npu ll) + % < 1. 4165. Pacxogurcs. 4169. . P >q>1).

(p-9)g-1)
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4170 (p>1). 4171.2n. 4172 ;% (p>1). 41738.1J2(/2-1).
A
4174. 1. 4175. 7. 4176. T. 4177. %, 4178. L e¥ ectu =20 | u
2 2 2 JS b e
abd nealh?
A=|p ol 4179, T ab.4180. ~——l——-3 .4181. Cxogurcsa. 4182, Cxoaurcsa
def ¢ 2(1-¢2)2

npu p < 1. 4183. CxoauTca npu 14154 4184, Cxonutesa npu p < 1.
P q

4185. Cxogurcsa npu p < 1. 4187. 7—2L 4188. ma. 4189. *%2 In 2. 4190. 2.
4191, Cxopurcsanpu p > = . 4192. Cxogurca npup < = . 4193. Cxoxurcs
1

npu 14141 29 4194, Cxogures npu p < 1. 4195. Cxogurcsa npu
p q r

p<l. 4196.(1-py 1 -1 - (p<1l,g<1,r<1). 4197 531‘

3 -
4198. ZRB(% ,1-p ] (p < 1). 4199. 7. 4200. E , rme A =la,|. 4204. a) '31 ;

n(3n+1) a" 2 . 2thyhy. .k,
6) i . 4205. 4206 . 4207. G DER D 4208. T

ot z -1

4209, D828 4910, 11 = 10,0, 4211, nfat 4oy M It kY “""f“‘.
n! NETS Sn S+

ne ) x(éu) 121( : )

4213. 4218. R” n? J’f(ﬁ)uz du. 4219. u = i—(—in p? RS,

a; b;

b ¢

— OKaMMJIEeHHBIH onpefeIuTeNb.

_A
4220. A/% ed,rmed=lajuA=

3
4221. 1 + J2 . 4222. Z%a? 4223. 2na’(1 + 2n%). 4224. ﬁf(chz 2, — 1).

7 A
4225. 407 . 4226. 2(c" ~ 1) + Tac". 4227. 24%(2 - ./2). 4228, —————”f 41k§" .

4229. 242, 4230.5. 4231. 5. 4232. /3. 4233. |x,| + |z}, rae |x,| < a.

32z az, 22z, 12|
(__ +2 f 4235.( 1+ 220 4236.a./2 arct
4234. 2 [1 } 5 )fczo a? arcgj__

a?- 22
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3 3
4237. 331‘(3(;2 + dn%b?)Ja2+ b?. 4238, énas. 4239. 51) [(2 +t2)2 — 22 J

a? 25+ 4./38 arcsine
J38 - 72— 25+ 4387 1.2b( b+ gdresine)
ﬁ[mo 88 - 72~ 17In 2222 ] 4241.1 b(b R )

rpee = ¥42=b% __ v cnentpucurer swmmca. 2. § PeJ2 -1). 3.% [ 343 -1+
a

3,.3+2/3 —p_gima., b, =4
+2 3290 4242 = b-a L0y - 2 2J177—T"= 4243.5,=y,= S a.
4244. 1. 8, =5,= 2a% 2. nd’. 3. a) oy 6)§—§J§a3. 4. ry= %
4245. =48 4246, x,= 2,y =-1;z =1 42471, =1, =
Xo = Yo = 3n" « X 5,y0 5,20 y

—(“2 + )«/4n2a2+h2 I,=a*JAn?a’+ k2. 4248. a)0; 6) §; B) 2.

2 3
4249, a) 2; 6) 2; B) 2. 4250. ~}_‘; . 4251. § . 4252. 0. 4253. ~21a?. 4254. 27,

4255. 0. 4256.0. 4257. Z—; —1. 4258.8. 4259.12. 4260.4. 4261.-2.

a+b *2 V2
4262. f () du. 4263.—-3—.4264. 9. 4265. j o(x) dx + I w(y) dy. 4266. 62.
[J Ty ¥

4267.1. 4268. 1 + 1. 4269. ¢® cos b — 1. 4271. z = 2‘33 + 2%y — xy? — L“ +C.

4272, L arctg 3%—¥ + ¢, 4273 z = -—2¥°_ 4 Injx + y + C.
2 2y 42 (x+y)?

4274, z = ¢ *V(x —y + 1) + ye* + C. 4275 z = LTE 4o

axnaym

4276. 7 = 2" (arctg E) + C. 4278. |I] < 8" . 4279. L . 4280. -na?.
dxndym y

4281. 21./3 a® sin (g —a) 4282, -12° 4283, —4. 4284. 531 4285. 0.

*g Y2 2y Xptyyt2g
4286. b — a. 4287. J' o(x) dx + j w(y) dy + I x(2) dz. 4288. j f(w) du.
x ¥ Xyt 2y
'x§+y§+z§
4289. f uf(u) du. 4290. u = %(x3 + y? + 2% - 2xyz + C.

4291, u=x-% + 2% + C. 4292. u=1In J(x+y)2+ 2% + arctg —=— +C.
y 2 X+y
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4293. A = -mg (2, — 2;). 4294. A = —g (a? - b¥), B — xoapduumeHt

yopyroctu. 4295. A = G(rl - l), rne r, = A/xf+yf+ 2,2 Gi=-1,2).
1

rs

4296.1 - f J y? dx dy. 4297. —46§ . 4298, ’lzi-“‘ . 4299, ~2nab. 4300. —% (€ -1).

4301. 0. 4302. I, — I, — 2. 4303. ’%"2 4304. mS + e*2 @(y,) — €™ o(y,) -

—my;—y)— = (xg = x1)(yz + y,). 4305. P = a——u,Q=kx+ (22, rae u —
2 Jx oy
ABaskAbl nu(ddepeHupyemMas GyHKIUA U B — NOCTOAHHAS BEJIMUYHUHA.

4306. % [xF(x, y)] = ;%[yF(x, Y. 4307. 1) I = 0; 2) I = 2n. 4308. nab.
4309. -nab 4310. %2 4311. ga2. 4312. ¢®.  4313. % + An

943
rz(%). 4316. 22 |1 + (___1—%)ﬂ

I 2 n sin®
n n

4314. ©B2m + 1, 2n + 1). 4315. &
2 2n

4317. __abe? . 4318. 1t (n + 1)n + 2)r%; 6nr?. 4319. n (n — 1)(n — 2)r%;
2(2n+1)

6nr?. 4320.1. 4a°. 4321. sgn (ad — bc). 4322. [ = Z sgn gi((i—‘l‘/’g , TJle cyMMa

pacnpocTpaHeHa Ha Bce TOUKHU nepecevdeHus KpuBbix @ (x, y) =0un y (x, y) =0
Jexkalmue BHyTpU KoHTypa C. 4324. [ = 28, rae S — nuowmanb, orpaHu-

uyenHaa KoHTypoMm C. 4325. X (xy, yo) + Y, (xq, ). 4326. [Ipoexiuu cuist

2GmM

Ha ocu KoopauHat paBHbl: X = 0; Y = , rae G — rpaBUTaALMOHHAA

nocrosaHHada. 4327. u = 2nxR In Ili ,ecnu p= Jx2+y? <Ryu=2muRIn % , €CJIN

p>R.4328.1,- % p’" cos m@, I, = p™" sin me, ecau p > 1. 4329. u — 2n, ecan

Touka A(x, y) JIeXXUT BHYTPU KOHTYpa C; U = T, eciu Touka A(x, y) JEXKHUT HA
koHType C; u — 0, ecnu Touka A(x, y) nexurt BHe koHTypa C. 4330. K, =

= mp™ cos m@, K, =mp™ sin me, ecnmu 0<p<1; K, =0,K,=0,ecnup=1;

-2 =-T = _1_4 d .
K, on cos m@, K, on sin m, ecu p > 1. 4339. @ J'J' 5% + ay) dx dy;
S

u 4 o_ g, 4340. H, = kij;l[(n*y)dz—(c—z)dy];
dx Yy r3
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—sz) [(§-2)dx— (- x)dz]H—fu{> (€ - %) dy - (n — ) dx].
4341. I, - I, = (4n - 2.3)a'. 4342 gn 2a®.  4343. na’.

4344. Z(1 + ./2). 4345, 3;2@ +(f3-1)In2. 4346 12545)_1.

4347. A7 gpe (l + 14 l). 4348. waJl+at +1n(a + JI7a?)).

3 a? b? c?

4349. 1‘5“3 sin o cos® (o <ax< g) . 4350. g—; J2at. 4352.1. Zl(lfs—ﬁﬁl

npa(3a? +122b2) [az+ b2 . 4355.0) %, =

2. ma?. 3. -2 . 4353. gnpoa4.4354. g

2

Yo=0; 2= ;—f[a; 6) X0 = Yo = z_aﬁ; 2= 2(J/2 +1). 4356.1. ) 40a;

6) nR[R(R + H)? + §H3:| . 2. —1‘/—2 . 4357. TIpoeKI MK CUJIBI IPUTAMKEHU A Ha

Sl

ocu Koopaunat X = 0; Y = 0; Z = nkmp, In % . 4358. u = 47p, min (a, ‘ig) ,

ro
rae ro = A/x0+y0+zo 4359. F(t) = —8 3~ 32, ecnn |t| < Jf3; F(t) = 0,
ecnu || > J3. 4360. F(t) = ’L(s_"(f—@ #'. 4361.F =0, ccmu t < r— a;

F=%—t[az—(r—t)z],ecnur—a<t<r+a;F=0,ec.vmt>r+a(t>0).

4362. 4na®. 4363. ["(‘”‘f(o) + &) -g(0) ’1(0)"2(0)} abe. 4364. 0.
a b c
4365. 4712(“2”2 +aZc? + b%?). 4366. %’T (@ +b +c)R. 4367. -na’.3.
a
4368. %’ 4369. 2 nn S. 4370.0. 4371. —2na (a + h). 4372. 2nRr2.

4373. —ga‘"‘. 4374.0. 4376.3 ”f (* +y® + 2% dx dy dz. 4377.0.

. dxdydz J'J'J- ot 0t 0%
4378 zm _LW . 4379. Budz dy dz, rre du= 55 + 55 + 57

4380. 0. 4384. 4?“ ( a? + )|c| 4385.1. §a3. 2. 2n%a%. 4387. 3a'.

4388. %’*nafn 4389. 1.  4390. —"T’l“. 4392. a) I=0; 6) [ =4n.
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4401.1. a) grad u (0) = 3i — 2j — 6k; |grad u(0)| = 7, cos a0 = % ,cos B = —% s

cosy=—g; 6) grad u (4) = 6i + 3, lgrad u (4)| = 3.5, cosa=%,

cos f = % ,cosy=0; 8) grad u (B) = Ti, |grad u (B))= 7, cosa.= 1, cos B =0,
5

cosy=0; grad u = 0 B Toure M (-2, 1, 1). 4401.2. grad u (M) = 12i — 9j — 20k,
- =12 --9 -4, du_ 3

lerad u (M)| = 25, cos a. 5 coS B 55> COSY SR

4402.a) xy = 2% 6)x=y=0 m x=y=2;, Byx=y=2z. 4403.r=1.

440 Jﬁ_t.’L)Jr‘“ =1 16); Xty 4 22 g, = 20.
4 Tose T =16); =55~ * Toma max u = 20
4405. cos ¢ =—= . 4406. IToBepXHOCTH YPOBHS — IIOJIOCTH KOHYCOB; I0BEPXHOCTH

PaBHOIO MOAYJA rpagueHTa — Topsl, inf y = 0, sup u = 1; inf ]grad ul =

_1 |Ac| r _
sup|grad uj R 4407. et 7] . 4409. a) ; 6) 2r; B) .4410. 1’ (r)

4411. c. 4412. 2r(c - ¢) - 2c(c ' r). 4415. a) grad u = W e + 1% o 4 U
or 00 T

e, =icos ¢ +jsin ¢, e, = —isin ¢ +jcos ¢, e, = k — opreI, KacaTebHLIE K COOT-

Jdu 1du 1 Ju
BETCTB M KOOPJMHATHBIM JIUHUAM; 6 du==-=e + = + —=e,
TCTBYIOLIIH DX, I ; 6) gra 3 3% €y PR ETA

raee, =icos@sin6 +jsin@ sin0 +k cos 6, e; =i cos ¢ cos 6 +j sin ¢ cos 6 -

e,, rae

—ksin6, e, = —isin ¢ +j cos ¢ — opTHI, KacaTeabHbIE K COOTBETCTBYIOLILUM

KOODAMHATHBIM JTuHMAM. 4416. %’: =% rner=.Jx2+y2+22; a” =|grad ul,
r

ecima=b=c.4417, % —_cos(L.r), a“ ~0, eciml Lr. 4418, %% =gradugradv;
ol r2 o lgradv|

~0, ecmgrad u L grad v. 4419, g = KSx2y7ry2) j(Jxtryrx)vk(x-y)z

3 (x2+ y?+ 20).JaT v P
_ e ‘ 18, o 24
4420. y = ¢ x, 2 = cyx*. 4423.1. div a (M) 55 II 155 ned. 2.0.

4425. div (grad u) = Au, rre Au = 327‘: + aa% + 0% az“ . 4426. (r) + 2 f(r),

f(n=c+ S orecu ¢, — noctosHHble. 4427. a) 3; 6) % . 4428. L’_&r_) (c-r).
r

4429. 3f(r) + rf(r); (fr) = r£ , Te ¢ nocrosHHa. 4430. a) u Au + (grad u)?;

3

6) u Av + grad u - grad v, rae Au — oneparop Jlannaca. 4431. div v = 0;
divw = -2w? 4432.0, BHe npuTArMBaINuX 1eHTpoB. 4433. diva =
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=179 (ra) + day , Tie a,, a4, — NPOEKIUK BeKTOPa & Ha KOOPAUHATHBIE
rior 7 do roe

- - R A
JuHuy @ = const u r = const. 4434. div a A [ (MNa,) + (NLa,,) +

+ a—a- (LMaw):l , TRE a,, a,, @, — NPOEeKIMU BEKTOPA & Ha COOTBETCTBYIOILIUE
w

o EA R IR CIRE G R Eo)
KOOpAMHATHBIE TUHUU U L «/(au) + 3 + > M 5 + av) + =)

2 ag oh)?
N = . Ecau r, ¢, 2 — nunuHApHUYeCcKHEe KOODAUHATHI,

ow
. 1 da, da,
To div a = = [— (ra,) + =2 + r—]; ecau r, 6 U @ — cdhepuueckue
r Lor 0] dz
. 1 d
KOOpAMHATHI, TO div a = —25}1_0[ ("a, sin 0) + r— (ag sin ) + ra—d

4436.1. 2) 0; 6) 0. 2. rota (M) = —gi —j+ .gk, lrot a (M)] = 5/141,

_ -5 _ -4 _ 10 f'(r) .
COSOL = ——, CcoSP=~——, cosy= —, 4437. a r xcl;
J141 B 141 ) J141 ) r [ ]

6) 2f(r)c + urﬁ [e(r ) — {c-r)]. 4439.a) 0; 6) 0. 4440. rot v = 20.

Z 170 (g - 2
4441.1. rot a = 2 [ (ra,) 5

COOTBETCTBEHHO Ha KOOpAMHATHBIEe JIMHUM I =const u (p=COIlSt.

] k, rpe a, u @, — DpoeKLMM BEKTOpa a

1da da da da 179 da,
pome - (%0 (B o B
arota =250 T R et T T et f 0w T e
rae a, = a,cos¢ + a,singQ, a, = -a,sing + g,cos9, a, = a;
1 a 1 1 aar i)
= = - B PRl G
6) rot a rsin@ [86 (a, sin 6) a(p] T [sine a9  or (ra,) :| €+

0 . . .
+ % [507 (rag) — 5%’] ey, Iie a4, = a, cos ¢ sin 6 + g, sin ¢ sin 0 + a, cos 0,
ag = a, cos ¢ cos O + a, sin ¢ cos 6 - q, sin 6, a, = —a, sin ¢ + a, cos .

4442.1. a) 0; 6) whd. 2.a)0; 6)0. 4443.rn. 4444. §8£ . 4445.1. 0. 2. TEI

4447, dnm. 4448. Y ¢, 4450, cp%'-: = div (k grad u), rae ¢ — yaeabHas

i=1
TEMJIOEMKOCTh M p — ILUIOTHOCTh Tena. 4452, 1. 2n%p%, 2. 8% “In 2.
]
3. %(3 +et— 12¢%). 4. ~12. 4453. ff(r) r dr. 4454.1. a) 21; 6) 21, 2. a) T = 0;

ra
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6) ' = 2nn, rge n — uwmcao ob6oporoB KoHTypa C BOKpyr ocu Oz.

4455, rot a (M) = —j — 2k, T = —m(cos B + 2 cos Y)e2. 4456.Q=H‘ (3_'; + g_;) dx dy;
S

Jdv , du ou dv du _ v
I'= = + = s =, = =22 4457 1. u= +y+2)+C.
_[J(Bx +ay) dx dy; dx dy dy Ox 7 u=xyz(x+y+2)+C
S

2.1 4458 4y = ™. 4459. u(x,y, 2) = z i rpe r, — paccTosHue
3 r & on
nepeMeHHod Touku M (x, y, 2) or Toukum M, (i = 1, 2, ..., n).

r

4460. u (x, y, 2) = f tf(t) dt, rae r = JxT+yi+ 22,

"o
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